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Abstract
In this text we study classical Lie algebras. We prove that a
periodisation of such Lie algebras without sl,-component can
be presented as a free graded Lie algebra modulo quadratic
relations only. Our approach will be through a Chevalley basis
and our method relies on elementary tools only.

To Jan—Erik Roos on his sixty—fifth birthday

1. Introduction

The aim with this text is to study the periodisation of finite dimensional semisim-
ple Lie algebras over an algebraically closed field F' of characteristic 0 without sl,-
component. Every finite dimensional semisimple Lie algebra can be written as the
direct sum of its simple ideals. The condition that there is no sl,-component means
that no simple ideal in this sum is of sl,-type.

From now on, let L be a finite dimensional semisimple Lie algebra over a alge-
braically closed field F' of characteristic 0. We will call such Lie algebras ”classical”.
Furthermore, we always assume that L has no sl,-component. Let L., denote the
periodisation of L, i.e., let L., be the graded Lie algebra with L in each positive
degree. (A formal definition of Ly., is given in section 3.) Moreover, let F(G) be the
free Lie algebra generated by G, which we consider as graded letting the elements
of G have degree 1. We call the homogeneous elements in F(G)s quadratic. We now
state our main result:

Theorem 1. Let L be a finite dimensional semisimple Lie algebra over an alge-
braically closed field F of characteristic 0 without sl,-component. Then there is a set
of generators G and an ideal R of F(G), generated by quadratic expressions only,
such that Lye, =2 F(G)/R.

Periodisations of Lie superalgebras, that can be presented as free graded Lie
superalgebras modulo some ideal generated by quadratic expressions only, appears
in the theory of local rings (see the article [7] by Lofwall-Roos). After the publication
of this article, the study of such Lie superalgebras was natural. As a first step in this
study, we look at ordinary Lie algebras and develop a method to show Theorem 1.
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Let g = @i>1 g; be a positively graded Lie algebra over a field F. In terms of Lie
algebra homology, a minimal set of generators for g is in one-to-one correspondence
with a basis for the homology group Hi(g, F'). Also, given a minimal set of gener-
ators for g, then a minimal set of generators for the relations of g is in one-to-one
correspondence with a basis for the homology group Ha(g, F') (see [5]). Hence, the
result in Theorem 1 may be expressed as Hy (Lper, F') is concentrated in degree 1 and
Hy(Lper, F) is concentrated in degree 2. A result due to H.Garland and J.Lepowski
[6] deal with all homology groups. It is possible that Theorem 1 could be derived
from their result. However, our approach to Theorem 1 will be through a Chevalley
basis of L and we use only elementary methods. A short description of root sys-
tems and a Chevalley basis will be given in section 2. We construct F(G) and an
ideal R generated by quadratic expressions only in accordance with this Chevalley
basis (section 3.1). We use induction to show that there is a set of generators for
the vector space F(G)/R which corresponds to a basis of L., (Proposition 3.20).
Then one easily finds a graded Lie algebra isomorphism between L., and F(G)/R
(section 3.3).

Even if Theorem 1 could be derived from the result by H.Garland and J.Lepowski,
we believe that our method is of interest in itself and in a forthcoming paper, we
will generalize this to show similar results about Lie superalgebras (cf. also [9]).

Acknowledgement. The author is grateful to Clas Lofwall at Stockholm Univer-
sity for guidance and comments during the work on this paper.

2. Root system and Chevalley basis

Let L be a classical Lie algebra without sl,-component. Then L has a Chevalley
basis and, as we mentioned in the Introduction, this basis is an important part of
our proof of Theorem 1. In this section a description of the Chevalley basis will
be given and some useful properties will be emphasized. These properties are well-
known results (cf. e.g. [1]). However, Lemma 2.7 is a consequence of the assumption
that L has no sl,-component.

Let h be a Cartan subalgebra of L, ® the set of roots of L relative to h; that is

d={aeh’;a#0and L, # 0}
where
L, ={z € L;[H,z] = a(H)z for all H € b}.

Then @ spans h*. For every a € ®, there is a unique element H, € § such that
a(Hy) = 2. In particular, a(H,) # 0.

Observation 2.1. Let o, 3 € ®. Then, 3(H,) is an integer.
Observation 2.2. If o, 5 € ®, then 8 — (Hy)a € .

Observation 2.3. If a € @, then —a € ®. If & € ® and ma € ® for some scalar
m, then m = +1.

Notice that Observation 2.3 implies that «, 3 € ® are linearly dependent if and
only if a = £0.



Homology, Homotopy and Applications, vol. 4(2), 2002 339

Observation 2.4. If a, 0 € ® are linearly independent, then all roots of the form
B +ia (i € Z) forms a string

ﬁ—TO[,ﬁ—('f’—1)0[,...,54‘((]—1)&,,84-(]0[
where 7, ¢ > 0. This string is called the a-string through .

Observation 2.5. Let «, 8 € ® such that o # 3. Then
a(H,3>ﬁ(Ha) # a(Ha)B<Hﬂ)'

Let IT = {ay, ..., a;} be the set of fundamental or simple roots, that is; aq, ..., o
is a basis of h* and each root o € ® can be written as a = 2221 c;; where ¢; are
integral coefficients, either all positive (« is a positive root) or all negative (« is a
negative root). Let &+ and ®~ be the sets of positive and negative roots respectively.
Then ® = 9T U D™,

Observation 2.6. If « € ®* such that a ¢ II, then a — 8 € &+ for some § € II
(see [1], Lemma A in section 10.2).

To abbreviate, let H; = H,, for all 1 <i < [. Then {H;;1 < i <[} is a basis of
h. From now on, let {X,;a € ®} U{H;;1 < i <1} be a Chevalley basis of L. This
means that:

1. [Ho,Hgl=0forall o,0 € ®

2. [Hp, Xo] =a(Hp)X, foralla,f € @
3. [Xo,X_o]=H, foralla € ®

4. Let a, § € ® such that o # —3. Then

. NogXatp fa+p8e@
[Xa’Xﬁ]_{o ifa+p¢®

where N, g is a non-zero integer.
5 If o, B,a+ € ®then Nog=—-N_n,_3

To simplify calculations, let Ny 3 = 0 if o, 8 or aw + 8 ¢ ®. The following lemma
is a consequence of the fact that L has no sl,-component. Let rank(L) denote the
dimension of h*. This is well defined when L is semisimple.

Lemma 2.7. If a €1I, then a+ B € ® for some B € ®.

Proof. L is a direct sum of simple Lie algebras, none of sl,-type, i.e., all of rank > 2.
The union of the root systems of these simple Lie algebras gives the decomposition
of @ into its irreducible components. If o € II, let ®' be the component such that
a € ¢ and let L’ be the corresponding simple Lie algebra. Since a is a fundamental
root of L, « is a fundamental root of L’. Now, @' is irreducible and hence, the
Dynkin diagram of @’ is connected. Since dim(®’) > 2, there is a fundamental
root 8 € ® such that a # 3. Choose 3 to be a neighbour of « in the diagram,
ie., a(Hg) # 0. In fact, then a(Hg) < 0 since o and ( are fundamental roots.
Furthermore, a — a(Hg)B € ®'. In view of this and of the S-string through «, we
have that a4+ g € . O
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We end this section with a lemma about the structure constants.
Lemma 2.8. Let o, 5 € & such that o # +5. Then
—a(Hg) = Na,—gNg,a—p + Ng,aN-g g+a-

Proof.
[XOM Hﬁ] = [Xav [X[%X*ﬁ]] = [Xﬁv [XavX*ﬁ]] + [X*,@7 [XﬁvXa]]
= Na,—gNg,a—pXa + NgaN_g g+aXa
= (Na,-8Ng.a—p + Ng,aN-5p10) Xa
[Xa, Hp] = —a(Hp) Xa
Hence, —a(Hg) = No,—gNg,a—s + N3.a N_3 g+a- O

3. The free graded Lie algebra and proof of
Theorem 1

The notation follows the previous sections, L is a classical Lie algebra over a
field F without sl,-component. Furthermore, h is a Cartan subalgebra of L, ® the
root system relative to b, IT = {a1,...q} a set of fundamental roots of ® and
{Xo50d € @} U {H;; 1 < ¢ < [} aChevalley basis of L. Also, let F(G)
be the free graded Lie algebra letting the elements in G have degree 1. Define the
periodisation of L, Lye,, as follows:

Definition 3.1. Let L., be the positive graded Lie algebra defined by
Lper = LOtF[t] = (P Lt

i>1
with [z ® a,y ® b] = [z,y] ® ab for all z,y € L and a,b € tF[t]. If z € L, let z(*
denote the homogeneous element z ® t*.

The Lie algebra L., can be considered as the graded Lie algebra with L in
each degree. We write (Lype,); for the homogeneous part in L., of degree i (i.e.,
(Lper)i = Lt?). Then, if x € L, z( is the corresponding element in (Lper);- Observe
that the set {X((Xi) ;a € @3 U {Hz(i) ;1 < ¢ < 1} isa basis of the vector
space (Lper); for all i > 1. Furthermore, [z, y)] = [2,y]*7) for all ,y € L and
1,7 = 1.

Remark 3.2. Let C[t,t™!] be the algebra of Laurent polynomials in ¢ and let g
be a Lie algebra. The well known loop algebra, £(g) = g ® C[t,t™!] = @~ gt’,
is constructed in the same manner as Lype,, Lper is the positive part of the loop

algebra of L. Given a matrix A, let g(A4) be the Kac-Moody algebra. Let A be a
Cartan matrix of finite type and let A be the affine extended Cartan matrix of A.

Then £(g(A)) is isomorphic to [g(A), g(A)]/c where ¢ is the center of [g(A), g(A)]
(see Theorem 7.4 in [8]). For further information about this subject, we refer to [8].
It is probably possible to deduce Theorem 1 from this isomorphism and the Serre
relations.
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In this section, the object is to prove Theorem 1; i.e., to show that there exists a
set G and an ideal R of F(G), generated by quadratic expressions only, such that
Lper = F(G)/R. In section 3.1 we construct G and R, in 3.2 we state and prove
an important proposition, and in section 3.3 we restate and prove Theorem 1.

3.1. Construction of generators and relations

Recall that Ly, is the graded Lie algebra with L in each degree and if x € L,
we denote x € (Lper); by PAQN Also, to abbreviate, let () = x. The object is to
construct G and R with the Chevalley basis in mind.

Let G = {zqa;a € @} U {h;;1 < ¢ < 1} and deg(z) = 1 for all x € G. Let
F =F(Q).

Definition 3.3. Define a Lie algebra homomorphism ¢ : ' — L., by induction
and linear extension:

1. ¢ 20— Xy, ¢:hi—H;, a€ed 1<

2. ¢z, yl = [0(2),0(y)], zyeF
Remark 3.4. An easy induction on ¢ shows that ¢ : F; — (Lper); for all ¢ > 1.
Hence, ¢ is in fact a graded Lie algebra homomorphism. Since [L, L] = L, induction
on i shows that ¢ maps F onto Lpe,.

Recall that, for all & € ®, there is H, € bh such that a(H,) = 2. If H, =
22:1 c;H;, let hy = Zi:l cih;. Then ¢(h,) = H, for all « € ®. To construct R,
consider the restriction of ¢ to Fa:

[T, 2p] = [Xa, Xp], a,BE€P
¢|-7'-2 :‘7:2—>L1067”: [hiaxa}H[HiaXa]a aed 1<il]
Let R be the ideal in F generated by ker(¢|z,). Since ker(¢|z,) C Fa, R is generated
by quadratic expressions. Next is an example of an expression in this kernel:
Example 3.5. If a,(,a + 3 € ®, then we have the following relation in L

Nog[Xatp X-a-pl = —N-a,-s[Xa+8, X—a—p] = = [Xatp, [X-a, X-5]]
= —[X o [Xars X 5]l = [X_5,[X—a) Xats]]
= - a+ﬁ7—ﬁ[X—aaXoc] + N—a,a-&-B[XﬁvX—ﬁ]'

Using this relation in L, we get the following expression in ker(¢|z,) C F

Na,ﬁ[xoﬂrﬁ’ x,a,ﬁ] + Na+[3,fﬂ[$—m Tol — Nfa,aJrﬁ[xﬁa z_gl.

Even though we do not need it, the following proposition gives an explicit list of
quadratic expressions generating R.

Proposition 3.6. Let L be a classical Lie algebra, h a Cartan subalgebra of L,
® the root system of L relative to by with a set II = {ay,...,q;} of fundamental
roots. Let G be the set given above, ¢ the graded Lie algebra epimorphism given by
Definition 3.3 and let R be the ideal in F = F(G) generated by ker(¢|z,). Then R
is generated by the following quadratic expressions:
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~

a(Hy)[hi, o] — a(H;)[ha, o] for alla e @, 1< i <1

(a+ B)(Hatp)[®a, 28] — Na,glhats, Tats] for all o, B € O such that
a+pBecd

(%o, 2] for all a, B € @ such that a + 5 ¢ @, o # -0

[hi, hj] for all 1 <i,j <1

[Ta,T—a] — Zli:l CilTays T—q,;] for all @« € & where H, = Zi:l c¢iH;

o

Proof. First to abbreviate, let ¢2 = ¢|£,. Let R’ be the ideal in F generated by the
quadratic expressions in 1-5. We must show that R’ = R. Let Ry, = FoNR’. Clearly,
R’ is generated by R). Since R by definition is generated by ker(¢s), it suffices to
show that Ry = ker(¢2).

To take ¢o on an expression in F3 is to change small letters in the expression
to capital ones. In view of the list of properties of the Chevalley basis given in
section 2, it is easy to see that the quadratic expressions given in Proposition 3.6
are in ker(¢,). Hence, RS, C ker(¢2). Consider the vector space epimorphism:

0 : Fo/Ry — Fo/ker(pa) : & + Ry — x + ker(¢)

If we can show that ¢ is an isomorphism, then we know that R’ = ker(¢2) and we
are done.

Now, Fa/R} and Fa/ ker(¢2) are finite dimensional vector spaces. Thus, to show
that ¢ is an isomorphism, it suffices to show that
dim Fy /RS = dim Fa/ ker(¢2). Since ¢ is an epimorphism, we have that
dim 7y /Ry > dimFo/ker(¢a). Furthermore, Im(¢2) = (Lper)2 = L. Hence,
Fo/ ker(¢2) = L, and we must show that dim Fy/R) < dim L.

If x € Fy, let T denote the image of = in .7-"2/R’2. Fy is generated by

{[zaszgl;, 8 € O} U{[za, hil;a € ©,1 < i <IFU{[h, by 1 < 4,5 <]}
and then, 75/ R} is generated by
{[za,7p)s 0, B € U {[hy, Za]sa € ,1 <0 ST U{[hi, hys 1 <4, 5 <]}

From 1-5 in Proposition 3.6 we have that:

[hi, To] = z((g;)) [ha,To] forallae ®,1<i<I
[Ta,Zs] = L[ﬁaﬁg Tayp] forall a, B € @ such
’ (a+B)(Hatp) ’ ’
that a+ 0 € @
[Za,Zg] =0 forallaﬁ€¢suchthata+ﬂ¢@ a#—p

T
[hi,hj]=0 foralll1<i#j<
l l
[Zo, T ZCZ Ta,, Tea; for all & € ® where Ha:ZciH
i=1 i=1
Hence, F»/ R} is generated by

{[ha,Ta); € P} U{[Ta;, Ta,];1 < i <1}
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Since {X,; 0 € @} U {H;;1 < i <1} is a basis of L, we have that
dim F>/ R} < dim L. O

Remark 3.7. If L is a simple Lie algebra, there is a unique maximal root v € ®
(the root such that v+« ¢ @ for any @ € ®*), and X, is the unique maximal
vektor up to nonzero scalar multiples in L viewed as an L-module (i.e., the vector
such that X,.X, = 0 for all &« € ®¥). Let V be the subspace in F» generated by
the expressions in Proposition 3.6. Then V is an L-module and the vectors

[®y—a;,24] where o; €Il such that v—a; € ® (1)

are the maximal vectors up to nonzero scalar multiples. Hence, V' is generated by
the vectors (1) as an L-module. Table 1 shows the maximal root and the maximal
vectors, or generators, for the different types of L. We see that if L is of type A;

Table 1: Generators for V'

Type Maximal root Generators for V
Ay a1+ ..+ [x’Y—OtUxV]v [x’Y—al’x’Y]
B, ar + 20 + ...+ 20y [Ty—ay, Ty]

C 200 + ...+ 20y_1 + g [Ty—ay s Ty]
D, ay +209 4+ ...+ 209+ + oy [Zy—ays Ty]
Es a1+ 2as + ...+ 205 + ag [Tz Zv]
E; 2001 + 209 + 3ag + day + 3as + 20 + a7 [Ty—ay, 2]
Eg 201 + 3a + 4oz + 6aq + bas + dag + 3ar + 208 [y —ag, Tvy]
F, 2001 + 3o + 4as + 20y [Ty—a,,Ty]
Gy 3aq + 2an [Ty—a,, ]

(I =2 2), V has two generators and else, V is generated by one vector only.

From now on, we mainly do calculations in F/R. To simplify the notations, we
therefore let {x,a € ®} U {h;,1 < i < I} denote the images of the generators
for F in F/R. Hopefully, no confusion will arise. To make later calculations more
understandable, we do the following abbreviations. Note that a(H,) # 0.

Definition 3.8. Let {z,,a € ®} U {h;,1 < i <1} be the images of the generators
for Fin F/R. Define by induction:

2 n n—1
1. CC&) = a(;ja)[ha7xa]7 m& )= a([lia)[hm‘r((l )]
2. hg?) = [xomx—a]a h&n) = [xavx(—no?l)]

Furthermore, let :c,(ll) = Tq, hEl) = h;
Example 3.9. In this example, we derive two relations in F(G)/R that will be
used many times later on. Take any «, 3 € ® such that a + 3 € ®.
1. Using the properties of the Chevalley basis listed in section 2, the relation in
L given in Example 3.5 can be written as

Na_ﬂHa+g + Na+57,ﬁH_a — N—a,a+ﬂHﬂ =0.



Homology, Homotopy and Applications, vol. 4(2), 2002 344

By the definition of hs when & € ®, we have that
Naﬁha-i-ﬁ + Na—i—@—ﬁh—a — N,a7a+5hﬂ =0 in f(G)/R

2. Take the expression in ker(¢|x,) given in Example 3.5 and use Definition 3.8.
Then we have that

Naﬁhg}rﬁ + Na+ﬁ,*5h(f2()x - Nfoc,aJr,@hEiZ) =0 in ‘F(G)/R

3.2. Statement and proof of a proposition

In this section the object is to state and prove a proposition concerning relations
between elements in F/R. This is an important result, since these relations reduce
the dimension in each homogeneous part of F/R (cf. Proposition 3.20). In fact, as
we will see in section 3.3, this proposition does all the hard work in proving Theorem
1.

Proposition 3.10. Let L be a classical Lie algebra without sl,-component, h a
Cartan subalgebra of L and ® the root system of L relative to b with a set Il =
{ai,...oq} of fundamental roots. Let {Xo ; « € &} U {H;; 1 < i < 1}
be a Chevalley basis of L. Moreover, let G be the set of generators and R the ideal
of F(G) given in section 3.1. Take any o, € ® and 1 < 4,j < 1. Then, for every
k > 1 we have the following relations in F(G)/R:

1. [hi, 2] = a(H)edH

2. If a# —f3, then [za,x,(gk)] = Naﬂzék_:_ﬁl)

3. [xa7h§k)] = —a(Hi)xEXkH)

k

4. [hi,hP1 =0
5. [xa,x(_k(i] is a linear combination of hgkﬂ), ce hl(k'H)

Notice that the statement in 2. is a bit unclear since 2,43 is not defined when
a+ (3 ¢ ®. However, N, g =0if o+ 3 ¢ ®, so what we actually mean is that

o) = [Nogelly) ita+pea
®=p 0 ifa+0¢d

Hence, let x(gk) =0for all 6 ¢ ® and all k£ > 1 and we get the statement in 2. The
advantage in writing like this is the simplicity in the calculations.

The proof of Proposition 3.10 is done by induction and depends on several lem-
mas. Since these lemmas depend on the induction hypothesis, they are included in
the proof.

Proof of Proposition 3.10. We use induction on k. For k = 1, 1-5 of Proposition 3.10
are just consequences of the quadratic expressions in R and Definition 3.8 (cf. Propo-
sition 3.6). Assume that Proposition 3.10 is true for all k¥ < n for some n > 2. The
induction step is given in the lemmas below. Observe that the induction hypothesis
is assumed to be valid in the lemmas.
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Lemma 3.11. Let i € {1,...,1}. Then for any o € ®:

[, 257 = a(Hy)z Y
Proof of Lemma 3.11.

bl = g oty
1 e 1
= a(Ha)[hm[hi’xg“ O]+ m[x& D, (s ]
= Sy o) = (el

The first and the last equality follows from Definition 3.8, the second from the Jacobi
identity and the third equality follows from the fact h, is a linear combination of
hi,...,h; and the quadratic relations [h;,h;] =0foralll < ¢, j < L O

Lemma 3.12. Let H = 22:1 c;H; and let h = Zizl c;h; be the corresponding

element in F/R. Then

[h, 2] = a(H)z
for all k < n.
Proof of Lemma 3.12. According to the induction hypothesis and Lemma 3.11 we
have that

[hi, 2] = a(Hy)aedH
for all 1 < i <! and k < n. Then, by linearity of the bracket-operator and of «, we
have the desired equality. O
Lemma 3.13. Let a, 5 € ® such that o # —3. Then

n n+1
(] = No gt

[Ta,x
Proof of Lemma 3.13. We proceed in steps:
(i) If a, G are linearly independent (a, 8 € h*), there is H € b such that o(H) =0

and B(H) # 0. Let h denote the corresponding element in F/R. Then:

n 1 n—
) = gyl o
1 n— 1 ne
= gy e ws N + gl o]
Na n H n— n
N ﬂ(ﬁf) [, 2] + ggﬂi 5™, 2] = No gy

The first equation follows from Lemma 3.12, the third from the induction hypothesis
and Lemma 3.12 and the last equality follows from Lemma 3.12 and the fact that

a(H) =0.
(ii) If & and (8 are linearly dependent then o = (3 according to Observation 2.3
and the assumption that o # —3. Hence, we must show that [xa,x,(l”)] = 0. By

combining Observation 2.6 and Lemma 2.7 and considering the different cases when
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+a € I and +a € ®T but +a ¢ II respectively, we have that there is a v € ® such
that a # &y and o + v € ®. Then Ny, — # 0 and we have that:

1 _
(m)y _ L+ (n—1)
['IOHJ:CE ] = Na+,\/’,,\/ [1:017 [ma-'r"}/?x—'y ”
= #[xa_i_,y, [$Q,$(_n,y_1)]] + #[x(—nfy_l)v [ma+Waxa]]
Noyry,—~ Notvy,—
N, — n N, s n—1 2
= o [Ca ol 2 2 )

Noty,— Notry,—

The first and the last equality follows from the induction hypothesis. We will show
that both terms in this sum are zero. If « —y ¢ ® then N, _, = 0. If «—~ € ® then
a+ v and o — v must be linear independent. By the first part of the proof we have
that [:Ea+,y,:c(”) ] = 0 since 2 ¢ @ according to Observation 2.3. Let § = 2a + 7.

a—ry

If § ¢ ® then Nojy,q =0.If 6 € O then

(n—=1) (2) B 1 (n—1)
[1'—'7 7x2a+'y} - 5(H§) [CB_,Y , [h(;’ x2a+ﬂy]]
1 . .
= 57557 s 2,2l VN + e s, )

_ —V(Hé)[x 2]
0(Hy) ety oy

The first equation follows from Lemma 3.12 and the last equality follows from
Lemma 3.12, the induction hypothesis and the fact that 2a+~v—~ = 2a ¢ ®. Now,
—~ and 2« + 7 are linearly independent. Hence, according to the first part of the

proof [xga_w,x(_"v)] =0. O

Lemma 3.14. Let a, 5 € ® such that o # —3. Then
[xf),xgk*l)] = Na’gxgk:;) for all k < n.

Proof of Lemma 3.14. According to the induction hypothesis and Lemma 3.13, we

have that [xa,x(k)] = Naﬁxgkjﬁl) for all k& < n. Hence:
k—1 1 k—1
(203" = — oyl s ol
1 k—1 1 k—1
=~y e 25V, za]] - S e (o V)]

T xT
Oz(Ha) a,B a+p8 Oé(Ha) a,B a+0

(k+1)
a+s

:MN (k+1) B(H‘)‘)N (k+1)

= Na,pz
O

We have now done the induction step for statement 7 - 2 in Proposition 3.10.
Before proceeding, we give a useful lemma that generalizes the relations given in
Example 3.9.
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Lemma 3.15. Let o, 3, a+ 3 € . Then
Nagh(s + Nats,sh") = N_gaysh” =0

Proof of Lemma 3.15. If n = 2, Lemma 3.15 follows from Example 3.9. Assume
that n > 2. Since o + 8 € ®, it follows that —a — 8 € ® and N_,,_g # 0. Then:

n n—1 n—2
Na,ﬁh,(llg = _Nfa,fﬁ[xaﬁ@vx(_a_)] = _[$a+ﬁv ["E,mx(_ﬂ )]]
-2 -2
= —[2—a, [Ta+s, 275 2] — 2757, [2-a, Tatsl]
== a+g,_ﬁ[x_a,x&n71)} - N—a,a+ﬁ[x(:lﬁ_2)vx%2)]
n n—2 2
== Oé"rﬁa_ﬁh'(—c)v] _N—OMOH‘ﬁ[ISQ )al’(g)}
(n-2) _(2) L (n-2)
[x_ﬁ L 1= ﬁ(HB)[x_ﬁ 7[h5axﬁ]]
1 (n—2) 1 (n-2)
= h , T , X + g3, h , L
1 n—1 n—1 n
= gyl s~ ool = g
Hence, N, gh") , = — ™ 4N h{ O
» Vo, 8048 a+B,—BM—q —a,a+p13

Lemma 3.16. Leti € {1,...,1} and let « € . Then
(o, ") = —a(H)a
Proof of Lemma 3.16. First, take any 6 € ® such that o # £6. Then:

[@a b = [2as [25, 275 V) = w5, [wa, 25 V) + (2057, [0, 2]
= Nu—slws, 275 + Nyolz"5 28 ]
= Nu._5Ns.a_s2 + N5 o N_s 540z
= (Na,—6Ns.a—s + NsaN_s 540)20") = —a(Hy)x ()
The third equality follows from Lemma 3.13 and Lemma 3.14 and the last equality
follows from Lemma 2.8. Hence:

[Za, h((;n)] = —a(Hs)z("™  for all § € ® such that a # +6 (2)

If « # +au, take 6 = «; in equation (2) and we are done. Assume that o = +q;.
According to Lemma 2.7 there is a § € ® such that «; # £ and «a; + 6 € ®. Now,
use the following relation given in Lemma 3.15:

Nﬁaaih’(n) + N,B-i-ai,—aih’(fﬁ) - N—ﬁyﬁ-‘r%h’(()z) =0

B+a;
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Then N_g g, # 0 and we have that:
N,
N-_p,p+a;

Nﬁ a; NBJ’_a —
_ ez [.,Egn)7 h Oti] + i [x(an), b ]
N—p,p+a; o N_p,6+a; ?

= [o{, hi] = —a(H;)x ()

[Za, h(")} [Za h(”)

N Qi ,— Qg
o)+ == g, B )

N—p,p+a:

The second equality follows from the fact that a # £(8 + «;) and « # £, equa-
tion (2) and Lemma 3.12. The third equality follows from Example 3.9 and the last
equality follows from Lemma 3.11. O

Before doing the induction step for the last two statements in Proposition 3.10,
we need the following lemma.

Lemma 3.17. Let o € II. Then:

[, 2] + 2" 2@) =0
[#_a, 2] + [xa”*%x(fi]:o
(£, 2] + [2—a, 2] = 0

Proof of Lemma 3.17. By Lemma 2.7, there is 8 € ® such that a4 3 € ®. Further-
more, according to Observation 2.3 and the fact that 0 ¢ ®, we have that a # 0.
Consider the relation given in Lemma 3.15:

Naghtl) s + Ny s —ph") = N_o asghly” =

Taking the Lie bracket with this relation and, on one hand h, and, on the other
hand hg, we get the following system of equations:

{ Naglhas i) 5]+ Nass,—plhas hU0] = Noaarslhas bS] = 0 )
a,ﬁ[hﬁv B+ Nats—plhs, hU) = N arplhs, b5 =0
Now, take any 8,7 € ®. Then we have that:
[y, ) = [y s, 25 )]
= (25, [y 25 O + 2057, (s, Ry ]
= —8(H,)[ws, 2" — 8(H,) "5V, 2] (4)

The first equality follows from Definition 3.8, the second from the Jacobi identity.
Recall that if H, = Zi:l c;H;, we defined h, = le':l cih; and the last equality
follows from Lemma 3.12. Apply equation (4) to each bracket in system (3). To
simplify, put:

& = Nag([zars 270_] + 2770, Sflg])

Y= Nots_ ux_a,xa] [““ A
2= N_aass(fzs, 23] + 2750, 2§))
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System (3) then becomes:

{ —(a+ B)(Ha)z + a(Ha)y + B(Ha)z =0
—(a+ B)(Hp)z + a(Hp)y + B(Hp)z = 0

Adding the multiple —3(H,,) of the second row to the multiple (Hg) of the first
row, and adding the multiple —«(H,) of the second row to the multiple «(Hg) of
the first row we obtain:
(a(H5)B(Hz) — alHo)3(Hy) (x — ) = 0 .
(a(Ha)B(Hg) — a(Hp)B(Ha)) (z — 2) = 0
According to Observation 2.5 (and the fact that a # =+0), we have that
a(Hg)B(Hs) # a(Ha)B(Hg). Hence, dividing the equations in system (5) by
a(Hp)B(Hy) — a(Hy)B(Hg) and a(Ha)ﬁ(Hg) — a(Hg)B(H,) respectively, we get

) ©

The idea is to find a third relation between x, y and z which is linearly independent
of the first two.
Consider the following relations:

Nogltats: 2" _g) = ~Noasltars 270 ) = ~[tate, 0025 V]
= 2 a2 V) = 25 [ Tat ]
= Nais pltar 3] = Nogarslz™ 0@
Naslz" )25 = 207, [2a, 25])

= oo [ ) )] + [, [0 2 )

=N_a- ﬁﬁ[-Taa n )]"_Na*a ﬁ[xﬁv ( )]

()]

= ot B,—B|Tas N_, a_,_g[xg,:z:( B)]

Adding these two equalities we get
2+ Nat g, (e, 200 + [7-a, 207]) + 2 = 0 (7)

We proceed in steps:
(i) When n = 2, we must show that [z,,z (2 )] [:c_a,a:((f)] =0 for all a € II. If
n = 2, then

Y = Nosp-5([wa, 22) + [0, 2P)
and equation (7) becomes = + y + z = 0. This equation is linearly independent
with the two in system (6). Hence, x = y = 2z = 0 and particularly, [xa,m(jl] +
[7_a, 2 )] =0.
(ii) For n > 2, we first show that

(2,2 ®)] = [2{™), 272 (8)

—Q
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for all 1 <k <n—1and all my,ms > 1 such that m; + ms = k + 1. Observe that

the induction hypothesis gives that [h, h(k)] =0 for all k < n. If kK = 2 equation (8)
follows from (i). Assume that equation (8) is true for all k¥ <[ where 2 <1 <n—1.
Take any 1 < m <! —1. Then:

_ 1 _
2 = = Gy e e )

1 _ 1

- has [0, 2]~ 28, e, 2™
~ oty e = et has )
1 -1 (=m) _(m+1)

= O | R L
" a(Ha)
1 m m —m

= — gy e B+ 28 = 0l

The third equality follows from the fact that [ — 1 < [ and the assumption that
equation (8) is true for all k& < [. The last equality follows from the fact that
Il <n—1 and the induction hypothesis. Now, let m run from 1 to [ — 1 and we are
done. Hence (8) is proved.
Consider the following relation for all 1 <m < n — 1:
[l W) = [has [, 275 V1) = (e [0, 20

= [, o, 20 + [0 " (25, hall

= —a(h) [z, 2" ") = alha) 2™ 2l )

= —a(ha) ([, 22 + (217, 2]

7&

The second equality follows from equation (8) for kK = n — 1. By letting m run from
1ton—1 we get:

[xa,x(_”o)é]+[x(_”fl),xff)] —a (n— 1)’ (2)]+[ (n— 2),113‘(&)] _

7P @+ 2V, 0] = - = [P, 0V [o_g, 2] )

« —()47

Adding all the equations in (9) gives:
(n = (-0, + 250, 20)) = [2a,270] + [0, 2] (10)

87 —x

This inserted in equation (7) gives x + (n — 1)y + z = 0. Since the characteristic
is 0, this equation is linearly independent with the two in system (6) and hence,

x =y = z = 0. Particularly, [z_q, 2 (n)] [x&"_l),x( )] 0. By equation (9), we
also have that

[0+ 0, 2] = [y 2]+ 0, ?;J 0.
Finally, by equation (10) we have that [z, (n )] [x_a,xgn)] O

Lemma 3.18. Leti,j € {1,...,1}. Then for alln >1

[, B\ =0

(3 ]
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Proof of Lemma 3.18. Take any 1 < ¢,j < [. Then:
[hi, BS™] = [hi, 20, 2, V))
= 2oy, [, 2T V) o+ [0, [0y, Bl

= —aj(h)[za,, 2" ] — a;(ho) [z Y, 2®] = 0

- —Qy

The last equality follows from Lemma 3.17. O

Lemma 3.19. Let ao € ®. Then [xa,x(lg] is a linear combination of
D) pn+D)
1y .

Proof of Lemma 3.19. Recall from section 2 that every positive root can be written
uniquely as a sum of fundamental roots. Hence, we can talk about the length of
a root. If & € @, let I(a) denote the length of a. Clearly, I(a) = I(—a). We use
induction over this length to prove Lemma 3.19.

If I(e) = 1, then a = +aq; for some i € {1,...1}. Clearly, [zq,, 2" ] = h{" ™) by

(1)
Definition 3.8. According to Lemma 3.17, we have that [x_,;, x((l")] = —[za,;, x(_"a)(l} =

hg"H). Now, assume that Lemma 3.19 is true for all roots of length < m for some
m > 1, and let & € ® such that [(a) = m. Since m > 1, we have that +a is not
fundamental. We proceed in steps:

(i) If « € T there is, according to Observation 2.6, a; € IT such that o — ; € ®T.
Clearly, (o — «;) < m. Furthermore, N_q+4,,—a, # 0 and

(n)] _ 1 ("—1)“

[T,z p] = A [Ta, [T—atas Ta,
- ﬁ[$+ [wa, 2]
b el
= D)+ D)
B NNci:@[x‘“*““‘”én—)aJ - M[azax(j‘;]

The last equality follows from Lemma 3.17. Now, since I(«;) < m, and l(—a+a;) =
l(a— ;) < m we have that [z, a:(_no)ll] and [T_qta;, x((ln_)a] are linear combinations
of h§”“), o hl(”ﬂ). Hence, [z, x(_”o)t] is a linear combination of hg"H), e hl(”H).

(ii) If « € @~ then —a € . Since —a ¢ 11, there is, according to Observation 2.6,
a; € II such that —a — o € ®*. Hence, there is a; € II such that oo + o; € .
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Clearly, I(a + «;) < m. Furthermore N_,_q, o, # 0 and

[Ta, 2] = ﬁ[xa, [ a2 )]
N %”* ENE|
+¥ 20 [2_a—a,, 2al]
Neo—ara, @
= Nt o]+ e 0]

The last equality follows from Lemma 3.17. Since I(«;) < m and I(—a — o;) =

(_nc)”] and [‘T_a_ai s I(O:iai

of h(1"+1), o hl("+1). Hence, [z, x(_n(i] is a linear combination of

l(a+ ;) < m, we have that [zq,, | are linear combinations
h(n+1) h("+1)
1y .

O

In Lemma 3.11, 3.13, 3.16, 3.18 and 3.19 we have done the induction step for
statement 1-5 in Proposition 3.10. Hence Proposition 3.10 is true for all £ > 1. O

3.3. Proof of Theorem 1

In this section we restate and prove our main result, Theorem 1, and end with
an example of a Lie algebra with sl,-component. Before doing so, we prove a result
that is a consequence of Proposition 3.10.

Proposition 3.20. Let L be a classical Lie algebra without sl,-component . Let
{Xo50 € @} U {H;; 1 < i < 1} bea Chevalley basis of L, where ® is
the root system of L relative to a Cartan subalgebra y and Il = {1, ...y} s a set
of fundamental roots. Take G to be the set of generators and R to be the ideal of
F = F(G) given in section 3.1. Then the set

{20 € @} U{hz(.k);l <i<l}

(see Definition 3.8) generates (F/R)y for all k > 1.

Proof. This is clear for k = 1. Assume that { s e U {hgk); 1 <i<li}
generates (F/R) for all k < n, forsomen > 1. Takeany y € (F/R)1, 2z € (F/R)n.
Then

1

1
y = Zaihi + Z GaTe, 2= Zbihl(") + Z bar™
i=1

acd i=1 acd
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for some coefficients a;, an, b;, b,. Hence,

[Zazh —i—Zaaxa,Zb h(n +Zb x(n)i|

acd acd
l
_ Z Zal [hi, h ]+ Z Zaiba[hi,m&")] + Z Zaabi[xa, hl(-")]
i=1 j=1 a€Ed i=1 acd i=1
+ Z Z anbs(za, J;,(gn)]
acd Bed
=S o aab)a(HE D £ S SY aubgNaal
aced i=1 aced pBed
B#—a
Z anb_oh n+1)
acd

The third equality follows from Proposition 3.10. Moreover, according to Proposi-

tion 3.10 we have that A" is a linear combination of hgnﬂ), o hl(nﬂ). Since
every element in (F/R),+1 can be written as a finite sum of terms of the form [y, z]
where y € (F/R); and z € (F/R),, we are done. O

Now we restate our main theorem:

Theorem 1. Let L be a finite dimensional semisimple Lie algebra over an alge-
braically closed field F of characteristic 0 without sl,-component. Then there is a
set of generators G and an ideal R of F(G), generated by quadratic relations only,
such that Lpe, = F(G)/R.

Proof. Let G be the set of generators and R the ideal of F(G) given in section 3.1.
To abbreviate, let F = F(G). Consider the graded Lie algebra epimorphism ¢ :
F — Lyer also given in Section 3.1. Now, R C ker(¢) and let ¢ be the graded Lie
algebra epimorphism such that
0:F/R— Lper : o(x+ R) = ¢(x) forall x € F.
To show that Ly, = F/R it suffices to show that ¢ is one-to-one.
The set

LJ({X&%ae¢}u{Hﬁ%1<i<lg

E>1
is a basis of Lye, (see the paragraph after Definition 3.1) and, according to Propo-
sition 3.20, the set

U ({x(k acdyu{r™;1<i< 1})

k>1

generates F/R. Furthermore, by induction over k, we see that

ea®)y=x®,  on)=H®"
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forall o € @, 1 <7< and all £ > 1. Hence, ¢ maps a set of generators to a basis
and thus, ¢ is one-to-one. O

We end with an example of a Lie algebra with a sl,-component, namely sl, itself,
and for which Theorem 1 not is fulfilled.

Example 3.21. Consider the Lie algebra sl, over an algebraically closed field F' of
characteristic 0. For a Chevalley basis, take

=(5h) () e (0 )

where [X,Y] = H, [H,X] = 2X and [H,Y] = —2Y. Since char(F) = 0, there are
no quadratic relations in (sl ),.,. Hence, no presentation of (sl ),e, with generators
and relations can have any quadratic relations. On the other hand, there are cubic
relations in (s0,)per, e.g. [Y, [H,Y]]. In fact, (sl,)per can be presentated by cubic re-
lations. Let G = {z,y, h} and let R be generated by [z, [h, z]], [h, [k, z]] + 2], [z, y]],
[h, [, 9]}, [h, [hoyl] + 2[y, [y, 2]] and [y, [h,y]]. Then (sl;)per = F(G)/R. Further-
more, the vectorspace RN F(G)3 is generated by [z, [k, z]] as an sl,-module (c.f.
Remark 3.7).
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