Homology, Homotopy and Applications, vol.6(1), 2004, pp.299-340

HOCHSCHILD COHOMOLOGY OF COMPLEX SPACES AND
NOETHERIAN SCHEMES
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Abstract

The classical HKR-theorem gives an isomorphism between
the n-th Hochschild cohomology of smooth algebras and the n-
th exterior power of their module of Kéahler differentials. Here,
we generalize it for simplicial graded commutative objects in
“good pairs of categories”. We apply this generalization to
complex spaces and Noetherian schemes and deduce several
theorems on the decomposition of their respective (relative)
Hochschild (co)homologies.

Introduction

One motivation for considering Hochschild cohomology in geometry is its pos-
sible application in noncommutative deformation theory. Even if the geometrical
objects (complex spaces, schemes) considered in this paper belong to classical com-
mutative geometry, it is interesting to find out how they can be deformed into non-
commutative spaces, and in which way classical deformation theory is contained in
noncommutative deformation theory'. Classical deformations of schemes and com-
plex spaces are governed by tangent cohomology (see for example [16]), and since
deformations of (noncommutative) associative algebras are governed by Hochschild
cohomology (see [8]), we may assume that Hochschild cohomology of schemes and
complex spaces governs their noncommutative deformation theories. This leads to
the question of how their Hochschild and tangent cohomologies are related, which
is the subject of the present paper.

Hochschild complexes and Hochschild homology for schemes were first de-
fined by Weibel/ Geller [21]. They defined the Hochschild complex as sheafifica-
tion of the cyclic bar complex. An alternative definition is due to Yekutieli [23].
Hochschild cohomology for schemes was defined by Gerstenhaber and Schack [8].
Kontsevich [14] suggested to define Hochschild cohomology of a complex manifold X
as Ext x2(Ox,Ox). Swan [19] showed that for schemes, the Gerstenhaber/Schack-
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180 far, deformation theory for noncommutative schemes has not been developed and noncommu-
tative complex spaces with singularities are not jet defined.
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definition is equivalent to Kontsevich’s definition. The definition of Hochschild com-
plexes and Hochschild (co)homology for complex spaces is due to Buchweitz/Flenner
[6]. Weibels definition of Hochschild complexes is not recommendable for complex
spaces. This is due to the fact that the (cyclic) bar complex of an analytic alge-
bra A (in which tensor products are replaced by analytic tensor products) is not a
complex of projective A-modules. Thus, if we defined the Hochschild cohomology
as cohomology of the dual of the cyclic bar complex of A, we would not arrive
at the desired Ext-interpretation. Instead, we must define the Hochschild complex
piecewise (on Stein compacts) via free algebra resolutions, and globally via a Cech
construction (see [6] or Section 4).

In order to avoid having to prove each statement for each situation, we unify
the algebraic and analytic theories. To do so, we follow an approach due to Bin-
gener/Kosarew [1] who extracted the common features of both situations and listed
them as axioms for “admissible pairs of categories”. These are pairs (C, M)
where C is a suitable category of algebras and M a category of modules over C. Ad-
missible pairs of categories enable the description of “affine” spaces. For example C
may be the category of sections on Stein compacts or the category of sections on
affine schemes (i.e. the category of algebras). In the present paper we will mainly
talk about admissible pairs of categories. These are interesting by themselves, as
they are useful in many more situations (see Examples 1.1) than affine schemes and
Stein compacts. We will show how to apply results for admissible pairs to schemes
and complex spaces only in Section 4.

The main results for admissible pairs (C, M) of categories are the following: (1)
In Section 1.7, we characterize regular sequences in graded commutative algebras
in C. (2) We define the Hochschild complex for simplicial algebras in C (i.e. functors
from a small category N to C) and show that the Hochschild complex is homotopy
invariant (Proposition 2.2). (3) We prove a HKR theorem for free commutative
graded DG algebras in C, if the ground ring k contains Q. Loday’s textbook [15]
contains the special case of this theorem where C is just the category of k-algebras.
Loday’s sketch of proof does not apply in the general case, as for an analytic algebra
A, the bar construction is not a projective resolution of A over A®A. A corollary of
this HKR theorem is the following Quillen-type theorem for a k-algebra in C: There
is a quasi-isomorphism

H(a/k) = AL(a/k)

from the Hochschild complex to the exterior algebra of the tangent complex. (Quillen
[18] stated this result in the case where C is the category of k-algebras.) We gen-
eralize this theorem for objects in CV and in Section 4, we deduce the main result
of this paper by means of a Cech construction. (4) If X — Y is a morphism of
complex spaces (paracompact and separated) or a separated morphism of finite type
of Noetherian schemes in characteristic zero, then there exists a quasi-isomorphism

H(X/Y) ~ AL(X/Y) (0.1)

over Ox, where H(X/Y) is the relative Hochschild complex of X over Y (see Sec-
tion 4) and L(X/Y) is the relative cotangent complex. From the main result we de-
duce several decomposition theorems for Hochschild (co)homology. (5) Hochschild
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cohomology contains tangent cohomology:

HH"(X/Y,M) = [] Ext/(ML(X/Y),M). (0.2)
i+j=n

The left side is the n-th Hochschild cohomology of X over Y with values in M. The
right side contains the (i — 1)-th relative tangent cohomology Ext' ! (L(X/Y), M)
as a direct factor. For complex spaces, this decomposition, as well as equation (0.1),
has already been proved in a completely different way by Buchweitz/Flenner [6].
(6) The second corollary is a decomposition theorem for the Hochschild cohomology
of complex analytic manifolds and smooth schemes in characteristic zero:

HH"(X) = [] H'(X,NTx). (0.3)
i+j=n

On the right, we have the sheaf cohomology of the exterior powers of the tangent
complex. A proof of this result for complex analytic manifolds has been announced
(but not yet published) by Kontsevich. For smooth schemes, decomposition (0.3)
was proved in a different way by Yekutieli [23]. A similar statement for quasi-
projective smooth schemes is due to Gerstenhaber/Schack [8] and Swan [19]. (7) If
X is a smooth scheme in characteristic zero, or a manifold, then we can deduce the
“Hodge decomposition” of the Hochschild homology

HH,(X) = [] H(X,A'Qx) (0.4)

i—j=n

Remark that the difference with the Hodge composition of the De Rham cohomology
is that we sum over the columns of the “Hodge diamond” instead of over the lines.
For schemes, this result was shown in a different way (using the A-decomposition of
the Hochschild complex) by Weibel [22].

Acknowledgments: I want to express my gratitude to Siegmund Kosarew for his
encouragement and the many discussions and suggestions that were indispensable
for the progress of my work on the present paper. Furthermore, I am grateful to
Ragnaz-Olaf Buchweitz and Hubert Flenner for sending me a not-yet-published
version of their paper on Hochschild cohomology from which I have learned many
techniques applied in this work.

Conventions: For a ring k, we denote the category of k-modules by k-9t00.
For a morphism f : A — B in any category, we denote the kernel of f in the
categorical sense (see [20]) by kern f, i.e. kern f is a morphism K — A, where
K is an object, determined up to a canonical isomorphism. By Kern f, we mean
the object K. We use the notions cokern, Cokern, im and Im in the same way. For
example, we have Im f = Kern(cokern f). We write & for quasi-isomorphisms and
~ for homotopy equivalences. We use the letter D to denote derived categories and
K to denote homotopy categories, i.e. the localization of categories by homotopy
equivalences. The differential of a DG object is always of degree +1. If the degree
g(a) of a homogeneous element a of a graded ring or module arises in an exponent,
we just write a instead of g(a). By convention, (—1) means (—1)9(®)'9(%) and not
(—1)9(ad),
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1. Admissible pairs of categories

In order to describe geometric objects locally by means of algebraic objects, one
has to handle pairs of categories (C, M), where C is a category of algebras and M
a category of modules over algebras in C. If the algebraic calculus should include
the local description of commutative schemes, complex spaces and even infinite
dimensional spaces, like Banach analytic spaces, then the frame of admissible pairs
of categories is a good choice. Before listing the axioms defining an admissible pair
of categories (figured out by Bingener and Kosarew in [1]), we give several examples:

Examples 1.1. The following pairs (C, M) are admissible pairs of categories:

(1) Let C( be the category of all commutative K-algebras and M(©) the cat-
egory of modules over algebras in C(©).

(2) Recall that a Stein compact is a compact subset X of a complex space,
admitting a base of open neighborhoods 4, such that each U € i is a Stein
space. Let C() be the category of all analytic C-algebras, i.e. the category
of all sections of the structure sheaf of a Stein compact. Then each algebra
in CV is a DFN-algebra, i.e. a topological algebra with respect to the dual
Frechet nuclear topology (see [17], for instance) and each homomorphism of
such algebras is continuous. Let M) be the category of all DFN-modules
over algebras in C().

(3) In the first example, we can replace C(°) by the category of all Noetherian,
commutative K-algebras.

(4) In the second example, we can replace C(!) by the category of local analytic
algebras.

(5) For e € (0,1], let C(©) be the category of commutative complete PO-algebras
in the sense of [16] and M) the category of all complete PO-modules and
PO.-homomorphisms.

The reader, only interested in schemes or algebraic varieties, doesn’t have to
care about the following definition and may always take (C, M) as in Example (1)
instead.

We fix a ground ring K (in our main reference [1], K is the field Q, so here
we start with a more general setting). Denote by C a category of commutative K-
algebras and by C-900 the category of all modules over algebras in C. For objects
A,Bin C and M in A-900, N in B-900, a homomorphism M — N in C-9100 is
a pair (¢, f), where ¢ : A — B is a homomorphism in C and f : M — N is a
homomorphism in A-9od. Let M be a subcategory of C-90d. Then the pair (C, M)
is called an admissible pair of categories if the following conditions hold:

(1) In C there exist finite fibered sums that we denote as usual by 4 @5 B.

(2) If ¢ : A — Bisahomomorphism in C and N a module in M(B), then N is via
¢ an object of M(A), and for each module M in M(A), Hompqa)(M, Nig))
is the set of all homomorphisms f : M — N in M, such that (¢, f) is a
homomorphism in C-9t00.
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(3) Let A be an algebra in C. Then M(A) is an additive category, in which kernels
and cokernels exist. Further, C4 is a subcategory of M(A) and the functor of
M(A) in A-9od commutes with kernels and finite direct sums.

(4) Let ¢ : A — B a homomorphism in C and v : M — N a homomorphism in
M(B). Let L (resp. L’) be the kernel of u (resp. uf4)) in M(B) resp. M(A).
Then the canonical map L' — L, is an isomorphism in M(A).

(5) Let A be an algebra in C and N a module in M(A). For each finite family
M;; i € I of modules in M(A), there is a given K-submodule
MultM(A)(Mi,i eI;N)
of the module Mult4(M;,i € I; N) of A-multilinear forms [[,., M; — N,
which is functorial in each M; and N and has the following properties:
(5.1) Let ig be an element of I and u : M; — M;, a homomorphism in M(A).
Set M; := Cokern(u) and M; := M|" := M;, for i € I'\{io}. The sequence
0— MultM(A)(MZ",z S I,N) — MultM(A)(MZ,z S I,N) —
MultM(A)(Mi/,i €I;N)
induced by w is exact.
(5.2) For modules M, N € M(A), there is a canonical isomorphism
Mult pq(4)(M; N) — Hom g4y (M; N).
(5.3) For M in M(A), the multiplication map pp : A x M — M is in
MultM(A)(A X M,M)
(5.4) If o : I — J is a bijective map, then the restriction of the isomorphism

Multa(M;,i € I; N) — Multa(Mg-13;y,j € J; N)
defined by o, defines an isomorphism
Mult pq(a)(Mi,i € I; N) — Mult yqay(Mg-1(5y,5 € J5 N).
(5.5) Each homomorphism ¢ : A — B in C induces a cartesian diagram

| |

Mult g (M;,i € I; N) —— Mult 4 ((M;)4),7 € I; Nig))

(5.6) For each i € I, let Lj, j € J; a nonempty finite family of modules in
M(A). Set J := ;erJ;. The canonical map

([ Mt paay (L, 5 € Jis My)) x Mult pqay (M, i € I; N) —
iel
Mult4(L;,j € J; N)
factorises through Mult v ay(Lj,j € J; N).
(5.7) The functor N +— Mult rq4)(M;,i € I; N) on M(A) is represented by a

module ®161XIMZ- in M(A).
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(5.8) If I is a disjoint union {J;; I; with I; # ) for all j, then the canonical

homomorphism
M M M
Rt — @@
i€l 4 JET 4 i€l 4
is an isomorphism in M(A).
(5.9) The canonical map A ®%' M — M is an isomorphism in M (A).

(6) Let ¢ : A — B be a homomorphism in C and M a module in M(A) and N
a module in M(B). The module Ny ®@)' M is via the canonical A-bilinear
map?

B x Nigy @4' M — Nigj @' M
a module in M(B). The analogue statement holds for M @%" Ni4.

(7) Let k — A and k — B be two homomorphisms in C and ¢ (resp. ) the
canonical maps of A (resp. B) in C := A® B. Let M be a module in M (k)
and p: C x M — M an element of Mult v (C x M; M) such that
(a) p extends the multiplication of k on M.

(b) M is via p a C-module.
(c) My is in M(A) and My in M(B).
Then M is in M(C).

(8) For algebras A and B in Cj, the canonical map A @' B — A ®§ B is an
isomorphism in M(k).

Axioms (1) - (8) hold in the algebraic as well as in the analytic context. The differ-
ence between both contexts is manifest in the difference between Axiom (S1) and

(S1°):
Axioms. Let A be an algebra in C.
(S1) If w : M — N is a homomorphism of finite A-modules in M(A), then
the cokernel of v in M(A) coincides with the cokernel of u in A-Mod and for
N = A the cokernel of u is an algebra in C4 with respect to the canonical
projection A — Cokern(u).
(S1’) For any homomorphism u : M — N of A-modules, the cokernel of
u in M(A) coincides with the cokernel of u in A-96d and for N = A the
cokernel of u is an algebra in C4 with respect to the canonical projection
A — Cokern(u).
(S2) Bijective homomorphisms in M(A) are isomorphisms.
Examples 1.2. Again, consider the Examples 1.1.
(1) (€, M) is an admissible pair of categories that satisfies Axioms (S1°)
and (S2).
(2) Let Mult ) ( ) be the group of all continuous multilinear forms. Then

(€M, M®M) is an admissible pair of categories that satisfies Axioms (S1) and
(52).

2The existence of this map is a consequence of (2), (5.7) and (5.8).
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Let (C, M) be an admissible pair of categories. Let k be an algebra in C and
A, B, M and Nmodules in M (k).

Remark 1.3. (1) For elements a,a’ € A and b, b’ € B, we have (a®b)(a' @b') =
aa’ @ bY'.
(2) Each homomorphism h € Hom y (A @M B, N) is uniquely determined by
its values on the elements of the form a ® b.

Remark that in the graded commutative context (see below) we will have (a ®
b)(a' @ V') = (—1)* aa’ @ bb' for homogeneous a, b, a’, V'

1.1. Free modules and algebras

To motivate the definition of markings on categories of algebras and modules:
Let X be a compact n-dimensional polydisk. This is a Stein compact. We want
to consider the algebra A = colimyx I'(U, Ocr) of global sections on X as free
algebra in C(V), generated by n algebra generators a1, ..., z,. If B is the algebra of
sections on a second polydisk @, we can’t just choose n elements of B as images of
T1,..., Ty to define a homomorphism in C(Y), since the corresponding map Q@ — C"
would not, in general, land in P. There are restrictions on the values each x; may
take. A marking on the category C is such a restriction. A non-restrictive marking
is called canonical. Usually, when the modules in M are non-graded, the marking
on M will be the canonical one.
Let (C, M) be an admissible pair of categories. graphFree algebras: A marking on
C is a family (F;)ret of subfunctors F; : C — (sets) of the identity functor such
that F(A) contains 0, for all 7, and all objects A in C. For a given object k of C and
a family (7;)icr, we consider the functor Fyx : A — [],c; Fr,(A) on the category
Ci. If Fr, is representable, i.e. there is a k-algebra A and a canonical bijection

b: Hom{(A, B) — [[ F~.(B)
iel
for each algebra B in Cj, then A together with the family (e;)ier = b(Id4) is called
the free algebra over k with free algebra generators e;, ¢ € I. We will write
A = k(e;)icr. The marking F is called representable, if F7; is representable for
each k in C and each finite family (7;);e;.

1.1.0.1. FREE MODULES: A marking on M is a family (G, )uecu of subfunctors
Gy : M — (sets) of the identity functor such that, for each u € U, the following
condition holds: For each homomorphism ¢ : A — B in C and each module N in
M(B), we have G (Njg)) = Gu(N). For a given algebra A in C and a family (u;)er,
we consider the functor G7a : M — [[,c; Gu, (M) on the category M(A). If G a
is representable, i.e. there is an A-module M and a canonical bijection

b: Hom 4y (M, N) — [] Gu,(N)
icl
for each A-module N, then M together with the family (e;);c; = b(Idys) is called
the free module over A with free module generators e;, ¢ € I. We will write
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M = [],c; Ae;. The marking G is called representable, if G 4 is representable,
for each A in C and each finite family (u;);er. A marking on (C, M) is a pair (F, Q)
of a marking F' = (F;),c1 on C and a marking G = (G,)uey on M together with
amap 1 : T — U such that F.(A4) C G, +)(A), for each A in C and each 7 in T.

Axioms. Let (F,G) be a marking on (C, M).
(F1) F is representable.

(F2) Let k be an algebra in C and A = k(e;);er be a free k-algebra in C. The
canonical homomorphism k[e;];er — k{e;)icr in k-Do0 is flat and the functor
M — A @M M is exact on the category of finite modules in M (k).

(F3) Let A be like in (F2) and A" = k(e});crr be another free k-algebra in C
with I C I’. Then A’ is flat over A via the homomorphism A — A’ with
e — €.

(F4) G is representable.

(F5) For each u € U and each A in C, G,, is a right exact functor on M(A).

(F6) Let A be an algebra in C and E = [[,.; Ae; be a free A-module with
respect to G with finite basis (e;);c; and let M be a module in M(A). The
canonical homomorphism M! — M ®4 E in A-9od is bijective.

(F7) Let k be an algebra in C and A = k(e;);er be a free k-algebra in C with
finite 1. Then Q4 is a free A-module with base de; € G, ) (Qayx); @ € 1.

Remark that Axiom (F2) implies that free algebra generators (of degree 0) are
no zero divisors.

Definition 1.4. The marking (F,G) is called good, if Axioms (F1), (F4), (F5),
(F6) and (F7) hold. An admissible pair of categories (C, M) equipped with a good
marking (F, G) is called a good pair of categories if it satisfies Axioms (S1) and
(S2).

Examples 1.5. (1) On the admissible pair (C(©, M) of Example 1.1, we
work with the canonical marking, i.e. F(A) = A, for each algebra A in C,
and G(M) = M, for each module M in M(A). With this marking, (C(*), M())
is a good pair of categories, that satisfies additionally Axioms (F2) and (F3).

(2) Consider the admissible pair (CY), M™M)). For Ain C™M) and t € T := (0, c0),
let F}(A) be the set of all elements of A such that the Gelfand-transformation
(see [4] for the definition) x(A) — C factorises through {z € C : |z| <
t}. Further, let G be the canonical marking on M™). The pair (CV, MD),
together with the marking (F,G) is a good pair of categories, that satisfies
Axioms (F2) and (F3).

(3) If C is the category of local analytic algebras and M the category of DFN-
modules over C, then G is set to be the canonical marking and for objects A,
we set F'(A) to be the maximal ideal m4 of A. The pair (C, M) is a good pair
of categories that satisfies Axioms (F2) and (F3).
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1.2. Graded objects

Let (C, M) be an admissible pair of categories. As in [1], we can construct a
new admissible pair (gr(C), gr(M)) as follows: Let gr(C) be the category of graded
commutative® rings A = [[;, A* with A° in C, all A" in M(A") such that the
multiplication maps A? x 47 —s A**J belong to MultM(AO)(Ai x AT AT A
homomorphism ¢ : A — B in gr(C) is a homomorphism of graded commutative
rings such that ¢° is a homomorphism in C and all ¢* : A* — B are ¢°- linear
homomorphisms in M.
Let gr(M) be the category over gr(C) whose objects over an algebra A in gr(C) are
the graded A-modules M = [],, M?, with M* = 0, for almost all ¢ > 0, such that
each M" is in M(A?) and the maps A’ x M7 — M**J belong to Mult vq(40y (A" X
M3, M), If B is another algebra in gr(C) and N is a module in gr(M)(B), then
Homg,aq) (M, N) is the set of all pairs (¢, f), where ¢ : A — B is a homomorphism
in gr(M) and f: M — N is a ¢-linear homomorphism of degree zero, such that
all f*: M? — N’ are homomorphisms in M over ¢°.

For modules My, ..., M, and N in gr(M)(A), let Mult g aq)(a) (M1 X ... x M, N)
be the K-module of all maps f : My x...x M,, — N with the following properties:

(1) For ki, ..., ky in Z, the restriction f|, &, k. factorises through a map in
1 n
Mult pg( a0y (Mf?* % .. x M, NFatothny,
(2) For elements a € A and m; € M;, we have
fma,...omea,meyy...my) = f(my,...,mp,aMpg1,...,my), for 1 <r < n,
and
flmy,...,mpa) = f(my,...,my)a
We just have made use of the fact that we can make each M in gr(M)(A) a graded
symmetrical A-bimodule by setting m - a := (—1)9("9(®)q . m, for homogeneous

elements a € A and m € M.

To define free algebras in gr(C), we modify the definition in Section 1.1 as follows:
There isamap g : T — Zgo and each functor F is a subfunctor of the functor A —
A9(T) In this context, if F is representable, then each functor F 7,4 is representable,
if for n < 0, the set of all 7; with ¢g(7;) = n is finite. In this case the free algebra
Ale;)ier is called g-finite free algebra. Of course, the degree g(e;) of a free generator
e; is just g(7;).

To define free modules in gr(M), we modify the Definition in Section 1.1 as
follows: There is a map g : U — Z and each functor G, is a subfunctor of the
functor M +— M9 In this graded context, when G is representable, then each
functor Gy, 4 is representable, if for each n, the set of all u; with g(u;) = n is finite.
In this case the free module [, ; Ae; is called g-finite free A-module. We have
g(e;) = g(u;) for i € 1.

To define a marking on (gr(C), gr(M)), we have to add in Section 1.1 the condi-
tion, that the map n: T — U is compatible with g.

Example 1.6. If G is a marking on M, then we get a marking gr(G) = (gr(G))wev-
on gr(M) in the following way: Set U’ := U X Z. For A in gr(C), M in gr(M) and

3ie. ab = (—1)9(2)9(®)pg, for homogeneous a,b € A
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u' = (u,n) € U set gr, (G)(M) := G, (M™). Here we have g(u') = n.

If (F, G) is a marking on (C, M), then we get a marking gro,(F) = (gr(F) ) et
in the following way: Let T’ be the disjoint union of T x {0} and U X Zq. For A
in gr(C) and 7 = (1,n), we set gro(F)(A) = Fr(A), it n =0, and gr(F),(A) =
G,(A™), if n <O0.
If (F, G) is amarking on (C, M), then (gro(F), gr(G)) is a marking on (gr(C), gr(M))
with the map n’ : T — U’ given by (7,0) — (n(7),0) and (u,n) — (u,n), forn < 0.

Remark that by Lemma 1.7.6 of [1], free algebra generators of negative degree
behave much like polynomial variables* and if (C, M) is a good pair of categories,
then (gr(C), gr(M)) is a good pair of categories as well. If (C, M) is an admissible
pair of categories that satisfies Axiom (S2), then by Proposition 1.6.9 of [1], the
admissible pair (gr(C), gr(M)) also satisfies Axiom (S2). In general, this is not true
for Axiom (S1). But we have:

Remark 1.7. Let (C, M) satisfy Axiom (S1) and let A be an object of gr(C) such
that all A? are finite A%modules. For g-finite modules M, N in gr(M)(A) each
homomorphism f: M — N in gr(M)(A) is strict, i.e. the cokernel of f in gr(M)
coincides with the set-theoretical cokernel.

Remark 1.8. Let (C, M) be an admissible pair of categories with a marking (F, G),
where G is canonical. Suppose that Axiom (S1) holds. Let k be an algebra in C and
let My, My and N be modules in M (k) such that My and My are finite k-modules
with M; C N and My N My = {0}. Then we have

(1) The inclusions M; — N are homomorphisms in M (k).

(2) My + My is in M(k).

(3)

(4) The projections p; : My + My — M, are homomorphisms in M (k).
(5) My + My = My & Ms.

In (gr(C),gr(M)) the same statement is true if we suppose that all k% are finite
k%-modules and M, My and N are g-finite.

The inclusions M; — M; + My are homomorphisms in M(k).

The proof is left to the reader as exercise. In the sequel, we will denote the
full subcategory of gr(C) generated by all algebras A such that each A° is a finite
A% module by gr'(C).

Remark 1.9. (1) Suppose that (C, M) is a good pair of categories and that k
is an algebra in gr'(C). Let R = k(T) be a free g-finite algebra over k in gr(C).
We have the following decomposition
R=k& ) Rt
teT

in the category gr(M)(k).

4For a more precise statement, see Proposition 1.17.
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(2) Suppose that additionally the marking G on M is trivial and that Axiom
(F2) holds. Then, for each n > 0, R decomposes as

R=k® Y tko.& > t-..tk& >  ti...taR

t1€T t1,..,tn €T t1,tnp1 €T

Proof. We only prove (i) and leave the proof of (ii) as exercise. We can form the
free g-finite R-module M = [, , Re(t), where to each free algebra generator ¢ €
grg(F); we have associated a free module generator e(t) € gr(G), - (M). Consider
the homomorphism M — R in gr(M)(R) with e(t) — t. By Remark 1.7, the
cokernel map of this homomorphism coincides with the cokernel map in R-9100,
which is just the projection p : R — R/(T) and R/(T) is an algebra in gr(C). Now
there is a diagram
— T sk
N
R/(T)

in gr(C), where m : R — k is the homomorphism given by ¢ — 0 for ¢t € T and

the homomorphism k — R/(T) is the canonical inclusion. The diagram commutes,

since in both directions an element ¢ € T goes to 0. So we get Kern(w) = (T). But
obviously, we have R = k ® Kern(7). O

R

1.3. Simplicial objects

Let I be an index set. A set A of subsets of I is called simplicial complex over
I,if O ¢ N if for all ¢ € I, we have {i} € N and if every nonempty subset of an
element in NV is again in N.
For an element « of a simplicial complex N over I, containing n elements, set
la| ;== n — 1. Then for n > 0, the set N of all a € N with |a| < n is again a
simplicial complex over I.
A simplicial complex N can be seen as category, where Hom(c, 3) contains only
the inclusion o C S if @ C B and is empty in all other cases. Let A be a category.
An N-object in A is a covariant functor N' — A. The N-objects in A again form
a category, denoted by AVN. If (C,N) is an admissible pair of categories and A =
(Aa)aen an object of CVV, then we denote the category of N-objects M = (My)acnr
in MV with M, € ob(M(A,)) by MV (A).
Let (C, M) be an admissible pair of categories and A a simplicial complex. Let
((Fr)reT, (Gy)uer) be a marking on (C, M). Then, for each pair (o, 7) in N x T,
there is a functor Fy, » : A — F;(A,). For a family (a;,7;),i € I of elements of
N x T and A in CV, there is a set-valued functor B — [Lic; Fai r (B). We denote
it by Fr 4.

Remark 1.10. Suppose that for each o € N, the free A,-algebra A, = A, (ega)>aiga
in the free generators el € Fr (A;,) exists. For a C 3, let pag : Ay, — Aj; be

i
the homomorphism in C over A,, given by ega) — ez(ﬂ). Then A" = (AL)aen is
an algebra in C, and together with the family (e(“i))ie 1, it represents the functor



Homology, Homotopy and Applications, vol. 6(1), 2004 310

Fr 4. We call it the free A-algebra in the free generators e; := ega") € Fy, (A"
and denote it by A{e;)ier.

For each pair (a,u) € N x U, there is a functor Go. : M — G, (M,). For a
family (o, u;),i € I of elements of N'x U and A in CV, there is a set-valued functor
N = [l;c; Gaiu, (M). We denote it by G 4.

Remark 1.11. Fix a family (a;,u;),i € I of elements of NV x U and an algebra A
in CV. Suppose that for each a € N, the free A,-module M, = Ha,;ga Aaega) in

the free generators ega) € Gy, (M,) exists. For o« C 3, let pog : Mo — Mg be the

homomorphism in M over A, given by eEO‘) — egﬁ). The collection M = (My)aen
is a module in M# and together with the family (e(*#));¢; it represents the functor
G a. We call it the free A-module with free generators e; := egai) € Goyu, (A)
and denote it by [ [, Ae;.

To distinguish the non-simplicial from the simplicial context, we call the first one
affine.

1.4. Resolvents

Fix an admissible pair (C, M) of categories with marking (F, G). For a DG module
K in gr(M)(R) with differential d, we define the i-th homology H',(K) of K
in M(R) as cokernel of the natural map Im(d*~!) — Kern(d") (image and kernel
formed in the category M(R)). If K is separated, i.e. the cokernels of the map
d: K' — K'! and of the induced maps K* — Kern(d*!) and Kern(d') — K
coincide with their cokernels formed in the category R-D00, then Hi,(K) is as
R-module isomorphic to the i — th cohomology of K, considered as complex in
R — Mod. We call K acyclic, if H},(K) = 0 for all i.

Remark 1.12. Suppose that (C, M) satisfies Axiom (S1) and all K* are finite
R-modules. K is acyclic if and only if K is acyclic as complex in R — 9100.

A DG resolution of an object B in M is a DG module M in gr(M) such that
Hi, (M) =0, for i <0, and H), (M) = B.

We recall Definition 1.8.1 of [1].

Definition 1.13. Let A — B be a homomorphism of DG objects in gr(C)V. A
resolvent of B over A is a free DG algebra R over A in gr(C)"V (with respect to
the marking grg(F)) together with a morphism R — B of DG objects in gr(C)
which is a surjective quasi-isomorphism on each o € N.

In the present paper, we will mostly work in a Noetherian context, i.e. we will
assume that the following Axiom is satisfied:

Axiom (N) Each algebra A in C is Noetherian and each finite module M in
M(A) is a quotient of a finite free A-module.
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If the good pair (C, M) satisfies Axioms (N) and (F2) and if A and B belong to
gr’(C) and if A® is a quotient of a g-finite B%-module C' in CV such that each C, is
a finite free BY-algebra, then such resolvents exist by Proposition 1.8.7 and 1.8.8 of
[1] or by Remark 1.21.

The next proposition is of great importance for this work. In the algebraic con-
text, the statement is well-known and was used by Quillen and others. The difference
in the analytic context is that a free DG algebra over a ring k is not, in general, a
complex of free k-modules as long as there are analytic algebra generators, i.e. free
algebra generators of degree zero. Hence, even the affine version of the following
statement seems to be new in this form.

Suppose that the marking G on M is trivial and that Axiom (N) is satisfied.

Proposition 1.14. Let A — B be a homomorphism of DG algebras in gr(C)N.
For two g-finite resolvents Ry and Ry of B over A, there exists a homomorphisms
Ry — Ry in gr(C)N, which is a homotopy equivalence over A.

Proof. We prove the affine case first and sketch the generalization to A-objects in
gr(C)V, afterwards. First affine case: Suppose that R = RY.

Set A’ := A®40 RY. Then R; and Ry are resolvents of B over A’. By Proposition
1.8.1 of [1], there is a quasi-isomorphism R; — Ry in gr(C) over A’. Since RY =
RY = A°, Ry and R, are free A’-modules in gr(M). Hence the quasi-isomorphism
is already a homotopy-equivalence.

Second affine case: Suppose that RY is a finite free algebra over RY in C.

By induction, we can restrict ourselves to the case where R = RY(e) is just a
free algebra in one generator. Consider the free R%-algebra R := R{{e, f) in gr(C),
generated by a free generator e of degree 0 and a free generator f of degree —1.
We define a differential on R by setting f — e. By Remark 1.9, we have R)(e) =
Ro @ eRY{e). So by Axiom (S2), the differential gives an isomorphism fRY(e) —
eRY(e). With this in mind, we can easily construct a contracting homotopy on R.
Now R} = R1 ® RO R is homotopic over R; to R;. More precisely, the inclusion
Ry — R} and the projection R] — R’ are homotopy equivalences. By the first
case, there is a homotopy-equivalence R} — R» in gr(C).

General affine case: Let R3 be a free g-finite resolution of B over Ry ® 4 R. Now
Rj3 is free over R; and Ry and by the second case, we get a homotopy-equivalence
R1 e R3 — RQ.

In the simplicial case, a free algebra in gr(C)”¥ over an algebra A in gr(C)" is
not a free module in gr(M)N (A), even if all free algebra generators are of strictly
negative degree. The point is that even A itself is not free as A-module. But a free
algebra over A with free algebra generators of negative degree is as A-module in
gr(M)N a direct sum A& M with a free A-module M. To prove the simplicial case,
we must first generalize the Comparison Theorem (see Theorem 2.2.6 of [20]) to
(free) DG resolutions in gr(M)* which is straightforward. Secondly, observe that
for a DG algebra A in gr(C)N and free A-modules M, N, each quasi-isomorphism
Idxf: A M — A@ N is even a homotopy equivalence. With those tools we can
generalize the first case above and the second and third case go just as in the affine
situation. O

N N
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1.5. Double graded objects

Let (C, M) be an admissible pair of categories. We define the pair (gr?(C), gr?(M))
as follows: The objects of gr?(C) are the double commutative graded® rings A =
[T <o A with A%9 in C and all A% in M(A%?) such that the multiplication maps
AbT x AR s ATHIEFE helong to

MUItM(AO,O)(Ai’j % Ak,lvAz#j,kJrl).

Following the ideas of Section 1.2, we can define Homg,2(¢y(A, B), for objects A, B
in gr?(C), the category gr?(M), Homg,2(rq) (M, N) for objects M, N of gr?(M) and
Multg2(pagy(a)(Mi, ..., My, N) for modules My, ..., My, N in gr*(M)(A). We don’t
make this definitions explicit here.

Remark 1.15. Let A be an object of gr?(C) and M, N objects of gr?(M). For
(p,q) in Z x Z, set TP =[], ;_, 11— M* @, N3 Then T := IL,,77°
is a tensor product of A and B in gr*(M)(A%%). T can be seen in two different
ways as object of gr*(M)(A). Consider the homomorphism u : A ® 400 T — T in
gr? (M) (A%Y), sending a®@m®n to ma®n—m®an. u can be seen in two manners as
homomorphism in gr?(M)(A). Both of them induce the same A-module structure
on T := Cokern(u). We see that T is a tensor product of M and N in gr?(M)(A).

Remark 1.16. The pair (gr?(C), gr(M)?) is an admissible pair of categories.
Proof. Analogue to the proof of Proposition 6.9 of [1]. O

Convention: When we consider an object K of gr(M) as object of gr*(M), we
set K0 = K% and K%/ =0 for j # 0.
In the same manner as above, we can define a marking (grZ (F), gr*(G)) on the pair
(22(C), g2 (M)):
Define the index set T” as T x {0,0}UU x (ZS° x ZS%)\ (0,0). For 7 = (7,0,0) € T”
and A € gr’(C) set grZ,(F),;»(A) = F;(A%%) and for 7/ = (u,p,q) in T” with
(p,q) # (0,0) set grZ (F),(A) := G, (AP). Define the index set U” as U x Z X Z.
For u" = (u,p,q) € U" and M € gr?(M), set gr(G)u (M) := G, (MP9).

Proposition 1.17. (1) Let A be an algebra in gr®(C) and A" = Ale;)icr a free
algebra over A, with respect to the marking gré(F). Suppose that the bidegree
of each e; is different to 0, then the canonical homomorphism Ale;|icr — A’
in A-2Ulg is bijective.
(2) If (F,G) is good, then (gr (F),gr?(G)) is good as well.
Proof. Analogue to the proof of Lemma 1.7.6 of [1]. O

Definition 1.18. A DG algebra in gr?(C) is an algebra A in gr?(C) equipped
with a (vertical) A%°-derivation® v : A — A of bidegree (0,1) with s> = 0. A
DDG Algebra in gr?(C) is a DG algebra A in gr?(C) equipped with a (horizontal)
derivation h of bidegree (1,0) that anti-commutes with v such that h? = 0. A
homomorphism of (D)DG algebras is a morphism in gr?(C) that commutes with
the vertical (and horizontal) differentials.

Si.e. for a € A and b € ARl we have ab = (—1)(F+D(+R)pg
6i.e. for homogeneous a,b € A we have v(ab) = v(a) + (—1)%av(b)
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The definition of (D)DG modules over D(DG) algebras is straightforward (pay
attention to Koszul signs).

Remark 1.19. Let K = (K, h,v) be a DG algebra in gr?(C). Consider a free algebra
K(FE) over K in gr?(C) with a set E = {e; : i € I} of free algebra generators with
ei € grg(F) (K (E)), for a certain 7" € T”. For each i, if g(x;) # (0,0) choose an
element h; € Gy, (K(E)9@)+(1.0)) and an element v; € G, (K (E)9@)+(0:1) where
u; is the first component of 7; = (u;, g(x;)). Setting h(e;) := h; and v(e;) = v;, we
get an extension of the horizontal and the vertical derivation h and v of K. This
extensions make K (E) a DDG algebra, if and only if, for each ¢, we have

(1) h(vi) +v(h;) =0 and
(2) h(hi) =v(vi) =0.

Proof. Inductively, we can reduce the proof to the case where E consists of a single
element e of bidegree (p, ¢). In this case, it is an easy calculation. O

Definition 1.20. A DG resolvent of an algebra B in gr(C) is a free DG algebra
A in gr?(C) such that, for all i, the i-th row is a surjective DG module resolution of
B'. A DDG resolvent of a DG algebra B in gr(M) is a DDG algebra A in gr?(M)
which is a DG resolvent of B such that the map A*? — B is a homomorphism of
DG algebras in gr(C).

For a homomorphism A — B of DG algebras in gr(C), to get a resolvent R of
B over A it is enough to construct a DDG resolvent K of B which is free over A
as object of gr?(C). Then we can choose R as total complex tot(K). This leads to
the question of the existence of DDG resolvents. The following remark provides a
positive answer:

Remark 1.21. Suppose that for the pair (C,. M) the Axioms (N) and (F2) hold.
Let K = (K, h,v) be a DDG algebra in gr?(C) and u : K*° — A a homomorphism
of DG algebras in gr(C). Suppose that each A € gr'(C) and that each K*J a finite
K%%-module.

(1) If A° is a quotient of a free K°-algebra, then there exists a free DDG
algebra L = K(F) over K, where F is a g-finite set of generators of bidegree
(k,0); k <0, and a surjective homomorphism L*? — A over K*°.

(2) Suppose that u is surjective and that for a fixed p < 0, we have uP™ =
cokern(vPTH 1) There exists a free DDG algebra L = K(F U G) over K
with finite sets F' and G of generators of bidegree (p,—1) and (p + 1,-1),
respectively, such that we still have uP*! = cokern(vP*1~1) and additionally
uP = cokern(v?~!) holds.

(3) Fix p < 0 and ¢ < —1. Suppose that we have HIT1(KP+1*) = 0. There
exists a free DDG algebra L = K(F UG) over K spanned by finite sets F' and

G of generators of bidegree (p, q) and (p+1, q), respectively, such that we still
have H9T1(KP*T1*) = 0, and additionally H9!(K?*) = 0 holds.

Proof. The proofs of (1) - (3) are very similar, so we only do the proof of (3). We
choose G such that there is an epimorphism 7 : nggKO’Og — Kern(vPthath)n
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Kern(hPT1:4+1) Set v(g) := m(g) and h(g) := 0. We choose F such that there is an
epimorphism 7’ : Hfe p KO0 f — Kern(vP9T1). Set v(f) = #'(f) and choose h(f)
in IK%%g in such a way that v(h(f)) = —h(v(f)). O

Definition 1.22. For a g-finite free DG module M = [] ., Ae in gr(M) with
differential d (this construction can be done more generally in gr(M)V), we define
the exterior algebra A4 M to be the free DDG algebra A(F) in gr?(C), where
E contains for each e € E a free algebra generator é of bidegree (g(e), —1). The
vertical differential of A 4 M is set to be trivial, and the horizontal differential h is
defined in such a way that the assignment e — é identifies M as DG module with
the line A(E)*~!. The total complex A4 M := tot(A4 M) has the structure of a DG
algebra in gr(C) and corresponds to the ordinary definition of the exterior algebra.
In this situation, let A%, M be the DG module in gr(M) with (A, M) = A(E) =9,
for all j > 0.

In particular, we have AQ M = A and A4 M = M and

NaM = tot(Ag M) = [T N MJj). (1.1)

720

1.6. The (cyclic) bar complex

For convenience of the reader and to motivate our definitions in Section 2, in
this section, we state several statements about the (cyclic) bar complex. In the
algebraic context they are well-known and they apply directly to admissible pairs
of categories.
Let (C, M) be an admissible pair of categories. Consider a homomorphism & — A
of DG algebras in gr(C). The tensor product R := A ®§r(c) A is a DG algebra with
differential d* defined by

d¥a®d) =d*a) @d + (—1)% @ d*(d’)

and the natural “multiplication” map p: A ®{ A — A respects the differentials.
Let M be a DG A-bimodule in gr(M), which is a symmetrical k-bimodule.
We can consider M as DG object of gr(M)(R), where the scalar multiplication
R x M — M satisfies (a ® a/,m) — (=1)*"ama/, for homogeneous elements
a,a’ € A and m € M. To see this, we have to apply Axioms (5.3), (5.5) and (5.6).
The same axioms must be used to define the mappings in the sequel.
For n = 0,1,... set C¥A, M) := M ® A®™ and CP* (A, M) := M @ A®" @ A.
(All tensor products are formed in the category gr(M)(k).) Consider the homomor-
phisms

di M@ A®" — M @ A" 1,

sending elements ap ® ... ® a, 10 4g ® ... @ 4 - Q11 R ... ® ay, for i = 0,...,n —
1, and the homomorphism d,, sending homogeneous elements ag ® ... ® a, to
(—1)n(@arttan-1)go.q, ®a;®...0a,_1. Each d; is a homomorphisms in gr(M)(A4),
if we regard the tensor products M @ A®...® A as A-modules by left-multiplication
on the first factor. Remark that when M is only a A-right module, we consider it
as an antisymmetrical A-bimodule by setting m - a := (—1)"%a - m.
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Set b, | :=do—...+(=1)""td,_1 and b, := b+(—1)"d,,. Exactly as in the algebraic
case (see paragraph II1.2.1 of [1]), b defines a differential on CIY(A, M),ie. b? =0.
The pair (CsY'(A, M), b) is called cyclic bar complex. b defines a differential on
Char(A, M). The pair (C?**(A, M), V') is called (acyclic) bar complex. For later
use, we set CP (A, M)~ := CP¥(A, M) and CV(A, M)~ := CVYA, M), for
n > 0.

Observe that CP*(A, M) is even a complex in gr(M)(R), when we define the R-
module structure on M ® A®" ® A by

(a®d) (M@ a®ans) = (-1t m @ a®@a- ansy

for homogeneous clements a,a’,o and m. In the sequel, we write C$(A) for
CPN(A, A) and CP*r (A) for CPr(A, A).

In gr(M)(k) there exist homomorphisms CP*(A) — CPar, (A), sending elements
a1 ®...0 ap to 1 ®a; ® ... ® a,. They define a contracting homotopy for the bar
complex. Hence the bar complex CP#(A) is acyclic. By Theorem I11.2.2 of [1], we
can even define a DDG algebra structure on CP2(A). Hence tot(CP*(A)) is a DG
algebra resolution of A over R. But it can only serve as resolvent in the algebraic
case since:

Attention: In the analytic case, tot(CP*(A)) is not a free object in gr(C).
Recall two well-known relations between the cyclic and acyclic bar complexes. We
consider R as A-bimodule via a(a; ® az) = aa; ® az and (a1 ® az)a = a1 ® asa.

Proposition 1.23. We have an isomorphism C (A, R) — CP¥*(A) of complezes
in gr(M)(A), which is in the n-th component given by

CEYl(A, B) — Cho(4)

(a®d)@a— (-1)"“ T @ a®a
with « € A®™. Furthermore, we have an isomorphism C&¥(A,M) — M ®p

CP¥(A) of complexes in gr(M)(A), where the differential of the second complex is
giwen by 1 @ V'. The n-th component has the following form:

Col(4, M) — M ©r CI(A)
ma—, m1lRaRl.

Proof. Analogue to the proof of Proposition 1.1.13 of [15]. O

In the algebraic literature, the cyclic bar complex is often called Hochschild chain
complex and the Hochschild cochain complex is defined as the complex C*(A, M) =
(C*(A, M), 3) where C°(A, M) = M and C"(A, M) = Homy(A®", M), for n =
1,2, ... The differential 3 is given by:

B(f)ar,...,ans1) = a1 f(az,...,ans1) — flar-az,...,an41) + ...
+(=D"f(a1, ..., anan11) + ()" flay, ..., an) 001

We will define the Hochschild complex in a more general way in Section 2.
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Proposition 1.24. If M is a graded symmetric A-bimodule, then there exists an
isomorphism of complezes

Homy, (A®™, M) — Hom 4 (CY(A), M),

where the differential on the left complex is B and the differential on the right com-
plex is the one induced by the differential b on C&¥®(A). Furthermore, we have an

isomorphism of complexes
Homp(C*(A), M) — Homy (A®", M),
sending an f : CP* — M to the mapping a1 ®...Qa, — f(1Qa1 ®...Qa, @1).

Proof. Analogue to the proof of the corresponding statements in Section 1.5 in
[15]. O

1.7. Regular sequences

In this section we want to define a regular sequence for the graded commutative
context. In our definition the question if a sequence is regular won’t depend on
the order of its elements. We suppose that the ground ring K contains the rational
numbers.
We work with an admissible pair of categories (C, M), equipped with a marking
((FY)ter, (Gy)uecr), which induces the marking ((gra(F))rer, (er(G))wers) on
(2(C). gr(M)) and the marking ((gr (F)),rero, (1%)wreun) on (g12(C). g2(M)).

Definition 1.25. Let R be an algebra in gr(C). We call a g-finite subset
X of R a handy sequence if for each z, there is an u(z) € U such that
r € gr(G)(u(a),g(x)) (R) = Gu(z)(Rg(x)). When R = (R,s) is a DG algebra, then
a handy sequence X C is called handy s-sequence if we have s(X) C (X). For a
handy sequence X C R, let E be a set of free algebra generators, containing for each
z € X a generator e(z) € gr&(F)u(x),g(x),—1)(R(E)) of bidegree (g(x), —1). Then
we call the free DG algebra K(X) := R(E) in gr?(C) over R, whose differential (of
bidegree (0, —1)) is given by e(x) — x, the Koszul complex of X over R.

For practical reasons, when we work with a handy sequence X = {z; : i € J},
we define an ordering on the index set J, subject to the condition g(z;) < g(z;),
for ¢ < j. Remark that for a handy sequence X C R and each subset Y C X, the
quotient” R/(Y') exists in gr(C). And if R is a DG algebra (R, s) and X is s-handy,
then the quotient R/(X) is also a DG algebra.

Definition and Theorem 1.26. Suppose that Q C K.

Let X C R be a handy sequence and let I be the ideal (X) C R. Suppose that for

each subset Y C X, we have Np>1I"R/(Y) = 0. The set X is called a regular

sequence, if one of the following equivalent conditions holds:

(i) Let T be a set of free algebra generators that contains for each x € X, an

element t(z) with g(t(z)) = g(z). The map R/I|T) — gr;(R) = R/I®I/I*®
.. in gr(Q—2Alg) g/, sending t(x) to the class of x in I/I? is an isomorphism
of (differential) graded R/I-algebras.

"By “quotient”, we mean the cokernel in gr(M) of the embedding (X) — R.
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(i1) For each x € X and for each ideal J C R, which is generated by a subset
Y C X withx €Y, we have: If g(x) is even, then x is no zero diwvisor in R/J.
If g(x) is odd, then the annulator of x in R/J is just the ideal, generated by
the class of .

(i1i) The Koszul complex K(X) is a DG resolvent of R/(X) over R.
(iv) H-Y(K(X)) = 0.

Proof. The implication (iii)=-(iv) is trivial.

Proof of (i)=(ii) For an element r € R, let n(r) be the greatest n such that r
is contained in I"™ and let in(r) be the class of r in I™(")/[""M+1 C gr,(R). For
elements 7,7’ € R, we have that:

in(r) - in(r') = rp’ + POFRE0HL (1.2)

Claim: A subset X C R satisfies condition (ii), if the subset {in(z) : z € X} C
gr;(R) satisfies condition (ii).

Proof of the claim: First step: For 2 € X, if g(z) is even and in(z) is no zero divisor,
then z is no zero divisor. If g(x) is odd and the annulator of in(x) in gr;(R) is the
ideal, generated by in(x), then the annulator of z in R is the ideal generated by x.
The even case follows immediately by (1.2). In the odd case, let r be in the annu-
lator of z, i.e rx = 0. By (1.2), we get in(z) - in(r) = 0. By the assumption, there
is an a; € R, such that in(r) = in(x) - in(ay). This implies that vy := r — za; is
in 7™+ and n(ry) > n(r) 4+ 1. Since 22 = 0, we have r1z = rz = 0, and in the
same way we find a as € R with ro := r; — zag € I""~D+! Inductively, for each
m > n(r), we find ay, ..., ax such that ry :=r—x(a1 +... +ax) € I"™. Thus r belongs
to Nk>o((w) + I*), which, by the condition N,>1I"R/(x) = 0, equals ().

Second step: For z € X, if either g(z) is even and in(z) is no zero divisor, or g(x)
is odd and the annulator of in(x) in gr;(R) is (in(x)), then (z) N I™®+" = 1™ for
each n > 0.

One inclusion and the even case are easy to see. Suppose that g(x) is odd and that

rz is in I™®)+7 We have to find 7/ € I such that zr = 2. If r € I", we are

done. Otherwise, we have n(r) < n and in(r) - in(z) = ro + ["+7@)+ = 0. So

there exists a y € R such that in(r) = in(z) - in(y). This means that r1 :=r — a2y

is in I™"*1 and we have r1z = rz. Inductively, we find an r’ := Tn—n(r) Such that

r’ € I" and r'x = ra.

As consequence, taking R := R/(x) and I := I /(z), we get an isomorphism
grr(R)/(in(z)) = gry(R).

We deduce inductively that for R := R/(z1,...,x,) and I := I/(z1,...,x,), we get

an isomorphism

gr (R)/(in(21), ... in(x,)) = grr(R).
Last step: When g(x) is even, we have to show that z is no zero divisor in
R/(z1,...,zs). We know that in(x) is no zero divisor in gr;(R)/(in(z1), ..., in(x,)) =
gri(R). By the first step, the assumption follows. For the odd case, we use the ana-
logue argument. This proves the claim.
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When (i) is true, it is clear that {in(z) : = € X}, which corresponds to the set T,
satisfies condition (ii) and by the claim, X satisfies condition (ii).

Proof of (ii)=(iii) We have to show that, for p < 0, the p-th row of the dou-
ble complex K(X) is a DG resolution in M over R° of the p-th component of
R/(X). For this we can suppose that X is finite with g(z) > p, for all z € X. Say
X ={z1,...,z,}. We have that K(X) = K(z1) ® ... ® K ().

Each K (X)®9 is obviously a finite R-module, so by Remark 1.12, we only have to
show that K (X)®*) is a resolution of (R/(X))? in the category of R-modules. We
show it by induction.

For n=1, we write « instead of x; and e instead of e;. Set m := g(x). Remark that
if m is even, then the total degree m — 1 of e is odd, so in this case we have e? = 0.
If m is odd, then the total degree of e is even, so €2 # 0. In the first case, K(z) is
just the complex

0 0 0 0 0

| ! 1 1 1

0 0 Rle Rm™le R™e

! 1 ! 1 !

RO Rm+1 R™ . R2m—1 R2m

| ! 1 1 1

R R™' R™/R% ... R*'/R™ 'z R/R™z

s is injective since x; is no zero divisor in R, hence the rows are exact. In the second
case, K (x) is the complex

0 0 0 0 RO¢?

! ! 1 ! !

0 0 Rle Rmle R™e

| ! 1 1 1

RO Rm+1 R™ . Rmel RQm

| ! 1 1 1

R R™' R™/R°z ... R*™'/R™ 'z R/R™z

In R’, for i < m, there is no element that annulates z, so up to the row m — 1, the
situation is as above. In the m-th row, the kernel of R™e — R?™ is just R’zxe, so
it coincides with the image of the map R%e? — R™e. Remark that here - fore we
use that 2 is invertible in R. Inductively we see that all rows are exact. Here - fore
we use that all naturals are invertible.

Now suppose that the statement is proved for n. Set L := K (x4, ...,x,) = R{eq, ..., ep)
and K(X) = K(z1,...,Z,41). We write z and e instead of x,,+1 and e, 1. K(z) is
(as object of gr*(M)(R)) a direct sum Ko®K_1 K _5®. .., where in the case where
x is even, we have Ko & R, K_1 2 R[—m, 1] and K; = 0 for s < —1 and in the odd
case, we have K = R[sm, —s] for all s < 0. Hence, we have K" = RrTam for all p,
and in the even case for —1 < ¢ < 0 and in the odd case for ¢ < 0. The differential

on K (z) is given by the maps d, : K¢ — K;ffl, where db : KP4 — Kgffl is
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just the multiplication by x. We have
K(X)1 = (K(z) ©r L)"
= (Ko@r L)@ (K @r L)@ ...
~ [Plg [Pt gy

)

where in the even case the sum has only two factors. Hence in the even case, for
p < 0, the complex K (X)P* is the total complex of the double complex

y v v

P2 ~ [P~ =2 <——— ()<

Pk

Lp—1 -~ Pl < (<

Pk

PO ~ P00 < () <o

In the odd case, K(X)P* is the total complex of the double complex

v v v
Lp—2 ~ [p—m,—2 ~— LP—2m, =2 <.

N

p—1 <~ [p—m,—1 <~ LPp—2m,—1 <.

Pk

PO <~ [p—m,0 -~ LP—2m,0 <.

The first double complex is a DDG resolution in gr?(M)(R°) of the DG module
(R/(z1,...,2n))P — (R/(x1,...,2n))P — 00— ...,

where the left arrow stands for multiplication by x. But this DG module is a res-
olution of (R/(x1,...,2n,x))P over R, since g(z) is even. So K(X)P* is a reso-
lution of (R/(x1,...,%n,x))P. The second double complex is a DDG resolution in
gr?(M)(RP) of the DG module

(R/(x1, .. xn))P — (R)(x1, ..., 2p))P — (R/ (1, .., &pn))P — ...,

where the arrows stand for multiplication by z. But this DG module is a resolution of
(R/(x1,...,2n,2))P over RV, since g(z) is odd. So K(X)P* is a resolution of
(R/(x1,...,2n,2))P. For both cases, the induction step is done.

Proof of (iv)=-(i) Without restriction, we can suppose that C is the category of
commutative Q-algebras. For each j > 0, we have to show that the j-th homo-
geneous component (R/I[T]); in the T-grading of R/I[T] maps isomorphically to
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I/t We will already make use of the implication (ii)=-(iii). Set S := Q[T]. We
consider R as S-algebra via the map ¢(x) — x. Obviously T C S satisfies condition
(ii), so by (iii), the Koszul complex Kg(T) is a DG resolution of Q over S.

We consider the exact sequence

0 — (T /(1) — S[TY*! — S/(T) —0

of graded S-modules. (T')7/(T)?*! is a free graded g-finite Q-vector space, which
is a S-module via the canonical map S — Q. We write [[,.; Qe; for it. Now
[i;c; Ks(T)e; is a free resolution of [[,.; Qe; over S. So we get

Tor{ (T /(TY*", R) = H (] [(Ks(T)e; @5 R)) = [ [ H ' (K (X)e;) = 0.
icJ ieJ
By the property of left derived functors, there is an exact sequence
0 — Tory (S/(T)’**, R) — Tor? (S/(T)’, R) —
(T) /(TY* @s R — S/(TY "' @5 R — S/(T)) @s R — 0

By induction on j and the exactness of the first line, we see that Tor? (S/(T)7, R) = 0
for any j > 0. The second line gives rise to a short exact sequence

0 — (R/I[T)); — R/I? — R/I"t" — 0,
which implies the desired isomorphism. O

Remark 1.27. The assumption Q C K is used only to prove the implications
(ii)=-(iii) and (iv)=-(i). The assumption that for each subset ¥ C X we have
Np>1I"R/(Y) = 0 is used only to prove (i)=-(ii). So if you want to get rid of
it, use condition (ii) for the definition of regular sequences. It can be stated in a
slightly modified manner, which depends on the order of the elements of X, then.

Definition 1.28. Let R be a DG algebra in gr(C)V. Let (as, us, gi)ies be a family
in N xU"and X = {z; : i € J} a family of elements with 2; € G, (R ) such that,
for 5,6" C «, the sets {pga(x;) : o = 0} and {pga(z;) : o = [’} are disjoint.
Suppose that

Xo = Ugcalppalri) : a; = B}

is a regular (resp. handy) (s,-)sequence in R,, for each a. Then X is called a
regular (s-)sequence (resp. handy (s-)sequence) in R.

Corollary 1.29. If R = (R, s) is a DG algebra in gr(C)N and X a handy s-sequence
in R, then K(X) is a DG algebra in gr*>(C)N and if X is regular, then K(X) is a
DG resolution of R/(X) over R.

Remarks: When R carries the structure of a DG algebra (R, s), one would like
the Koszul complex to carry the structure of a DDG module. In general, this is not
the case.

If X is an s-handy sequence then, since I = (X) is s-stable, then the algebra gr;(R)
has the structure of a DG algebra in gr(lg), such that each I"/I"*! is a DG
submodule of gr;(R). If, for example, R is already a free DG algebra in gr(Q — lg)
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with a set X of free algebra generators, i.e. R = R/I[X], then the differential of
gr;(R) = R differs in general from the differential s. In this way we get a modified
differential § on R. In a similar way we get a modified differential, when R is a free
DG algebra in gr(C), for any good pair of categories (C, M). This will play a role
in Section 3. In geometric language, going over from s to § is a deformation to the
normal cone.

1.8. The universal module of differentials

Fix an admissible pair of categories (C, M). Let kK — A be a morphism of DG
algebras in gr(C).
As in paragraph 1.6.12 of [1], we define universal module 24,1, of k-differentials
as the first homology of the complex C&Y'(A), i.e. the cokernel in gr(M)(A) of the
map by : AR, A®p A — AR A, sending a®@b®c to ab®@c—a®@be+ (—1)*ac®b,
for homogeneous elements a,b,c € A. 24/, is a DG module over A and there is an
A-derivation d : A — Qy;, (i.e. a homomorphism of DG k-modules, which is a
derivation), sending elements a € A to the class of a®1. Q4 4, is universal in the sense
that, for each A-module M in gr(M), the natural map Homg,(aq)(a)(Qa/x, M) —
Dery (A, M) is bijective.
Set R := A®g A and denote the kernel of the multiplication map p : R — A in the
category gr(M)(R) by I. (Attention: In general A is the cokernel of the inclusion
I — R only in the category R-M0d.) A natural question is if €, is isomorphic
to the “quotient” I/I%. But we already need several assumptions for the existence
of I/I? in the category gr(M)(A). An answer which is sufficient for our purpose is
given by the following remark. The prove is left to the reader as exercise.

Remark 1.30. Suppose that (C, M) is a good pair of categories satisfying Axiom
(S1) and that the marking G on M is canonical. Suppose that A € gr/(C) (i.e.
all A’ are finite A°-modules) and that I is a g-finite R-module. Then we have
A = R/I := Cokern(I — R), I/I? is in a natural way a module in gr(M)(A).
Furthermore, the map A — I/I?, sending a € A to the classof a® 1 —1®a is a k-
derivation and the quotient I/I? is a universal module of derivations. In particular
I/1? 2 Qy .

Denote the differential of R = A ®; A by s. The next remark is a consequence
of Remark 1.30 and Definition and Theorem 1.26:

Remark 1.31. Take the assumptions of Remark 1.30. Suppose that the ideal I C R
is generated by an s-regular sequence X C R. Then 4/, is a free DG A-module in
gr(M), generated by a set E = {e(z)| € X}, containing one free module generator
for each element = € X.

The definitions and statements of this subsection carry over directly to N-objects

in gr(C) and gr(M).

2. Hochschild complex and Hochschild cohomology

In the (algebraic) literature, for an algebra homomorphism & — a, the notions
Hochschild complex and cyclic bar complex of a over k are synonyms. However,
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as observed by Buchweitz and Flenner, there are reasons to define the Hochschild
complex in the case where a and k are analytic algebras in a different manner. In
this case, if a is flat over k, then the bar complex C* (a) is still a complex of flat
a-modules but even if k is just the field C, C"*(a) is not a complex of projective
a-modules. Thus, for the definition of Hochschild homology, the cyclic bar complex
would do, but for the definition of Hochschild cohomology as cohomology of the
a-dual of the cyclic bar complex, it is not a good choice. Thus, for a morphism
a — k of algebras in good pairs of categories, we will give a different definition
of the Hochschild complex H(a/k) of a over k. We will see that in the flat case it
coincides up to a quasi-isomorphism with the cyclic bar complex.

The definitions of this subsection were inspired by the article [6]. For simplicity,
we restrict ourselves to the Noetherian context. Fix a simplicial complex A and
a good pair of categories (C, M) with marking (F,G), where G is the canonical
marking of M. Suppose that the Axioms (N) and (F2) are satisfied.

Using a Cech construction (for more details, see paragraph 1.10.1 of [1]), we get a
functor C* : gr(./\/gN — gr(K — Mod), sending a DG module M € gr(M)V to the
total complex tot (C*(M*®)) of the double complex

where C?(M?) =[]/, M and the differentials as usual. This functor sends quasi-
isomorphisms to quasi-isomorphisms. We will write H™(M) for H™(C*(M)).

Let K — a be a finite morphism of N-objects in C, i.e. a is a quotient of a free
k-algebra b in CV such that, for each a € N, the algebra b, is a a free finite ko-
algebra. (More generally, we may assume that & — a is a morphism in gr(C )N , as
long as there exists a g-finite resolvent of a over k.) By Proposition 8.8 of [1], there
exists a g-finite resolvent of a over k. Fix such a resolvent A. Set R := A ®ir(c) A
and consider A as algebra over R by the multiplication map u: R — A. Let S be
a free g-finite resolvent® of A over R.

Definition 2.1. The simplicial Hochschild complex H,(a/k) of a over k is the
object represented by the complex S ®z a in the homotopy category K~ (M™N (a)).
The Hochschild complex H(a/k) is the object represented by the complex
C*(H.,(a/k)) in the derived category D(K — Mod).

Proposition 2.2. H,(a/k) is a well defined object in K~ (MM (a)) and conse-
quently, H(a/k) is a well-defined object in D(K — Mod).

8 Again by [1], such a resolvent exists. We can even construct it in such a way that S° = RO.
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Proof. For i = 1,2, let A; be a g-finite resolvent of a over k, R; := A; ®; A; and
let S; be a g-finite resolvent of A; over R;. We have to find a homotopy equivalence
S1®R,a >~ Sa®p,a over a. By Proposition 1.14, there is a homomorphism A; — A,
in gr(C)N which is a homotopy equivalence over k. Hence,

Ri~A Qr,a~ Ay Qra~ Rs.

By Proposition 1.14, the quasi-isomorphism R; =~ R, is even a homotopy-equivalence
over k. Thus we get a quasi-isomorphism

S1 =5 QR; R, — 5 QR,; Ry

over R;. Sy and S7 := S] ®g, Ry are both resolvents of a over Ry. Hence, there is
a homomorphism S7 — Sy in gr(C)N , which is a homotopy equivalence over Rs.
We can tensorize both sides over Ry with a and still get a homotopy equivalence
S1 ®Rla—>5’2 QR a. O

Recall that the notion CP2*(a) = C3(a)* stands for the complex CP% (a).

Proposition 2.3. Suppose that a is flat over k. There is an isomorphism
H,(a/k) — C<(a) is the derived category D(a — 9Mod). More precisely, for each
representation S ®r a of H(a), there exists a morphism S @ a — CY(a) in
gr(C)N, which is a quasi-isomorphism over a.

Proof. Set 7 := a®,a. Since a is flat over k, R is a resolvent of » and C"*(a) a flat
resolution of a over r. Another one is s := S®pgr. By Theorem 1.8.4 of [1], there is a
morphism s — CP?(a) in gr(C) over r. By flatness, we get a quasi-isomorphism

Ccycl(a) o~ Cbar(a) Rra=s®R,a=5Qga.
[

]?eﬁnition 2.4. We define the n-th Hochschild homology of a over k as
H"(H,(a/k)).

Definition 2.5. Let M be an object of MY over a. We define the Hochschild
cochain complex of a over k with values in M to be the complex

Hom (HL.(a/k), M),

with the differential induced by the differential of H,(a/k). We define the Hoch-
schild cohomology HH(a/k, M) of a over k with values in M to be the cohomology
of the Hochschild cochain complex.

Proposition 2.6. The Hochschild cochain complex is well defined up to homotopy
equivalence.

Proof. This is a consequence of Lemma 1.3.7 of [1] and Proposition 2.2. O

3. Decomposition of Hochschild (co) homology

For the whole section, let (C, M) be a good pair of categories with marking (F, G),
such that G is canonical and suppose that Axioms (N) and (F2) are satisfied. Fix an
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algebra k in CV and a free g-finite DG algebra A over k in gr(C)V. Set R := A®; A
and denote the differential of R by s. Let I be the kernel of the multiplication
R — A. The Hochschild complex of A over k is represented by S ®pg A, for each
g-finite resolvent S of A over R. The HKR theorem for free DG algebras is due
to the following key observation: If (C, M) is the pair (C©), M), then R is as
graded algebra isomorphic to R := gr; R, but the isomorphism does not respect the
differentials. This makes the free DG case more difficult then the classical case. In
contrast, the natural map R — A does respect the differentials and one may ask,
if for a g-finite resolvent S of A over R, the Hochschild complex is represented by
S® 7 A in the homotopy category. In fact, this is true by the algebraic version of
Theorem 3.7. The HKR-type theorem is a consequence of this theorem, since by a
Koszul construction, we will find an appropriate S, such that S ® A= NaQyy-
In the analytic case, R and gr; R can’t be identified as graded algebras, hence, for
the general theory, we have to modify the construction of ]:'i, slightly.

3.1. Balanced and convex markings

Let k be an algebra in gr(C) and A := k(T') a free algebra over k in gr(C) with a
g-finite set T' of free generators ¢ € FT(t)(Rg(t)). Then A ®j A is a free algebra over
k with two free algebra generators t; =t ® 1 and to = 1 ® ¢, for each t € T. For
teT,set tT:=1(ty +12) and ¢t~ := 1(t; —t2). Let T be the set of all ™ and T~
be the set of all ™.
We say that the marking F' on C is balanced, if for each 7 € T and each A in C
and each t € F(A), we have —t € F(A). We say that the marking F' is convex if
for each 7 € T, each A in C, each t1,t2 € F.(A) and each a,b € K with a+b =1
we have aty + bt € F,(A).

Remark 3.1. If the marking gro(F) on gr(C) is balanced and convex, we have
ARy A2 E(TTUT™).

Example 3.2. (1) The trivial marking on C is balanced and convex.

(2) If C is the category C™V) of (local) analytic algebras and M the category
M) of DFN-modules over CV)| then the marking F on C (see Example 1.5)
is balanced and convex.

Proof. The first example is trivial. For the second example, we show that if a free
generator t is in F,(R), then tT and ¢~ are in F,(R ®p R). Here, 7 stands for a
positive real number and F;(R) is the set of all r € R such that, for each character
& € X(R), we have |{(r)] < 7. Now, t; =t®1 and t3 = 1®t belong to F-(R®p R),
so for each character £ € X(R ®p R), we have |£(t1)| < 7 and [£(¢2)| < 7. Hence
€)= [5(8(t1) + €(t2))] < 7 and [€(t7)] = |5(§(t1) — &(t2))| < 7. The case of
local analytic algebras is clear, since maximal ideals are additively closed. O

3.2. Deformation to the normal cone

For the rest of this section, suppose that the marking F' on C is balanced and
convex. Take A and R as in the beginning of this section. We have R = k(TtUT ™).
Since T~ is s-stable and g-finite, it is a regular s-sequence. Each element r of
R has a unique decomposition r = # + i + # with # € R := k(TT), € R :=
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Y ier- th(TT) and 7 € R:= Y ver- t'E(TT). We define a R-derivation § on R,
setting 5(t) := (s(t))V, for ¢t € T, and 5(t) := (s(t))" for t € T~. The philosophy
of this modification is that s preserves the T~ -degree of homogeneous elements in
R. More precisely we have §(R) € R, 5(R) C R and 3(R) C R, in contrast to
s(R) C RII R and s(R) C R.

Proposition 3.3. 5 is a differential, i.e. 52 = 0.

Proof. First remark that for a € k(T"), we have that (s(a))¥ = 3(a). To prove this
we can suppose that a is of the form agty -. .. t, with ag € k(T+°) and t; € TT<0.
The proof of this case is immediate.

Now suppose that ¢ is in 7. We have that s(t) = 5(t) + rest, where rest is in
RIIR. Thus s2(t) = 52(t) + rest’ where rest’ is in R1II R. Since 52(t) is in R and
s2(t) = 0, we get §2(t) = 0. Similarly, we see that 52(¢) = 0 for ¢ € T, which proves
the Proposition. O

According to Section 1.7, we write X for the regular §-sequence T~. We will see
that for R = (R, 5), the Koszul complex (K (X),v) has the structure (K (X), h,v) of
a DDG algebra, so its total complex is a resolvent of A = R/(X) over R: We denote
by FE the set of free algebra generators, containing for each x; € X an element e; of
bidegree (g(z;), —1). Here 5(z;) is a sum of the form ) a;z;, where no a; belongs
to the ideal (X). In fact all a; belong to B = k(T't). There is exactly one choice
for the element h;, which shall be the image of e; by the horizontal differential A of
R(E), namely h; = " aje;. We have that 0 = 5(z;) = 3(3_ a;z;) = >k Qi AkTE
and the coefficients a;ja;; belong to k(Tt). So, we get h%(e;) = h(X aije;) =
Zj}k aija;rer = 0. Le. the hypothesis of Remark 1.19 is satisfied. Thus the Koszul
complex (K (X),v), equipped with the horizontal differential h, is a DDG resolvent
in gr?(C) of A = R/(X) over R = (R,3). And the total complex S of K(X) is a

resolvent of A over R.

The reason for this construction is that there is a nice description of the tensor
product

S®pA=tot(K(X)) @z A=tot(K(X) @z A).
Namely:
Remark 3.4. The double complex K(X) ®p A is isomorphic to A’y Q4.

Proof. This follows immediately by Proposition 1.30 and Definition 1.22. O

The going over from s to § is natural, i.e. when (R, s) = (Rq,Sa)acn is a DG
algebra in gr(C)", then R := (R, 34)acn is again a DG algebra in gr(C)V and
Remark 3.4 keeps true in the simplicial case.

3.3. Construction of the resolvent S

To get a resolvent S of A over R, which is good for our purpose, we have to
work harder. The strategy is to construct again a DDG resolvent K in gr2(C)V,
which is free over the double graded object K (X) and such that the projection
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K — K(X) is a morphism of DG algebras in gr2(C)V (of course, it will not be a
morphism of DDG algebras), and such that the induced map K®pA — K(X)®zA
is a morphism of DDG algebras in gr? (C)N , inducing an isomorphism on vertical
homology. When we have managed to realize this, with S := tot(K) we get a
resolvent of A over R and a quasi-isomorphism

SorA— S@5A (3.1)

over A.

First, we explain heuristically the construction of K: We take the Koszul-complex
K (X) with its vertical differential v. The problem is to define a horizontal differen-
tial A on it, since here in general there are no good candidates for the values h(e)
of h on the free generators e € E. When we have s(z) = > az,y, to get commu-
tative diagrams, h(e(x)) must be up to a vertical cocycle Y azye(y). In general,
h(3 azye(y)) is not zero. Inductively, for e we add free algebra- generators f of
bidegree (g(z) + 1, —1) with v(f) = 0, in such a way that we can find candidates
for h(e) in K(X)9@+1.=1 1 5™ RO f When this is done for all e € E, we get a DDG
structure on the extension K(X)(F) = R(EUF'). This extension is not any more a
resolvent. To get a resolvent again, we apply the construction of Remark 1.21.
Now we start with the construction of K. First we consider the affine situation. For
each z € X, we fix a finite family (agy)yecy, for a finite subset ¥ C X, such that
5(2) = Xy Gayy.
Set K(X) := R(E) as double graded algebra.

Proposition 3.5. There is a g-finite family F = Up<oF? of free algebra generators
with g(f) = (p,—1), for f € FP, and a DDG algebra structure (L,h,v) on L :=
R(E'UFY) such that

f)=0
f) is in the ideal (X U F), generated by X and F.

Proof. We construct a decreasing sequence Ly = (L, hi, vy) of free DDG algebras
over R and a family {v(z) : z € X Ag(x) > k—1} with y(x) € L:’_l, for v € X*71,
such that the following conditions hold:
(a) Lo = R(E").
(b) Li_1 = Lp(E*¥1 U F¥~1) is a free DDG algebra over Ly, where F¥~1 is
a finite set of algebra generators of bidegree (k — 1,—1) and we have that
vg—1(e(z)) = x (as in the Koszul-construction) and vi_1(f) = 0.
(¢) hi—1 maps the submodule IT ;¢ pr-1 R° f of Lg:i’_l
Kern(hZ’_l) N Kern(v,f’_l) C Lllz’_l.
(d) For all i > k — 1, the sequence Li~| — R" — A% in M(R°) is exact.
(e) For z € X* 1 we have y(z) € HycpxR'f and h’g_l('y(x)) =
"N (2, anye(y))

surjectively onto
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For Lo = R(E"), we have already seen that by setting v(e(x)) := x, we get an exact
sequence Ly~ " — R® — A°. Now suppose that Ly and {y(z) : g(z) > k} is
already constructed. We choose finitely many free algebra generators f of bidegree
(k—1,—1) such that there exists an epimorphism

1R f — Kern(h];’_l) N Kern(v,]:’_l) C(XUPF).

To explain the inclusion: The vertical differential on the subalgebra K (X) is exact.
Thus a homogeneous element of K (X)(F'), which is in the kernel of v, is a sum of
an element in the image of v and an element in the ideal (F).
We set hy_1(f) := n(f) and vg_1(f) := 0. For # € X*~1, to see that there ex-
ists a good candidate for v(z), we only have to show that hk(z amy e(y)) belongs
to Kern(h£+1’71) NKern(v EH 1). But we have by (32, asye( (azy)e
5, £y [, ayee(2) 1) = (8, s(asy)e(y) + 3, . Eayay.e( i iamw
The first term maps vertically to s2(z) which is zero, the second factor maps obv1—
ously vertically to zero.
Finally, we can set h’]:j’_l(e(x)) = agye(y) —v(z) and v’,j b= (e(x)) := 2. This
gives the desired Li_;. We set L := lim L. O
The free DDG algebra L = R(E U F) has the following properties:

(1) L%* = K(X)%*, hence this is a resolvent of A° over R°.
(2) L% = RP, for all p < 0.
(3) The sequence LP—! — LP0 — AP — 0 is exact, for all p < 0.
(4) The inclusion K(X) — L and the projection L — K (X) are homomorphisms
of DG algebras over (R,0), so in the category of DG modules in gr(M) there
is a decomposition L = K(X)II L.
Proposition 3.6. There is a g-finite family G = Up<o,q<—2GP? of free algebra
generators and extensions of h and v on K := L(G), such that

(1) The i-th row of K is a R°-module resolution of A*.

(2) o(g) € (FUG)

(3) hig) € (G)
Proof. We can construct the free DDG resolvent K of A over R with the method
of Remark 1.21. O

Comparing the values of h on the free generators e with its values by the differ-
ential i of the Koszul-complex over R with the modified differential, we see that
h(e) —h(e) e IR f + > .y =K.

Consequence: Consider the projection 7 : K = R(EUFUG) — R(E) = K(X)
(a priori only as algebra homomorphism in gr?(C)). By Proposition 3.5 and 3.6, 7
respects the vertical differential. By the construction of § and Proposition 3.5,

7T®1:K®RA—>K(X)®RA
is a homomorphism of DDG algebras in gr?(C) over A.



Homology, Homotopy and Applications, vol. 6(1), 2004 328

Now we can prove the (affine case of the) crucial result of this chapter. It says
that to construct the Hochschild complex it is enough to work with a resolvent of
A over R.

Theorem 3.7. Let S := tot(K) and S := tot(K(X)). There exists a homotopy-
equivalence

S®RA—>S'®RA
over A.

Proof. We have seen that the projection 7 : K — K(X) is a homomorphism of
DG Algebras in gr?(C) over (R,0). Since both double complexes are free resolutions,
for each p, the restriction KP* — K(X)P** is a homotopy equivalence over R°.
For each p, the restriction (K ®r A)P* — (K(X)®z A)P* of 7®1 is a homotopy
equivalence. Hence, m ® 1 induces a quasi-isomorphism

S®rA=tot(K)®p A =tot(K @r A) — tot(K(X) @5 A)
=tot(K(X)) @z A=S®p A
But a quasi-isomorphism of free algebras is already a homotopy-equivalence. O

We have to explain that the construction of K also works in the simplicial case.
Suppose that k is an object of gr(C)V and A is a free algebra over k in gr(C)V.
Take A = k(T), where each ¢ € T is associated to a pair (c, 74, gt) € N X T X Zgo.
Now T and X := T~ are sets of free generators in the simplicial sense. Write
X ={=z;: i € I} and (a4, 7, g;) for the triple associated to z;. For a € A set

Xo = {paa;(®i) : a; C a}.

In the sequel, we will simply write x; for the element pyq,(2;) of Ry. Let E = {e; :
i € I} be a family of free algebra generators containing for each z; € X an e; of
degree (g(x),—1), belonging to the simplex ;. We form the free algebra K(X) =
R(E) in gr?(C)V. Set E, = {paa,(€i) : a; C a}. We have K(X ), = Ro(E.). For
each z = x; in X, we fix a family agy; y € Y with Y C X, and azy € R,,, such
that sa(z) =3_, dzyy-

Proposition 3.8. There ezists a g-finite family F = {f; : j € J} of free algebra
generators, where f; belongs to a; and is of bidegree (g;,—1) and a DDG algebra
structure (L, h,v) on L = R(EUF) over R, such that for all & and all x € X, and
adl f e Fy:={f;: o Ca}, the following conditions hold:

(4) ha(e(z)) =2, azye(y) +7(x) for ay(z) in (Fa).

Proof. We reduce the Proposition by induction on the following statement: Sup-
pose that there exists a family F(™) of free simplicial algebra generators and a DDG
algebra structure on

(R(E)a)m‘gn(F(”)), such that the conditions (i)-(iv) hold for all @ € N (™, then
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there exists a family F("*1) and a DDG algebra structure on (R(E)q)ja|<nt1 (F ")
such that the conditions (i)-(iv) hold for all & € N™+1), The case n = 0 as well as
the induction step can be done easily as in the affine case. O

Proposition 3.9. There is a g-finite family G = {g; : j € J} of free algebra
generators, where g; belongs to a; and is of bidegree g; and a DDG algebra structure
on K = L(G) over L such that for all « € N and all x € X, and all g € G, the
following conditions hold:

(1) K is a DDG resolvent of A over R.
(2) val(g) € (Ga U Fy)
(3) ha(g) € (Ga)-

Proof. With the same method as above, we reduce the statement to the affine
case. O

Using Propositions 3.8 and 3.9, we can generalize Theorem 3.7 to the simplicial
context.

3.4. A HKR-type theorem
Theorem 3.10. For each free DG algebra A in gr’(C)N, we have a homotopy
equivalence

over A.

Proof. Glue together Remark 3.4 and Theorem 3.7 and use Proposition 1.14. [

In the textbook [15], one can find a plan for the proof of Theorem 3.10. This plan

doesn’t work in the analytic situation, since the fact that the cyclic bar complex is
a complex of free modules is involved, which is false for analytic algebras.
Recall that for an algebra a over k in CV with resolvent A in gr'(C)"V, the cotangent
complex L(a/k) of a over k is defined as the class of 24 ® 4 a in the homotopy cate-
gory K (M (a)). By Theorem III.2.4 of [1], the homotopy class does not depend on
the resolvent A. Choosing A in Theorem 3.10 as resolvent of a, we immediately get
the announced generalization of the classical Hochschild-Kostant-Rosenberg theo-
rem:

Theorem 3.11. Consider a homomorphism k — a in CN. Suppose that Q C k.
There exists a homotopy equivalence

ALqsk — H(a/k)
in gr(CYN over a.

An algebraic version of this theorem can be found in Quillen’s article [18].
Quillen’s proof does not work in our situation, since the category M is not, in
general, Abelian.
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Corollary 3.12. If a is already free over k (in this case there is no need to assume
that Q C a) and A = a, then Qg is an object of Cé\/ and we get isomorphisms

NaQayr = Hn(H(a/k))
Dually, with Ty, := Homa(Q4,5, A) we get
H"(Homg(H(a/k),a)) = A" T .

3.5. Decomposition of Hochschild (co-) homology
Let M be a module in MV (a).

Theorem 3.13. We have the following decomposition of Hochschild (co)homology:

HH,, (a/k) = H HY(NL(a/k)), (3.2)
HH"(a/k, M) = [ H'(Hom,(AJL(a/k), M)). (3.3)
i+j=n

Proof. The first isomorphism is a direct consequence of Theorem 3.11. We show the
second one:
HH"(a/k, M) = H"(Hom,(H(a/k), M)) = H"(Hom, (AL(a/k), M))
= H"(Homu (tot(A Qa/x), M)) = Hn(HOmA(H /\QQA//JJ'L M))
j=0

= H”(H Hom 4 (A Qa/xlj], M)) = [ H™ ™ (Homa(AQ4, M))

J Jj=20

Il

[T B (Homa (A Qu/k, M)).
i+j=n
The first equality holds by definition. The second one follows by Theorem 3.11. The
other equalities are elementary. O

Remark that tangent cohomology is a direct factor on the right hand-side of
isomorphism (3.2).

4. Application to complex spaces and Noetherian schemes

In this section, all schemes and complex spaces are supposed to be paracompact
and separated. For more details on many of the constructions, we refer to [5] and
[6].

First, we will sketch the correlation between the the theory of coherent sheaves on
schemes or complex spaces and the theory of A/-objects in good pairs of categories.
The main tools that we need here are:

(1) Instead of considering a space X, we consider the simplicial scheme, associated
to an affine covering of X. By an affine subspace, we mean an open affine
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subscheme in the case of schemes and a Stein compact? in the case of complex
spaces. There are functors that make simplicial modules out of sheaves of
modules and functors doing the inverse.

(2) Let X be a complex space or a Noetherian scheme. For affine subsets U C X,
we use the equivalence of categories of coherent Oy -modules and finite modules
over the ring I'(U, Ox). (Remember that I'(U, Ox) is Noetherian, when X is
a complex space.) This equivalence is given by Cartan’s theorem A in the
analytic case and by Exercise 11.2.4 of [12] in the algebraic case.

More generally, let X be a ringed space and (X;);cr a locally finite covering of X.
The nerf N of this covering is the set of all subsets o C I, such that N;coX; # 0.
N is a simplicial scheme in the sense of Section 1.3. Further, there is a contravariant
functor from N in the category of ringed spaces, mapping an object « to the object
Xo 1= Njea X;. For a C B, denote the inclusion X3 — X, by pag. Such a functor
is called simplicial scheme of ringed spaces. Let X, = (X, )aen be a simplicial
scheme of ringed spaces. Following [7], we define the category of Ox, -modules as
follows: Its objects are families F, = (Fu)aen With Fy in Mod(X,), together with
compatible maps p}, 3 Fo — Fpg. For Ox, -modules F, G, we set Homy, (F,G) to be
the set of compatible families f,, : Fo, — G,. We denote this category by Mod(X).
The full subcategory of those F, where each F, is coherent is denoted by Coh(X).

Definition 4.1. Let A and B be simplicial schemes over the index sets Ay and By.
Suppose that X, = (Xq)aca and Y, = (Yg)gep are simplicial schemes of ringed
spaces. A morphism f : X, — Y, consists of a mapping 7 : A9 — By, such that
for o € A, we get 7(a) € B, and a family of compatible maps f, : Xo — Y (q).

As in [7], we can form the adjoint functors

£ Mod(Y,) — Mod(X,) and
fo :Mod (X)) — Mod (Ys).
For F in Mod(Y,) and o € A, we have (f*F)q := f5F;(a)- The construction of f, is

more complicated. For the general case, we refer to [7]. We need only the following
particular case:

Remark 4.2. Let F, be an object of Mod(X.). Here, for elements 3 € B of the
form 3 = 7(«), we have

(f*]:)ﬁ = fa*fa~

Hence, if the map 7 : Ag — By is surjective, then the construction of f, becomes
very simple.

Examples 4.3. (1) If X is a Noetherian scheme or a complex space and
(X)ier is a covering by affine subspaces, then by the separated condition, all
X, are affine. Now let (C, M) be the good pair (C(*), M) or (CV, M) (see
Example 1.1). Then, a, := (I'(X4, Ox..))acn’ is an N-object in C and there is

9Remember that a Stein compact is a compact subset of a complex space, having a base of
neighborhoods, consisting of Stein spaces. A Stein compact is only a pseudocomplex space.
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a 1:1-correspondence between the objects of Coh(X,) and the A -objects M,
in M over a,, such that each M, is finite over a,.

(2) If X is a complex space and the covering (X;);er is locally finite and chosen
in such a way that each X; admits a closed embedding into a polydisc P,, then
we get another simplicial scheme of Stein compacts: Set P, := [[;c, F;. For
a C (3, we have the projection Pg — P,. This makes P, = (Py)acn 2
simplicial scheme of Stein compacts and there is a closed embedding X, —
P..

(3) Let X be a scheme of finite type over a Ring K and (X;);c; an open
affine covering of X. We can construct a new simplicial scheme: Set a, :=
I'(X,,0x,), for « € N. For each «, there is a free, finitely generated algebra
K[T] that maps surjectively onto a,. We get a closed embedding X, —
Spec(K[X]) =: P,. As above, we get a simplicial scheme P, and a closed
embedding X, — P,.

The inclusions j, : X, — X give rise to a map j : X, — X of simplicial
schemes of ringed spaces. Next, we will study the adjoint functors j, and j*:
j* is just the exact functor, mapping an Ox-module F to the Ox, -module
(Flx.)aen To describe j., we consider the Cech -functor: For an Oy, -module

F, set
C«p(]:*) = H JaxFa

lol=p
and define a differential on C'*(F,) in the usual sense. Then, j,.F, is just H°(C*(F,)).
jxj* is the identity functor. One can prove the adjointness of j* and j, directly by
a gluing argument. Since j* is an exact functor and j, is right adjoint to j*, we see

that j,. transforms injective objects in Mod(X,) into injective objects in Mod(X).
For each a € N, we define a functor p,, : Mod(X,) — Mod(X,) via

{ Paa,Fa for B Ca

(Pas)s = 0 for all other cases

By Proposition 2.26 of [5], each Ox,-module admits an injective resolution by mod-
ules of the form ], PaxZa with injective Ox  -modules Z,. We will use the fol-
lowing properties of the functor C*:

Remark 4.4. (1) For p > 0, the functor C? is exact.
(2) If F, is an Ox,_-module, then C*(pasFa) is a resolution of j.(paxFa)-
(3) If F is an Ox-module, then C*(5*F) is a resolution of F.
We generalize a part of Proposition 2.28 of [5] for the case where X is only

assumed to be a ringed space and X, is the simplicial scheme of ringed spaces
associated to an open or closed covering (X;);cs of X:

Proposition 4.5. The functor j* : D(X) — D(X.) embeds D(X) as a full and
exact subcategory into D(X,) and C* = Rj, is an exact right adjoint. In particular,



Homology, Homotopy and Applications, vol. 6(1), 2004 333

for F,G € D(X) and M, € D(X,), there are functorial isomorphisms
Extk (F,G) = Extl)“(* (J*F,7°G) and
Exth (j*F, M.,) = Extk (F,C*(M)).

If all the maps p},5(Ma) — Mg, for a C 8 in N, are quasi-isomorphisms, then
the natural map

JFCN (M) — M.,
is a quasi-isomorphism, and in consequence, for all n, there are isomorphisms
Ext% (M., *F) =2 Ext’y (C*(M.), F).

Proof. For the proof that C*® is the right derived functor of j,, we use an injective
resolution Z, of an Ox, -module F, of the same form as above. We have

(R.]*)(}_*) = (]*I*). = Hj*(pa* o HC DaxL a C.(I.) O.(}—*)

We only prove the first formula for Ext. Here, Z? denotes an injective resolution of

Jrg.

Ext, (j*F,j°G) = H"(Homx, (j°F,13)) = "(Homx( :3+I3))
Ext’ (F,j.I7) = Extx (F, (Rj.)(5"G))
E.Tt&( ) (.7 g)) :EXtX(]:’g)'

O

In the sequel, let X be a complex space or a scheme of finite type over a Noethe-
rian ring.

The structure sheaf Oy defines an N-Object a = a, in C. In the algebraic case each
Ox-module F defines an A -object F' = F, in M over a. In the analytic case each
coherent Ox-module F defines an M-object F' = F, in M over a. Here, (C, M)
stands for (C(9), M(©)) in the algebraic case and for (C("), M(1) in the analytic case
(see Example 1.1).

We make the following convention to avoid the distinction between analytic and
algebraic tensor products:

Convention: Let f : X, — Y, be a morphism of simplicial schemes of Stein
compacts and let F,G be graded objects in Mod(X,), coherent in each degree. By
F ®o, G, we mean the object in Mod(X,), which is given by the sheafification of
the object T, in gr(C)V, defined as follows:

For a € N, set By := I'(Yr(a): Oy, ), Fo i= I'(Xa, Fa) and Go := T'(Xa,Ga).
Then, F,, and G, are modules over B, via the comorphism of f,. Set T,, := F,®p,,
G . This defines a simplicial DG algebra T.

In the same manner, we define the tensor product F ®% G, when F and G are
modules over a sheaf of Oy, -modules R, coherent in each degree.

4.1. Hochschild-cohomology for complex spaces and Noetherian schemes
Let f: X — Y be a morphism of complex spaces or a morphism of finite type
of Noetherian schemes.
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A resolvent of X over Y is a collection of the following things:

(1) The simplicial scheme Y, associated to a local finite affine covering (Y;);es of Y;
(2) the simplicial scheme X, = (X, )aen associated to a local finite affine covering
(Xji)jerier; of X. This covering is chosen in such a way that for a fixed j € J,
the family (Xj;)icz, is a covering of f~1(Y;); (3) a simplicial scheme Py, = (Pa)aen
with the same index category; (4) a commutative diagram

X, —=P,

g

Y.

Here, f = (f, ) is the induced map of simplicial schemes; ¢ is a closed embedding
and g is a smooth map'?; (5) a free resolution A, of Oy, as sheaf of DG-algebras
on P, with AY = Op_, such that in each degree there is only a finite number of free
algebra generators.

If A, — B, is a morphism of sheaves of DG-algebras, coherent in each degree,
on a simplicial space X,., where each X, is affine, then, going over to global
sections, we can construct a free resolution S, of B, = (I'(Xa,Ba))aen Over
Ay = (T(Xa, Aa))aen, at least when BY is a quotient of a free algebra over A?
in gr(C)N. This follows by Proposition 1.8.8 of [1]. Sheafifying S,, we get a free
resolution S, of B over A. Using this remark, it is easy to deduce the existence of
resolvents in both situations we are going to consider.

Example 4.6. Suppose that X is smooth and Y is just the single point Spec(C).
For i € I, we can choose P; = X;. Then, X, is a diagonal in P, and A can be chosen
to be a Koszul resolution of a = (T'(X,, Ox,))acn over A = (I'(Py, Op,))acr- In
this case, one can prove that for each a, 4, is a module resolution of 2, . It follows
that for o C §3, the restriction maps L, (a/C) — Lg(a/C) are quasi-isomorphisms.
Consequently, the canonical map L(X) — Qx is a quasi-isomorphism.

Let (X.,Y,, Py, A.) be a resolvent of the morphism f : X — Y. Set R :=
A ®p,, A and let S be a free resolution of A over R. The following definition
coincides for complex spaces with the corresponding definition in [6]:

Definition 4.7. The simplicial Hochschild complex of X over Y is the object
in the derived category D(X.) of Ox, -modules, represented by

H,(X/Y) =8 ®r Ox..

The Hochschild complex of X over Y is defined as the object in D(X), repre-
sented by

H(X/Y) := C*(H.(X/Y)).
When Y is just the simple point, we will write H(X) instead of H(X/Y).

10This means that for each o € N and each p € P, the stalk Op, p is free (in the analytic case
as local analytic algebra) over Oyr(a)’y.
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To show the independence of the Hochschild complex of the choice of the resol-
vent, we have to use the following version of Lemma I1.13.7 of [1]:

Lemma 4.8. Let f : X — X' be a flat homomorphism of complex spaces (resp.
schemes) and (X;)icr and (X])icr be compact locally finite coverings of X and X'
by Stein compacts (resp. open affine subsets). Let 7 : I — I' be a mapping, such
that f(X;) € X;) for all i € I. Denote the associated simplicial schemes by X
and X/. Then, f defines a homomorphism (f,T) of simplicial schemes of ringed
spaces. Let G* be a complex in Coh(X') such that, for o C 3, the restriction map
PapYa — Qé s a quasi-isomorphism. Then, the canonical homomorphism

f1C@G*) — C(f G*)
is a quasi-isomorphism.

Proposition 4.9. The definition of H(X/Y) depends neither on the resolvent
(Yi, X, Py, Ai) nor on the choice of the resolvent S.

Proof. Let (Yi, X, Pi, Ax) and (}7*,)2*,]5*,,{*) be two resolvents, S a free resolu-
tion of A over A ® A and S a resolvent of A over A ® A. We have to show that
there is a quasi-isomorphism

C(S®p 0g) — C(S®r Ox,).

First case: Suppose that Y, = }7*, X, = X* and P, = 15*. By Proposition 2.2,
there is a quasi-isomorphism

S®p Ok, — S®r Ox,

in Mod(X,). Applying the Cech functor this case is proved.

General case: Let Y/ be the simplicial scheme associated to the covering {Y;} U
{Y/}, and let X be the simplicial scheme associated to the covering {X;;} U{X/,}.
We construct P, in the canonical way and can find a resolvent A’, such that

*

(Y], X., P, A.) forms another resolvent of f : X — Y. There is a commutative
diagram

X, —s X!
o |
Y, ——=Y/
By the first case, there is a quasi-isomorphism
h* (S @r Ox:)~=S®r Ox,.
By Lemma 4.8, there is a quasi-isomorphism
C(S @r/ Ox:) ~ C’(h*(S/ ®r Ox1)).

Hence, we get C(S ®r Ox,) ~ C(S' @z Ox:). In the same way we get C(S ®5
OX*)%C'(S/(X)R/ OXL)' O
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As in [6], we define the n-th Hochschild cohomology of X over ) with values
in the sheaf F as Ext% (H(X/Y),F). We define the n-th Hochschild homology
of X over Y as H "(X,H(Y/Y)). At least, in the case where F is coherent, we
want to show that this definition is equal to the following one, which seems to be
more natural from the viewpoint of good pairs of categories:

Definition 4.10. [alternative]
Suppose that F is coherent. Let a be the algebra (T'(Xa, Ox.))acn in CV, let k
be the algebra ((I'(Yr(a), Oy, .,))acn in CN. To the map f : X — Y, there is

(@)
associated a homomorphism k& — a in CV. Let F be the module (I'(X, Fu))acar-
We define the n-th Hochschild cohomology of X over Y with values in F as

HH"(X /Y, F) := H"(Hom, (H,(a/k), F)).
We define the n-th Hochschild homology of X over Y as
HH, (X/Y) :== H " (H,(a/k)).

We see directly, that the Hochschild cohomology is concentrated in non-negative
degrees, whereas Hochschild homology, in general has positive and negative degrees.

Remark 4.11. For M, := H,(X/Y), the assumption of the second part of Propo-
sition 4.5 is satisfied, i.e., for a C [, the maps pzﬁ(Ma) — Mg are quasi-
isomorphisms.

Proof. See Lemma 1.7 of [6]. O

Corollary 4.12. For coherent Ox-modules F, the two definitions of Hochschild
(co)homology coincide, i.e.
HH"(X/Y,F) = Exty (H(X/Y),F) and
HH,(X/Y) =~ H"(X,H(X/Y)).
Proof. Since H, (X /Y) is a complex of free Oy, -modules, by Proposition 4.5 we get
Exty (H(X/Y), F) = Ext}, (H.(X/V), j*F) =
H'(Hom, (H.(a/k), F.)) = HH'(X /Y, F).
The second isomorphism is obtained as follows:
H(X,H(X/Y)) = H(tot"' T(X, C*(j*H(X/Y)))) =
H(tot"I'(X,C*(j*C*H,(X/Y))) = H(tot" (X, C*H, (X/Y))) =
H(C*H.(a/k)) = H(H.(a/k)).
In the third step, we have made use of Remark 4.11. O

In the absolute case, i.e. in the case where Y = Spec C, Definition 4.7 is up to
quasi-isomorphism equivalent to the definition proposed by Weibel/ Geller [21].

Proposition 4.13. Let X be a Noetherian scheme of finite type over a field or
a complex space. Let C¥(X) be the compler of sheaves in Mod(X) associated
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to the presheaf U — CYNT(U,Ox)). (In the analytic case, the cyclic bar com-
plex is formed, using the analytic tensor product, of course.) There exists a quasi-
isomorphism of sheaves

H(X) — C¥(X).

Proof. Choose a resolvent (X, P., A.) of X. Let S be a resolvent of A over R =
A® A. Let a, A, R and S be the simplicial algebras in gr(C)V corresponding to
Ox,, AR and S. By Remark 4.4, there is an quasi-isomorphism

O(j*CCyCI(X)) N CCyCI(X).

Now, j*C(X) corresponds to C¥°!(a). Set 7 := a ®}, a. In the absolute case, R
is a resolvent of r over k, hence S ®pg r is a resolvent of a over r. Thus, there is a
quasi-isomorphism

S — CP(q).
Since CP (a) is a complex of flat r-modules, after tensoring over r with a, we get
a quasi-isomorphism S ®,. a — C%(a), i.e. a quasi-isomorphism

S®r Ox, — j*CV(X)
in Mod(X,). Applying the Cech functor, we get the desired result. O

4.2. The decomposition Theorem
The quasi-isomorphism AL,;;, — H(a/k) in gr(M)
defines a quasi-isomorphism

AL, (X/Y) — H,(X/Y)

N over a in Theorem 3.11

in Mod(X,). Since the Cech -functor is exact, we get the following HKR-type
theorem:

Theorem 4.14. There is an isomorphism
AL(X/Y) — H(X/Y)
in the derived category D(X).

Corollary 4.15. There are natural decompositions
HH"(X/Y,M) = [] Ext}(AL(X/Y), M)
p+q=n
H,(X/V)= [] HYX APL(X/Y)).
p—q=n
For complex spaces, this is just Theorem 4.2 of [6]. There is another nice de-

scription of Hochschild cohomology of complex spaces or Noetherian schemes over
a field K in any characteristic:

Remark 4.16. HH"(X) = Extx2(Ox, Ox).
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Proof. We use the letter K for the field K or for the complex numbers, depending
on the context. With the notations as above, we get:

HH"(X) = H"(Hom, (S ®g a,a)) = H"(Homg(S,a)) =
H"(Homygy (S ®pr (a ®k a),a)) = I‘I”(Homox2 (S®r OXf’ Ox.))
= EXt%X2 (OX*,OX*) = EXtX2(Ox,Ox).

Here, we have used that S ®r Ox: is a free resolution of Ox, over Oxz. O

4.3. Hochschild-cohomology for manifolds and smooth varieties
Theorem 4.17. Let X be a complex analytic manifold or a smooth scheme of finite
type over a field K of characteristic zero. There is the following decomposition of
Hochschild (co)homology:

HH"(X) = [ H'(X ATx) (4.1)
i+j=n
HH,, (X) = H HI(X, N Qx). (4.2)

Proof. For complex analytic manifolds, we work with a fixed covering by Stein
compacts and its associated simplicial scheme X,. For the case of smooth schemes
of finite type over K, we work with an open affine covering by schemes of the form
Spec(A), where A is a finitely generated K-algebra. Denote the associated simplicial
scheme also by X..

By Proposition 4.11, Theorem 3.11 and Example 4.6, there are quasi-isomorphisms

7 (H(X)) = " C(H. (X)) ~ H. (X) = AL.(X) & Aoy, 2x. = §"(hox 2x)

of Ox-modules. j,j* is the identity functor, so there exists a quasi-isomorphism!!
of Ox-modules

H(X) = Ao, Qx. (4.3)
We consider Aoy 2x as complex in negative degrees, so AQx =[5, N Qx[j] and
HH"(X) = Ext’y (H(X),Ox) = [ ] Exty 7 (A Qx, Ox).
Jj=z0
By Theorem 7.3.3 of [10], there exists a (bounded) spectral sequence with
EY? = HP(X, &t (N Qx, Ox)),

converging to Extx(A’Qx,0x). But A/Qx is a locally free Ox-module, so
&vtg((/\jQX,OX) is zero for ¢ > 0 and Homx (AN Qx,Ox) for ¢ = 0. Hence, the
spectral sequence degenerates at once and we get

Ext’ (A7 x, Ox) = H(X, Homx (N x, Ox)).

1 Remark that for smooth schemes in positive characteristic, by [19] Lemma 2.4, there are nat-
ural isomorphisms Af, Qx — H,(H(X)), but I don’t know if they are induced by a quasi-
isomorphism of complexes.
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There is a natural isomorphism of sheaves

/\jTX = /\jHomX(QX7(9X) —_ Homx(/\jﬁx, Ox),

which, by Proposition 7, p. 154 of [2], is an isomorphism. As consequence,

HH"(X) = [[H" (X, NTx) = [ BY(X, N Tx).
>0 i+j=n

The second equality is a direct consequence of (4.3). O

The decomposition (4.1) for analytic manifolds was announced in Kontsevich’s
famous paper [14]. For smooth schemes it was proved in a different way by Yekutieli
[23]. A similar statement for quasi-projective smooth schemes is due to Gersten-
haber/ Schack [9] and Swan [19]. For smooth schemes, decomposition (4.2) was
proved in a different way by Weibel [22].
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