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DIAGONALS ON THE PERMUTAHEDRA, MULTIPLIHEDRA
AND ASSOCIAHEDRA

SAMSON SANEBLIDZE axpD RONALD UMBLE
(communicated by Ross Street)

Abstract

We construct an explicit diagonal Ap on the permutahedra
P. Related diagonals on the multiplihedra J and the associa-
hedra K are induced by Tonks’ projection P — K [19] and its
factorization through J. We introduce the notion of a permu-
tahedral set Z and lift Ap to a diagonal on Z. We show that
the double cobar construction Q2C,(X) is a permutahedral
set; consequently Ap lifts to a diagonal on Q2C,(X). Finally,
we apply the diagonal on K to define the tensor product of
Aso-(co)algebras in maximal generality.

1. Introduction

A permutahedral set is a combinatorial object generated by permutahedra P
and equipped with appropriate face and degeneracy operators. Permutahedral sets
are distinguished from cubical or simplicial set by higher order (non-quadratic)
relations among face and degeneracy operators. In this paper we define the notion
of a permutahedral set and observe that the double cobar construction Q?C., (X)
is a naturally occurring example. We construct an explicit diagonal Ap : C.(P) —
C.(P) ® C.(P) on the cellular chains of permutahedra and show how to lift Ap
to a diagonal on any permutahedral set. We factor Tonks’ projection 6§ : P —
K through the multiplihedron J and obtain diagonals Ay on C.(J) and Ak on
C.(K). We apply Ak to define the tensor product of A.-(co)algebras in maximal
generality; this resolves a long-standing problem in the theory of operads. Gaberdiel
and Zwiebach’s open string field theory [5] provides a setting in which this tensor
product can be applied.

The paper is organized as follows: Sections 2 and 5 review the families of poly-
topes we consider. The diagonal Ap is defined in Section 3 and lifted to general
permutahedral sets in Section 4. The related diagonals A ; and Ak are obtained in
Section 6 and applied in Section 7 to define the tensor product of A..-(co)algebras
in maximal generality. Sections 5 through 7 do not depend on Section 4.

This research was funded in part by Award No. GM1-2083 of the U.S. Civilian Research and
Development Foundation for the Independent States of the Former Soviet Union (CRDF) and by
Award No. 99-00817 of INTAS

This research was funded in part by a Millersville University faculty research grant.

Received November 22, 2002, revised June 7, 2004; published on September 29, 2004.

2000 Mathematics Subject Classification: Primary 55U05, 52B05, 05A18, 05A19; Secondary 55P35.
Key words and phrases: Diagonal, permutahedron, multiplihedron, associahedron.

(© 2004, Samson Saneblidze and Ronald Umble. Permission to copy for private use granted.



Homology, Homotopy and Applications, vol. 6(1), 2004 364

The first author wishes to acknowledge conversations with Jean-Louis Loday
from which our representation of the permutahedron as a subdivision of the cube
emerged. The second author wishes to thank Millersville University for its generous
financial support and the University of North Carolina at Chapel Hill for its kind
hospitality during work on parts of this project.

2. The Permutahedra

Let S, be the symmetric group on n = {1,2,...,n}. Recall that the permuta-
hedron P, is the convex hull of n! vertices (o(1),...,0(n)) € R", o € S,, [4], [14],
[20]. As a cellular complex, P, is an (n — 1)-dimensional convex polytope whose
(n — p)-faces are indexed by (ordered) partitions Uy|---|U, of n. We shall define
the permutahedra inductively as subdivisions of the standard n-cube I™. With this
representation the combinatorial connection between faces and partitions is imme-
diately clear.

Assign the label 1 to the single point P;. If P,,_1 has been constructed and u =
Ui|---|Up is one of its faces, form the sequence u, = {ug = 0,u1,...,up_1,u, = 00}
where u; = # (Up—j41 U---UUp), 1 < j < p—1 and # denotes cardinality. Define
the subdivision of I relative to u to be

Tu, =L ULU---UI,

Wherte:[l— 1— =4 ]and%o:O.Then

_1 1
75T 377

P, = U u X I /s

u€EP, 1

with faces labeled as follows (see Figures 1 and 2):

Face of u x I/us, Partition of n

ux0 Uil |Up|n
ux (IjNIjpa) | Uil [Up—j|n|Up—jia| -+ |Up, 1<j<p—1

wx 1 U] - |U,

ux I, Uil |Upejr Unl -+ U

A cubical vertex of P, is a vertex common to both P, and I"~!. Note that u
is a cubical vertex of P,_; if and only if u|n and n|u are cubical vertices of P,.
Thus the cubical vertices of P3 are 1]2|3, 2[1|3, 3|1|2 and 3|2|1 since 1|2 and 2|1 are
cubical vertices of Ps.
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Figure 1: P3 as a subdivision of P x I.
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Figure 2a: P, as a subdivision of P3 x I.
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Figure 2b: The 2-faces of Py.
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3. A Diagonal on the Permutahedra

In this section we construct a combinatorial diagonal on the cellular chains of
the permutahedron P, ;1. Given a polytope X, let (Cy (X),0) denote the cellular
chains on X with boundary 0.

Definition 1. A map Ax : C.(X) — C(X) ® C(X) is a diagonal on C, (X) if

1. Ax (Ci(e)) C Ci(e) ® Ci(e) for each cell e C X and
2. (Cyx(X),Ax,0) is a DG coalgebra.

In general, the DG coalgebra (C, (X)), Ax,0) is non-coassociative, non-cocommuta-
tive and non-counital; thus the statement (2) in Definition 1 is equivalent to stating
that Ax is a chain map. We remark that a diagonal Ap on C, (P,1) is unique if
the following two additional properties hold:

1. The canonical cellular projection ppy1 @ Phny1 — I™ induces a DG coalgebra
map Cy (Pny1) — Ci (I) (see Section 4, Figures 3 and 4) and

2. There is a minimal number of components a ® b in Ap (Cy (Pyy1)) for 0 <
k < n.

Since the uniqueness of Ap is not used in our work, verification of these facts is left
to the interested reader.

Definition 2. A partition Ai|---|Ay is step increasing iff Ap|---|A; is step decreas-
ing iff min A; < max A; 4 for all j < p—1. A step partition is either step increasing
or step decreasing.

Think of o € Spi4—1 as an ordered sequence of positive integers; let Fj and
?q,iﬂ denote its j*" decreasing and i* increasing subsequence of maximal length.
Then @ 4|---|7, and & ,|--- |01 are step increasing and step decreasing partitions
of p+ q — 1, respectively (see Example 1 below).

Definition 3. A pairing of partitions A1|-- - |A,®@By|- - |B1 is a strong complemen-
tary pair(SCP) if there exists 0 € Sp+q—1 such that Aj = T j and B; = 0; as un-
ordered sets for all i, j.

SCP’s have a natural matrix representation.

Definition 4. A ¢ x p matriz O = (0;;) is ordered if:

1. {oi;j}={0,1,...,p+q—1};

2. FEach row and column of O is non-zero;

3. Non-zero entries in O are distinct and increase in each row and column.

Let O denote the set of ordered matrices. Note that the rows and columns of an
ordered matrix O%*P form a partition of p+ ¢ — 1.
Definition 5. Given O € Q9P let V; = row; (O)NZ* fori < q and U; = col; (O)N
Z* for j < p. The row face of O is the face 7(0) = Vy|---|Vi C Pyyq-1; the
column face of O is the face ¢ (O) = Uil ---|Up C Ppiq_1.
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Definition 6. An ordered matriz E is a step matriz if:
1. Non-zero entries in each row of E appear in consecutive columns;
2. Non-zero entries in each column of E appear in consecutive rows;

3. The sub, main and super diagonals of E contain a single non-zero entry.

Let &€ denote the set of step matrices. If E = (e; ;) € £7%P, condition (1) in
Definition 6 groups the non-zero entries in each row together in a horizontal block,
condition (2) groups the non-zero entries in each column together in a vertical
block and condition (3) links horizontal and vertical blocks to produce a “staircase
path” of non-zero entries connecting the lower-left and upper-right entries e, and

e1p (see Example 1 below). Clearly, ¢ (E) @ r (E) = T 1|--+ |0, ® 74| --| 71 for
some 0 € Spiq—1, 50 ¢(F) ® r(F) is an SCP. Furthermore, one can recover E
from o = (1 22 -+ Zny1) in the following way: Set e41 = x1. Inductively, assume

€ij = Tp—1; if Tp—1 < Tk, set e; j11 = xp; otherwise, set e;_1 ; = x1. Let E; denote
the step matrix given by o € § = lim S,, 1. We have proved:

Proposition 1. There exist one-to-one correspondences
E — S « {Step increasing partitions} «— {Step decreasing partitions} < {SCP’s}
E, — 0 < G5, & T4 |71 & i 0,27, |71
Example 1. The permutation
c0=(971384652)

corresponds to step matriz

2
5
_ 710
EU_138
7
9

and the SCP
c(Ey,)®r(E,) = 971|3]84]|652 ® 9|7|138|46|5|2.

‘We now introduce matrix transformations that operate like the vertical and hor-
izontal shifts one performs in a tableau puzzle. For (i,5) € ZT x ZT, define the
down-shift and right-shift operators D; j, R; j : O — O on O9*P = (0, ;) by

1. D; ;O =0 unlessi < q—1,0i41; =0, 0;jo; ), > 0 for some k # j, 0; j > 0414
for 1 < € < j, and 0;41,¢ > 0; ; whenever 0;11 > 0 and j < £ < p, in which
case D; ;O is obtained from O by transposing o0; ; and 0,11 ;;

2. RZ-JO = O unless j < p—1, 0;,j+1 = 0, 04,50k, > 0 for some k 7é i, 0;,5 > 0g,j+1
for 1 <€ < i, and 0y 41 > 0;; whenever oy ;41 > 0 and j < £ < ¢, in which
case R; ;O is obtained from O by transposing o0; ; and 0; j11.
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Definition 7. A matriz F' € O is a configuration matriz if there is a step matrix
E and a sequence of shift operators Gy, ...,G,, such that

IF:GmGlE,
2. ]meG1 = "'Dig,jg"'Dil,jl R then il 7:2;
3. IfGp---Gr=-Rypypy- Ry, -+, then £y < Ly,

When this occurs, we say that F is derived from E and refer to the pairing
c(F)®r(F) as a complementary pair (CP) related to ¢ (E) @ r (E).

<
<

Let C denote the set of configuration matrices. For F' = (f; ;) € C with column
face Uq|---|U, and row face Vg|---|Vi, choose proper subsets N; = {fin, <---
< flvnk| max V%—i—l < fi,nl} C V; and Mj = {fml,j << fmfvj |I’I1&X Uj+1 < fml,j}
C U; and define

Dy,F =Dip, -+ Din,F and R}, F =Ry, ;- R, ;F.

We often suppress the superscript when it is clear from context. The fact that
D; i1 R jF = Riy1,;D; jF wherever both maps in the composition act non-trivially,
gives the following useful reformulation of Definition 7:

Proposition 2. A matrizc F € O with ¢(F) =Ui|---|Up and r (F) = Vg|---|Vi is
a configuration matriz if and only if there exists E € £ and proper subsets M; C U;
and N; C V; such that

F=Dy, ,--DnRas, , - Rap, E.

Example 2. Four configuration matrices F' can be derived from the step matrix

218
E = 115
4
2138
DyDgRgRzE= |15 o 14]25[3 ® 4]15]23,
213
DyDgRsRzE= | 1 5 o 14]2|35 @ 4]15|23,
4
2|83
DsDyRsRzE = | 1 —  14]25|3 ® 45|1|23,
416
2|8
DsDgRsRyE = | 1 o 14/2|35 @ 45[1]23.
7 5
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Up to sign, the CP’s
c(F)y®r(F)=(14]2]35 + 14|25|3) ® (4]|15]23 + 45|1|23)
are components of Ap (5).

Let us associate formal “configuration signs” to configuration matrices. The signs
we introduce here can be derived by induction on dimension given that P, = I
and Ap is a chain map. Henceforth we assume that all blocks in a partition are
increasingly ordered. First note that a face u = Uy|---|U, C Py isan (n —p+ 1)-
face of p — 1 faces in dimension n — p + 2. Thus there are (p — 1)! ways to produce
u by successively inserting bars into n + 1, each of which has an associated sign. Of
these, we need the right-most and left-most insertion procedures.

When each z € n 41 has degree 1, the sign of a permutation o € S, 41 is the
Koszul sign that arises from the action of o. Thus, if o transposes adjacent subsets
U,V C n+1 for example, then sgn (o) = (—1)*Y#Y  For u = Uy]--- |Up C Ppga,
denote the sign of the permutation n+1 — Uy U--- U U, by psgn (u); note that o
is an unshuffle of n when p = 2, in which case we denote psgn (u) = shuff (Uy; Us).
Let m; = #U; — 1 and identify u with the Cartesian product Pp,, 11 X -+ X Py 415
then

Cn—pt1 (1) = Cpy (U1) @+ @ Cpy, (Up) -

Finally, think of the symbol | as an operator with degree —1 that acts by sliding in
from the left; then

(UeV)= (1)U

Definition 8. Given a partition M|N of n + 1, define face operators with respect to
M and N, dM,dN : Cn (Pn+1) — Cn,1 (Pn+1) by

dy (n+1) =dV (nt1) = (=1)" shuff(M; N) M|N.

For w =Uy|---|U, C Ppt1 and non-empty M C Uy, define the face operator with
respect to M, d%, : Cp—pi1 (u) — Cp—p (u), by

dhy(u) = (19" @ dpy @ 1977F) (u);

forv="V,|---|Vi C Pot1 and non-empty N C Vi, define the face operator with
respect to N, dfY : Cp_g+1 (v) — Cpeg (v), by

dy (v) = (1997 F @ d¥ @ 19571 (v).

Then
dyy (u) = € (M) Uyl MU\ M|---|Up,

di (v) = €(N) Vgl [V \ N|NJ|- - |V4,

€ (M) = (—1)™ T tmet#M e (MU \ M) and m; = #U; — 1,
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€ (N) = (=1)"a T et #F VAN g (VA Ny N) and ng = #V; — 1.

Face operators give rise to boundary operators 0 : Cp,—pt1 (v) — Ch—p (u) and
0 : Cr—gt1 (v) = Cp_g (v) in the standard way:

D)= Y e(M)di (U] ---|Up)
1<k<p
MCUy

and similarly for 9 (v); in either case,

dmn+1)= > (=1 shuff(M;N) M|N. (3.1)
M,NCn+1
N=n+1\M

The sign coefficients in 3.1 were given by R. J. Milgram in [14]. Thus, two types of
signs appear when dﬁf is applied to Uy|---|Up : First, Koszul’s sign appears when
dyr passes Uy ® - - - ® U1 and second, Milgram’s sign appears when dj; is applied
to (]k-

A partitioning procedure is a composition of the form

kp—1 ko
dh e dl do,.

For example, a partition u = U] - - - |Up of n + 1 can be obtained from the right-most
partitioning procedure by setting My =n+ 1, M; = M;_1 \ Up—;41 and k; = 1 for
1<i<p—1; then
dyg, - digda (n+ 1) = sgny (u) Uy -~ |Up,
where
p—1
sgni (u) = (—1)" psgn (u) and € = 21:1 i F#Up_i.

Note that when v = V| ---|V; we have ¢; = ;;;11 i+ #Vi11. Alternatively, u can be

obtained from the left-most partitioning procedure by setting M; = U; and k; = i
for 1 <i<p—1; then

it e dydy, (1) = sgns (u) Uyl Uy,
where
sgna (u) = (=1)2 psgn (u) and e = e + (P51).
Let rsgn(U;) denote the sign of the order-reversing permutation on U;, then

rsgn(U;) = (—1)2 #FUD#Ui-1)

define

p - -
rsgn(u) = [[ rsgn(Ui) = (—1)H[#0D* 4GP =4 D]
=1
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Definition 9. If F' € C9*P is derived from E € &, the configuration sign of F' is
defined to be

csgn(F) = (—1)(3) rsgn(c(E)) - sgnir(F) - sgnoc(E) - sgnac(F).
In particular, for F' = E € £7%P we have
csgn(E) = (—1)(3) rsgn(c(E)) - sgnir(E).

Signs that arise from the action of shift operators are now determined. For x € Z
and Y C Z, denote the lower and upper cuts of Y at z by [Y,2) ={y €Y | y < z}
and (z,Y]={y €Y | y >z}, respectively.

Proposition 3. If F = (f;;) € C, c(F) =Ui|---|Up and r (F) = Vg|---|Vi, then
esgn(D; jF) - csgn (F) = —(—1)#(f£+1»j’V»‘/H]U[V“fm),
csgn(R; jF) - csgn (F) = —(—1)#Ui UilblUjao £ )

where F' = (f] ;) is the image of F, U{|---|U) = c¢(F') and V]| ---|V] =r (F').

ij
Proof. Note that ¢ (F) = c¢(D;;F) and r (F)) = r (R; ;F) . Then for example,
csgn(D; ;F) - esgn(F) = (—1)(3) rsgn(c(E))-sgnir(D; j F)-sgnac(E)-sgnac(D; ; F')
. (—1)(3) rsgn(c(E)) - sgnir (F) - sgnoc(E) - sgnac(F)
= sgnir(F) - sgnir(D; ; F) - sgnac(F) - sgnoc(D; ; F)
= psgn (r (F)) - psgn (r (D; ; F)) = —sgn (o) ,
where o is the permutation V; U---UVy = Vo U---V/ UV ---U VL. O

The configuration signs of “edge matrices,” which appear in our subsequent dis-
cussion of permutahedral sets, have a particularly nice form.

Definition 10. F € £ is an edge matriz if e11 = 1.

Let T denote the set of all edge matrices. With one possible exception, all blocks
in the column and row face of an edge matrix consist of singleton sets. Thus if
E e T'9*P,

c(BE)@r(E) = Alag|---[ap @ by|-- - [ba| B,
where A={1<by <---<bs}and B={l <ag <---<ap}.Since c¢(F) and r (E)
meet at the cubical vertex by|---|ba|l|ag|---|ap of Pyiq—1, there is a canonical
bijection
I’ « {cubical vertices of P =UP,41}.
The proof of the following proposition is now immediate:

Proposition 4. If E is an edge matriz and by| - - - |ba|1|ag| - - - |ap is the correspond-
ing cubical vertex, then

csgn (E) = shuff(bs, ..., bg;a2,...,ap) .
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We are ready to define a diagonal on Cy (Pp41) .

Definition 11. For each n > 0, define Ap on the top dimensional face n+1 €
Cn (Pat1) by

Apn+)= 3 esgn(F)e(F)or(F); (3.2)

FEchn—q«l»Q
I<gsn+1

extend Ap to proper faces u = Uy|---|Up € Cp_py1 (u) = Cp, (U1)®@---0Cy, (Up),
n; = #U; — 1, via the standard comultiplicative extension.

Example 3. On Ps, all but two configuration matrices are step matrices:

~
\S)
~
\S)

! Ry L2
1
3

2 113 1
13 2 — D — 3
Consequently,
Ap(3) = 123123 + 123®3|21

1123913]2 + 2[13@23[1

1320312 + 12[3®2[13

123®3|12 + 12)3® 23|1.

There is a computational shortcut worth mentioning. Since F' € C if and only if
FT € ¢, we only need to derive half of the configuration matrices.

Definition 12. For F € C, define the transpose of ¢ (F)) @ r (F') to be
c(F)yorF)" =c(F)@r(FT).

Example 4. Refer to Example 3 and note that each component in the right-hand
column 1is the transpose of the component to its left. On Py we have:

Ap(4) =1234®4[312/1 + 123]4 ® (32]14 + 3|24/1 + 34]2]1)
—12|34 ® (2|14]3 + 24|1]3) + 1|234 ® 14|32
—23]14 ® (3]24]1 + 34]2[1) + 13]24 ® (314]2 + 34/1]2)
+(13[24 + 1)234 — 14]23 + 134]2) © 4/3[12
— (12]34 4 124]3) @ (4]2|13 + 4/23|1)
+3[124 ® 34)2|1 — 2134 ® (24]3[1 + 4/23]1)
124]13 © 423]1 + (1234 — 14]23) ® 4/132
=+ (all transposes of the above).



Homology, Homotopy and Applications, vol. 6(1), 2004 373

We conclude this section with a proof of the fact that Ap is a chain map. First
note that
Apd(n+1) =Y +Ap(M)|Ap(N)
= Z:I: (u; ® vj) | (uk ® UZ) = Z:I:uﬂuk ® vt

where u; ® v; = ¢(Fjxi) @ r (Fjxi), ol =c¢ (FZX]“) Qr (FZXk) and Fjy; and
F®<F range over all configurations matrices with entries from M and N, respectively.
Although u;|u* ® v;|v® is not a CP, there is the associated block matrix

0 FZXk

(3.3)
Fivi 0

Thus the components of Apd (n + 1) lie in one-to-one correspondence with all such
block matrices. Let a; ® b; = Ay|---|A; ® Bj|---|B; and a* @ b* = AY|.--|AF @
BY|---|B" be the SCP’s related to u; ® v; and u* @ v’. Denoting a column (or row)
by its set of non-zero entries, the step matrices

B, B!

Ay |- | A | = | ¢ Jand | AL | ... | Ak | =

B; B

involve elements of M and N, respectively, and the block matrix associated with
the pairing a;|a® @ b;[b® is

Bl

0
0 Al Ak BZ

A A; 0 ) By
0

B

Our main result combines the statements in Lemmas 1 and 2 below:

Theorem 1. The cellular boundary map 0 : Cy (Pyy1) — Cy(Pay1) is a Ap-
coderivation for allm > 1.
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Corollary 1. (C. (Pp+1),Ap,d) is a DG coalgebra and the cellular projection
Prn+1 : Ppy1 — I™ induces a DG coalgebra map

(Pnt1)x : Cu(Prg1) — Cu(I™).

Lemma 1. Each non-zero component (u; ® v;) | (u* ® v*) of Apd (n+1) is a non-
zero component of (100 +0®1)Ap(n+1).

Proof. Consider a component (u; ® v;) | (u* ® v*) of Apd (n+1), where u; @ v; =
Upl---|U; ® V| -+ |Vq is a CP of partitions of M = Uy U---UU; and ufF @t =
U - U@ V¥ ---|V!is a CP of partitions of N = n + 1\ M. The related SCP’s
a; @b; = Ay|---|A; ® Bj|---|B; and aF @ b* = Al|...|Ak¥ @ BY|..-|B! give the
component (a; ® b;) | (a* @ b%) of Apd (n+1). Let E = (e; ;) be the block matrix
associated with a;|a® @ b;|b’. There are two cases:

Case 1: €p41,; > €qi41-
Then min U; = min A; > max A" > maxU! and the CP
u@v=U| U1 | UL UG |U?| - |U* @ vy |0

is a component of Ap (n + 1) with associated configuration matrix

0 ut|...| Uk vt

Ui e U; 0 Uj

It follows that u;|u* @ v = df, (u)®@wv is a component of (1@ +9® 1) Ap (n+1).
To check signs, we verify that the product of expressions (I) through (VI) below is
L. Let V,|...[V] = v;|v? and note that u ® v = ¢ (F) @ r (F) is related to the SCP
a® b= A1| ce |Ai_1|A1 UAZ‘A2| s ‘Ak (39 bj|b€ = C(E) ®T‘(E) .

/

q
Lesgn(F)=1; - Iy - I3 - Iy - Iy = (—1)(2) - [sgnau - sgnaal - rsgn(a) - (—=1)1 -
psgn(v), where | = S0 i #V7,,.

IL sgn(dy, (u)) =11y - Iy = (—1)#M+itL. (—1)#Us#U"  where the shuffle sign
II, follows by assumption.

1. sgn (da (n+ 1)) = I, - T, = (—1)#M . shuff(M; N).

J
IV. esgn(Fjx;) =1V, - IVy - IVy - IVy - 1V5 = (—1)(2) -[sgnau; - sgnoa;]-rsgn(a;)-
(=1)<* - psgn(v;), where €; = Zf;ll i-#Vii1.

¢
V. csgn(fok) =V;:-Vy:-V3:-Vy. -Vg= (71)(2) . [Sgn2uk . syngak] ~7’sgn(ak).
(_1)61 - psgn(v’), where ! = Zf;ll i VL

dim u* dimwv; __ (£—1)(i—1) 3 :
VI (-1) =(-1) (u; @ v is a component of Ap (M) ; hence
dim (u; ® v;) = #M — 1 and dimv; = #M — 1 —dimwu; =i —1).
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Then by straightforward calculation,

(1) 15 . IIIQ . IV5 . V5 = 1;

2) I - IVy - Vo= Iy - Iy - IV - Vy = (—1)#A#ATHUHU

3) Iy - IV, - Vi = Iy - IV, - Vy) - (IT; - III;) - VI = (—1)je

(#M =i+ j—1since v; =1 (Fjx;))-
Case 2: €415 < €qi41-

Then max (V1) < max (B;) < min (Be) = min (VZ) and the CP
u®v:ui|uk®Vj|...|V1UV“...|V1

is a component of Ap (n + 1) with associated configuration matrix

Vl
0
F = v | vt = Uu; uk
0
V;

It follows that u;|uf®uv;|v* = u@d)™ (v) is a component of (1 ® d +d ® 1) Ap (n +1).
The sign check is similar to the one in Case I above and is left to the reader. [

Lemma 2. Each non-zero component d%;(u) @ v or u®dy (v) of (1®0+0®1)
Ap (n+1) is a non-zero component of Apd(n+1).

Proof. For simplicity we work with Zy coefficients; sign checks with Z coefficients
are straightforward calculations and left to the reader. Given an SCP a®b = ¢ (E)®
r(E) = Ai|---Ap ® By|---|By of partitions of n+1, let u®@ v =c(F) @ r (F) =
Ul -+ |Up @ Vg|---|Vi be a related CP. Then there exist M; C A; and N; C B;
with min M; > max A;; and min N; > max B;;; such that

F=Dy, ,---Dn,Ry, - Rap E. (3.4)

Then u ® v is a non-zero component of Ap (n + 1). For each proper M C Uy, we
prove that the component d%,(u) ® v of (1®9+d® 1) Ap(n+1) is a non-zero
component of Apd (n + 1) if and only if the following conditions hold:

(1) m=min M € Ag;
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(2) (m, M] = (m, Ap U Mg_1];
(3) m € B, implies N,_; = &.

The dual statement for u ® d¥ (v) with N C V; and is also true; the proof follows
by ”mirror symmetry.” Suppose conditions (1) - (3) hold. Set My = M,, = &; then
clearly, U; = (A; U M;_1) \ M; for 1 < i < p, and My_1 C M by conditions (1) and
(2). Thus Uy U+~ UUp_ 1 UM = Ay U---UA,_1 UM and it follows that d%, (u) ® v
is the non-zero component
Ap (AU UA,_ 1 UM | Ag\MUA 1 U---UA)
of Apd(n+1). Conversely, if conditions (1) - (3) fail to hold, we prove that there
exists a unique CP 4 ®@ 9 #u®v such that uQ v+ 2@ v €ker(O®1+1®0).
For existence, we consider all possible cases.
Case 1: Assume (1)" :m ¢ Ay,
Let
@ = U]+ Uk1 U MU\ M|+ |Uy;
then
d’g;_ll(ﬂ) QU= dﬁ/l(u) .

Now M C My_ since m € Mj_1; hence @« ®v may be obtained by replacing Ry, ,
with Ry, _\a in (3.4) and @ ® v is a CP related to a ® b.

Case 2: Assume (1) A (2)' : m € Ay and (m, M] C (m, Ay U Mj,_4].
Let

p=min (m, Ay U My_1)\ M and L = [Ag,m)U pu.
Note that u € A; for some 1 < i < k.
Subcase 24: Assume min L > max Ap41, k < p.

Let
u="U|- M| (U \ M) U Ugsa| - |Up;
then
d’th\lM (@) @ v =df (u) @v.

Note that min A, = m since min L. > max Agy; > min Ax. Thus L = p. Now,
min My, > max Agy1 by (3.4) and minUy, \ M = min [(Ar U Mi_1) \ Mi] \ M >
min (Ar U Mg_1)\ M = min (m, Ay U Mp_1]\ M = pr = min L > max A4 so that
min My U (U \ M) > max Ap41. Hence @ ® v can be obtained by replacing Ry,
with Rz v\ in (3.4) and 4 ®@ v is a CP related to a ® b.

Subcase 2B: min L < max Ay, with k < p.
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Subcase 2B1: Assume min A;_1 > max A; \ p with p € A; and 1 < i < k.
When ¢ = k let
= U1+ [Up1 U MU \ M-+ [T
and when 1 <14 < k, let
a=Uq| - |Uiza UU;| - - MU \ M| - - - |U,.
Then for all i < k,
dir () @ v = d?jﬁl (@) ®v.

When i =k, min A1 U (A N M) < min Ay, N M < p = max Ay, = max Ay \ M so
that

@b = Ay] -+ [Ay1 U (A 1 M)| A\ M] -+ [4, @b
is an SCP; let E be the associated step matrix and let
F=Dy,, - DnRy,_, - Ra Rar, o\ Rar B

When i < k, we have g = max A; > max A > max Ay N M so that min Ag N
M < max L; furthermore, max Ay, = max A N M by the minimality of u so that
min Ay < max Ay N M. And finally, min L < max Ay41 by assumption 2B. Thus

a®b=Ar| - |Ai_1 UA; \ |- |[Ax N ML - | A,
© Byl |Braa| By [B; Upd | By

is an SCP; let E be the associated step matrix. Note that U;_, U U; =
(AifluMi,QUAi\/J,)\(Mi\/J/) andueMj fOI‘Zg] < k — 1. Let

F = DNq_1 DN, up- ..DNjU# - Dy,

Ry, , ...RMkR?]Qi—l\H)\MR%%I\M . ..Rﬂ_l\u ---Ry, E,
where p € BT,Bj. Then for all i < k, u®v = c(F') Qr (F) is a CP related to a®b.
Subcase 2B2: Assume min A;_1 < max A; \ p with p € A; and 1 < i < k.

Let
0@ =U|- MU\ M|--- Uy @ V|- |[Va UV, 1| --- V1,
where u € B, B;. Then
a5 (w) @v=1u®d 7 (v).

When ¢ = k, maxL = p € A so that min Ap_1 < max A \ p = max Ay \ L.
Furthermore, min Ay, \ L = m < p = max L; and finally, min L < max A1 by
assumption 2B. Thus

a@b=Ai|--|MIL|-- |4, ® By|---|Brsa|Bya] -+ |B; Ul - | By
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is an SCP; let E be the associated step matrix. Since min (11, Ay U My_1]\ M > p =
max L, the operator RécﬂyAkUMk—l]\M is defined. Note that My, C LU(u, Ax U My_1]\
M and let

m_ q—2 r—1
F=D%? - DN'Dy, up Dnyjup- Dy

»
Ry,

1

k+1 pk n
B Bl aon v B B

When 1 < i < k we have min 4;_1 < max A;\p by assumption 2B2, and min A;\p <
max A; 11 since p € A; N My_1 implies g > min A;. Next, min Ay_; < max Ay =
max A, N M since max A, < p € A;, and min Ay, N M < p = max L. Finally,
min L < max A1 by assumption 2B. Thus

G @b = Al A\ [ A 0 ML Ay
© Byl -+ Bria| Byl -+ |B; Ul -+ |By

is an SCP; let E be the associated step matrix. Since min My _; = min My_; \ M =
p > max Ay, both Ryy, \, and Ry, \ )\ v are defined, so let

F= D?Vil DN DN o Dyup - D,
R§’wp_l "'Rﬁf,fR?Mk,l\u)\MRMH\u --Rprn, - R E.

Then for alli<k,ﬂ®v:c(ﬁ)®r(ﬁ) is a CP related to a ® b.

!’

Case 3: Assume (1) A (2) A (3)
Nr—l 7é a.

:m € Ap N B, (m,M] = (m,AkUMk,ﬂ and

Note that My C (Ap U Mg_1) \ M = [Ag,m) by conditions (1) and (2) so that
U\ M = [Ax,m)\ M. Let v = min N,_;; then v € B;NA; for somel <i<r—1
and

r—1

j=k+#[Biv)+ > (#B.—1).

s=i+1
Subcase 3A: Assume Aj; = v.
In subcases 3A1 and 3A2, @ is defined so that

dﬁ'}im)(ﬂ) QU= d’X/I (u) ®v.
Subcase 3A1: j =k+1.
Let
u=Ui| - |M[(Ux \ M) UUks1|Ug2| - |Up.
But v > m since v € Agy1 N N,._1, consequently My = & so that Uy \ M = [Ag, m)
and Ugy1 = Agy1 = v; thus My = @. Clearly
a®b= Ay |Ap OV M| [Ag,m) Uv|Apia| - |4,
® Byl |ByUv|-|B;\v| - |Bi



Homology, Homotopy and Applications, vol. 6(1), 2004 379

is an SCP; let E be the associated step matrix and let
F:DN%1 -~ Dy

r

v Dy DR, .-.R’le’; - R, E;
then 4 ® v =c(F) ®r (F) is a CP related to a ® b.
Subcase 3A2: j > k + 1.
Let
i =Ul- |[M|U \ M|-- - |[Uj—1 UU;|Uj 1] - - |Up.
Again, v > m implies that M;_; = @ and U; = A; = v. Clearly
a®b= 1] [Ax VM| [Ag,m) Uv|- - |Aj1[Aja] -4,
® Byl -+|ByUv|--|Bi\v|---|B
is an SCP; let E be the associated step matrix and let
F = DNq_1 "‘DNT,l\u . "DNi\u - Dp,
R, , - RLRIY .. REF2REFL RE ... Ry B

M;_>Uv M1 Uv* P M Ur
thenﬂ@v:c(ﬁ) ®7’(F) is a CP related to a ® b.
Subcase 3B: Assume A; # v.
Note that ¢ > 1 by assumption and let
G@ 0= Uy MU\ M- |Up @ Vi -+ Vi U Vi -+ [Vi;
then
di(u)@v=u® dz-/i’ll (v).

Note that v > m implies M;_; = @ and U; = A; \ M;. Clearly
a®b=A1]- |[Ax N M[[Ag,m) Uv]- - |Aj 1| A \ V[ A1 |4,
© Byl By Ul [(BiUBi) \ vl | By
is a SCP; let E be the associated step matrix and let
F = DNq_1 "‘DNPI\V . "DNi\u - Dy,

j+1 1) k+1  pk o,
Rg\)lp_l ...ngj ngj_lu» -+ RyF R - Rag, E;
then t ® v = C(F) ®7"(F) is a CP related to a ® b.

For uniqueness of each pair & ® v constructed above, note the transformations R
and D fix minimal elements, i.e., if 4 ® v = R(a) ® D(b), then necessarily minU; =
min A; and min V; = min B; for all i; in particular, if R(a) = R(a’) or D(b) = D(V')
then min A; = min A} or min B; = min B]. Consequently, for df; (u) ®v or u®dy (v)
in the cases above, there is exactly one way to construct a step matrix £ so that
a is step increasing and b is step decreasing (it is straightforward to check that a
construction with distinct u ® v, 4 ® v, and v’ ® v’ would contradict the necessary
condition above either for a and o’ or for b and v’). This completes the proof. [
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4. Permutahedral Sets

This section introduces the notion of a permutahedral set Z, which is a com-
binatorial object generated by permutahedra and equipped with appropriate face
and degeneracy operators. We construct the generating category P and show how
to lift the diagonal on the permutahedra P constructed above to a diagonal on
Z. Naturally occurring examples of permutahedral sets include the double cobar
construction, i.e., Adams’ cobar construction [1] on the cobar with coassociative
coproduct [2], [3], [8] (see Subsection 4.5 below). Permutahedral sets are distin-
guished from simplicial or cubical sets by their higher order structure relations.
While our construction of P follows the analogous (but not equivalent) construc-
tion for polyhedral sets given by D.W. Jones in [7], there is no mention of structure
relations in [7].

4.1. Singular Permutahedral Sets

By way of motivation we begin with constructions of two singular permutahedral
sets—our universal examples. Whereas the first emphasizes coface and codegeneracy
operators, the second emphasizes cellular chains and is appropriate for homology
theory. We begin by constructing the various maps we need to define singular coface
and codegeneracy operators.

Fix a positive integer n. For 0 < p < n, let

— z, p=0 and B — 9, p=0
P=0 . p}, 1<p<n P=Y fn—p+1,....,n}, 1<p<n;

then p and p contain the first and last p elements of n, respectively; note that
pNg = {p} whenever p+q = n+ 1. Given integers r,s € n such that r +s =n+ 1,
there is a canonical projection A, s : P, — P, x Py whose restriction to a vertex
v=aq|--|a, € P, is given by

Ay s(0) =by| - by X 1] - es,

where (b1,...,br;¢1,. .., Ck—1,Ckt1,-- -, Cs)is the unshuffle of (ay,...,a,) with b; €
r, ¢; €5, ¢ = r. For example, Ay 3(2|4/1|3) = 2|1 x 2|4|3 and Ag2(2]4|1]3) =
2|1|3 x 4/3. Since the image of the vertices of a cell of P,, uniquely determines a cell
in P, x Ps the map A, 5 is well-defined and cellular. Furthermore, the restriction of
A, s to an (n —k)-cell Aq|---|Ax C P, is given by

rx (A |Ai\r=1]--|Ag), if r C A;, some ¢,

Avs (]| Ag) = (A1|--~|Aj\5—1|~-~|Ak)><§, if 5C A;, some j,
(Al\s—l |~~~\Ak\s—1)

X (Ay\r—1 |- |4\ r—1), Otherwise.

Note that A, s acts homeomorphically in the first two cases and degeneratively in
the third when 1 < k < n. When n = 3 for example, A, 5 maps the edge 1/23 onto
the edge 1|2 x 23 and the edge 13|2 onto the vertex 1|2 x 3|2 (see Figure 3).
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3|12 12 % 3|2
132 231
AT
® 123 ® > 12 x 23 12 x 23
123 2113
12/3 12 % 2|3

Figure 3: The projection Ag g : Py — I2.

[
—9
p [ W
] ]
— [
AT
1234 — 12 x 234
Ag’g l l 1 x A272
123 x 34 — 12 x 23 x 34
AQ,Q x 1

Figure 4: The projection py : Py — I3.

381

2[1 x 23

Now identify the set U = {u; < -+ < up} with P, and the ordered partitions of
U with the faces of P, in the obvious way. Then (A, s X 1) oA 451, = (1 X Agy)o0
Ay s4+—1 whenever r + s+t =n + 2 so that A, . acts coassociatively with respect
to Cartesian product. It follows that each k-tuple (ny,...,n;) € N¥ with k > 2 and
ny +---+n, =n+k — 1 uniquely determines a cellular projection A,,,...,,, : P, —

P,, x---x P,, given by the composition

— Xk—2
Anlmnk - (Anl,ng x 1 ) ©---0 (An(k,z)—k’—i-&nk,l X ]-) o An(k,1>—k+2,nk>
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where n,) = ni + -+ ng; and in particular,

An1"-nk (ﬂ) me ’I’L(Q) — 1\77,1 —1x---x n(k) — (k} — 1)\77,(]6,1) — (k‘ — 1). (41)

Note that formula 4.1 with ¥k = n — 1 and n; = 2 for all ¢ defines a projection
pn: Pp— -t

pn(n)=Ag.9(n)=12x23x---x{n—1,n}

(see Figure 4) acting on a vertex u = uy|---|u, as follows: For each i € n —1,
let {u;,ur | j <k} = {ur,...,un} N{i,i+1} and set v; = uj, viy1 = ug; then
pn(u) = v1|vg X -+ X Up_1|Un.

Now choose a (non-cellular) homeomorphism =,, : I"~! — P, whose restriction
to a vertex v = vy|vg X -+ X Up_1|v, can be expressed inductively as follows: Set
A = v1|vg; if Ag—1 has been obtained from vq|va X « -+ X vg_2|vk_1, set

A, — Ak_1|k, if Ve = k,
k= k|Ap_1, otherwise.

For example, 4 (2|1 x 3|2 x 3|4) = 3|2|1|4. Then =, sends the vertices of I"~! to
cubical vertices of P, and the vertices of P, fixed by ~,p, are exactly its cubical
vertices. Given a codimension 1 face A|B C P,, index the elements of A and B as
follows: If n € A, write A = {a1 <--- <ap}and B={by <---<bg};if n € B,
write A = {a1 <--- < ag} and B = {by <--- <by}. Then A|B uniquely embeds
in P, as the subcomplex

_ ai| - |am|B x Alby|---|be, ifneA
ngPm_{ Albr] - by X a1|-- - |ag| B, ifn e B.

For example, 14|23 embeds in Py as 1]4[23 x 14(2|3. Let vqp : A|B — Py x Py,
denote this embedding and let hqp = Lz‘lB; then hap : Pp x P, — A|B is an
orientation preserving homeomorphism. Also define the cellular projection

by--byXay---am, ifncA

¢A|B:Pn—>P(XPm:{ - ag X by---by, ifneB

on a vertex ¢ = ci|---|c, by dap(c) = ur|---|ug X vi]-- - |vm, where (ug, ..., us;
V1,...,Vm)is the unshuffle of (¢1,...,¢,) with u; € B, v; € A when n € A or
with u; € A, v; € B when n € B. Note that unlike A, ,, the projection ¢ 4|z
always degenerates on the top cell; furthermore, ¢ 4|5 0 hajp = ¢pja © hap = 1.
We note that when A or B is a singleton set, the projection ¢ 4p was defined by
R.J. Milgram in [14].

The singular codegeneracy operator associated with A|B is the map Bap : P —
P, _1 given by the composition

bAIB XPm pf— _ _9 Yn—
P, 2% p,x p, "o et el = 2l p

the singular coface operator associated with A|B is the map d4|p : P,—1 — P, given
by the composition

Pr— _ _ _ X ha|B i
Py 2=l "5 po P A8 AIB S P
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Unlike the simplicial or cubical case, 64 p need not be injective. We shall often
abuse notation and write hq g : Py X Py, — P, when we mean i o hyp.

We are ready to define our first universal example. For future reference and
to emphasize the fact that our definition depends only on positive integers, let
(n1,...,ny) € N¥ such that n(k) = n and denote

Py, (n) = {Partitions Aq|---|Ag of n | #4; =n;}.

Definition 13. Let Y be a topological space. The singular permutahedral set of Y
consists of the singular set

Singly = U [SinglY = { Continuous maps P,—Y }]

n>1

together with singular face and degeneracy operators
daiB : Sing?’Y — Singt Y and 0A|B : Sing? |V — Sing?y

defined respectively for each n > 2 and A|B € P.. (n) as the pullback along 645
and BB, i-e., for f € Singl’Y and g € Sing? Y,

dap(f) =fodap and o04B(9) =goBaB-

dag : Po1 — "' P, x P, — AlB— P,

lf

Y

das(f)
Figure 5: The singular face operator associated with A|B.

Although coface operators d4p : P,—1 — P, need not be inclusions, the top
cell of P,_; is always non-degenerate (c.f. Definition 20); however, the top cell of
P,,_» may degenerate under quadratic compositions d4pdc|p : Pn—2 — P, . For
example, 012340132 : P2 — Py is a constant map, since 0134 : P3 — Po X Py — Py
sends the edge 13]2 to the vertex 1|2 x 3|2.

Definition 14. A quadratic composition of face operators do\pdajp acts on Py, if
the top cell of P,_o is non-degenerate under the composition

da1BO¢c|D : Po—2 — Pa.

Theorem 3 below gives the conditions under which a quadratic composition acts on
P,,. For comparison, quadratic compositions of simplicial or cubical face operators
always act on the simplex or cube. When d¢ pda|p acts on P, we assign the label
deo|pd a g to the codimension 2 face d 4/ gdc|p (n). The various paths of descent from
the top cell to a cell in codimension 2 gives rise to relations among compositions of
face and degeneracy operators (see Figure 6).
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dj1dy3)2 = dyj2ds)i2 d312 daj1daz)y = dajids)i2

d13\2 d23|1
dijadize = dopndyppz ¢ 123 ?  dopdoiz = dyjadas);

dy|23 daj13

dyj2dy23 = dyj2dy23 di2|3 dyj2da13 = daj1dig)3

Figure 6: Quadratic relations on the vertices of Ps.

It is interesting to note that singular permutahedral sets have higher order struc-
ture relations, an example of which appears below in Figure 7 (see also (4.4)).
This distinguishes permutahedral sets from simplicial or cubical sets in which rela-
tions are strictly quadratic. Our second universal example, called a “singular mul-
tipermutahedral set,” specifies a singular permutahedral set by restricting to maps
f=foA,, . . n, for some continuous f : P,, x ---x P,, — Y. Face and degeneracy
operators satisfy those relations above in which A,,,...,, plays no essential role.

013)2
| Ba)1 12 d1j23 ¢
P2 e P1 - P2 > P3
dij23d12i34(f) d12)34(f)

daj1dy)23diz)34(f)

Q2|1d2|1d1\23d12|34(f) = d13\2d12\34(f)

Y

Y <~——— P

Figure 7: A quartic relation in Sing?y".

Once again, fix a positive integer n, but this time consider (ny,...,ng) € (NU O)k
with n) =n —1 and the projection Ay, 11..n 41 1 P — Ppyp1 X - X Py, 41 with
A, : P, — P, defined to be the identity. Given a topological space Y, let

Sing™t" Y = {fo Apit1ompt1 P — Y| fis continuous};

define f, f’ € Sing™ "*Y to be equivalent if there exists g : Py, 41X+ X Py, 41 X
Py x Py 41X+ X Py, 11 — Y for some i < k such that

_ xi—1 xXk—i—1
f =go (1 X ¢)n1,+1|m+1 x1 ) o A”l“rl'“"Li—1+17n7’,+2777«7‘,+2+1"'nk+1
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and
/ X4 xk—i—2
f =go° (1 X ¢1|n7;+2+1\1 x 1 ) o An1+1"'ni+1”ﬂi+2+2,ﬂz‘+3+1“'nk+17

in which case we write f ~ f’. The geometry of the cube motivates this equivalence;
the degeneracies in the product of cubical sets implies the identification (c.f. [10]
or the definition of the cubical set functor QX in the Appendix).

Define the singular set

SingMy = U Sing™ Y [ ~ .
(n1,...,nk)€(NUO)*
n(k)zn—l
Singular face and degeneracy operators
daiB: Sinng — Sing,]y_lY and o4 B : Sing,]y_lY — Sz’ngfle

are defined piece-wise for each n > 2 and A|B € P, . (n), depending on the form
of A|B. More precisely, for each pair of integers (p;,¢;), 1 <14 < k, with

i—1 k
pizl—l—an and qizl—l—an, let
j=1 j=i+1

Qpi7qi(n):{U|V€P*7*(n) | (&QUorzﬁQV) and (@QUor@QV)};

in particular, when r +s=n+1, set k =2, p1 = ¢ = 1, po = r and ¢; = s, then

Qr1(n)={UlVeP,(n) |[rCUorrCV} and

Q1,s(n)={UlVeEP..(n) |SCUorsCV}.

Since we identify r|s C P,y1 with P, x Py = A, s(P,), it follows that A|B €
Qp..q; (n) for some i if and only if 64 pd,5 : Puo1 — Pny1 is non-degenerate;
consequently we consider cases A|B € Q,, 4, (n) for some i and A|B ¢ Q,,. 4. (n) for
all 4.

Since our definitions of d4p and g4 p are independent in the first case and
interdependent in the second, we define both operators simultaneously. But first we
need some notation: Given an increasingly ordered set M = {my < --- <my} CN,
let Ips : M — #M denote the indexing map m; — i and let M +2z = {m;+z} denote
translation by z € Z. Of course, M — z and M + z are left and right translations
when z > 0; we adopt the convention that translation takes preference over set
operations.

Assume A|B € Q,, 4,(n) for some 4, and let

Ci={pipi+1,....,pi +n;};

A, = (Cl n A) — N(i—1), B; = (Oz N B) = N(i—-1);

np=#ANC) —1, nf =#(BNC) - 1. (4.2)

For example, n = 6, n; = 3 and ny = 2 determines the projection Ay3 : Py —
1234 x 456 and pairs (p1,q1) = (1,3) and (p2,g2) = (4,1). Thus A|B = 1234|56 €
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Q32(6) and the composition 4304 : P5 — Pr is non-degenerate. Furthermore,

Cy = 456, Ay = (456 N 1234) — 3 =1, By =23, n, =0, n/ =1 and we may think
of dy|p acting on 1234 x 456 as 1 X d1‘23

Pn—l

A A 1"
nf 1 nf 41, g1 Any41,n9+1
2 l QA\B 1 2
P’+1><P”+1><Pn2+1 n1+1><Pn2+1

/
‘\

hayip %1 $aqBy X1

Ppy+1XPngyt1 +1><P ”+1><PW2+1

g

An1+1,n2+1T An'-¢-1 nt 1,mg+1

Pn Pn—l

Figure 8: Face and degeneracy operators when ¢ =1 and k = 2.

For f = foAn t1nes1 € SingY, let f = fo (11 x hy,p, x 1¥F77) and
define
dap(f) = f o Dnitiomi+1n 41 mp41-
Dually, note that n,+n/ = n;—1 implies the sum of coordinates (n1,...,n;—1,n},n;,
k+1 _
Nit1,...,nk) € (NUO) Hisn—2 Soforg =go Apyptomi 4 1my 411 €
SingM Y, let g =go (1*""! x ¢, 5, x 17#7%) and define
041B(9) = G0 Anyt1mgt1

(see Figure 8).
On the other hand, assume that A|B ¢ Q,, 4,(n) for all i and define d 4z induc-
tively as follows: When k =2, set r =n1 + 1, s =no + 1 and let

K|L = (rmnA)Uus|rnB, reA
N rNA|(rNnB)Us, reB

(5NA)-1|n=1\(GNA)-1,  reB
MIN = n—1\(NB)-#L|(SNB)-#L, re€A, neA
Inp(A) [n =1\ L r(A), reA, neB

IE\B(fﬂAHL—l\Iﬂ\B(zﬂA), reB, neB

IE\A(EHBHL—l\Iﬂ\AGﬂB), TEA, n€eB
C|D =

n—=1\Ipng@ENA)|I\g(ENA), r€B, ncA

n—1\ILpna(rNB)[I,a(rNB), r€A, necA
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Then define
daB = oc|pdm|NdK|L- (4.3)

Remark 1. This definition makes sense since K|L € Q,, 4, (n), M|N € Q,, q.(n—
1), C|D € Qp, 4, (n—1) with either r,n € B orr,n € Aand C|D € Qp, q,(n—1) with
eitherr € B,n € A orr € A, n € B. Of course, Q..(n—1) is considered with respect
to the decomposition n — 2 = my +my +mg3 fized after the action of dgr(r X s).

If k = 3, consider the pair (r,s) = (n1 +1,n —nq), then (r1,s1) = (ne + 1,n —
ny —ng — 1) for A1|By = I\,(5N A)[I\,(5N B) € Py, g, (n — ), and so on. Now
dualize and use the same formulas above to define the degeneracy operator g4p-

Definition 15. Let Y be a topological space. The singular multipermutahedral set
of Y consists of the singular set SingMY together with the singular face and degen-
eracy operators

daB : SingMy — Sing Y and QAIB SingM | Y — SingMy
defined respectively for each n > 2 and A|B € Pyx (n).

Remark 2. The operator du g defined in (4.3) applied to dy)y for some U|V €
Pr.s(n+ 1) yields the higher order structural relation

dapduyv = oc\pdmNdk|Lduv (4.4)

discussed in our first universal example.

Now SingMY determines the singular (co)homology of a space Y in the following
way: Let R be a commutative ring with identity. For n > 1, let C,_;(SingMY)
denote the R-module generated by SingY and form the “chain complex”

(Cu(Sing"Y),d) = € (Co1(Sing™ ™Y),dn,..n,),
ngy=n—1
( 7)121
where

dnpme =D —(=1)"=0F shuff (C; 1 A;C; N B) dap.
A|Be ::9:1 Qpi,qi(n)

Refer to the example in Figure 7 and note that for f € Cy(Sing™Y) with
di3j2d12i34 (f) # 0, the component dy3j2di234 (f) of d? (f) € Co(Sing™Y) is not
cancelled and d? # 0. Hence d is not a differential. To remedy this, form the quo-
tient

CP(Y) = C, (Sing™Y) /DGN,

where DGN is the submodule generated by the degeneracies, and obtain the singular
permutahedral chain complex (C:> (Y), d). Because the signs in d are determined by
the index ¢, which is missing in our first universal example, we are unable to use
our first example to define a chain complex with signs. However, we could use it to
define a unoriented theory with Zs-coefficients.
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The singular homology of Y is recovered from the composition
C.(SingY) — C,(Sing'Y) — C,(SingMY) — C2(Y)
arising from the canonical cellular projections
Pog — I — A"
Since this composition is a chain map, there is a natural isomorphism
H.(Y) % HO(Y) = H.(CO(Y),d).

The fact that our diagonal on P and the A-W diagonal on simplices commute with
projections allows us to recover the singular cohomology ring of Y as well. Finally,
we remark that a cellular projection f between polytopes induces a chain map
between corresponding singular chain complexes whenever chains on the target are
normalized. Here C,(SingY’) and C,(Sing’Y") are non-normalized and the induced
map f* is not a chain map; but fortunately d? = 0 does not depend df* = f*d.

4.2. Abstract Permutahedral Sets

We begin by constructing a generating category P for permutahedral sets similar
to that of finite ordered sets and monotonic maps for simplicial sets. The objects of
P are the sets n! = S, of permutations of n, n > 1. But before we can define the
morphisms we need some preliminaries. First note that when P, is identified with
its vertices n!, the maps p,, and ~, defined above become

pninl — 21" and 4, 21"t S opl,

Given a non-empty increasingly ordered set M = {m; <--- <my} C N, let M!
denote the set of all permutations of M and let Jy; : M! — k! be the map de-
fined for a = (my(1), ..., My(y) € M! by Jpr(a) = 0. For n,m € N and partitions
Aq|-- Ak € Ppyoon,(n) and By|---|Bg € Py, (m) with n — k = m — £ = 5,
define the morphism

Bi||Be . |
fAll--~\Ak :m! — nl

by the composition

L k

4 4
m! 8 ] B; = [[ By, 22 [t 22 27 an 174, HA T TT A !
j=1 r=1

j=r =1
where shp is a surjection defined for b = {by,...,b,,} € m! by
ShB<b) = (b1,17 ey bml,l; ceey bl,f; (X3} bmz,z)a

in which the right-hand side is the unshuffle of b with b,; € B, 1 <r < my, 1 <
< 45 omax € Sp is a permutation defined by j, = omax(r), max B;, = max(Bq U

‘ ¢ k .
ByU---UBj); Jp = [I,1JB,,; px = [1,=1 pj, and v = [[;_; vi,; finally, ¢4 is
the inclusion. It is easy to see that

Bi|-|Be _ %‘*‘1 B[ Be n _
fA1|m\Ak fA1 f%+1 and fi = Yn © Pn-
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In particular, the maps fZT_; :(n—1)! - n!and f;:‘l? :n! — (n—1)! are genera-
tor morphisms denoted by 045 and (4p, respectively (see Theorem 2 below, the
statement of which requires some new set operations).

Definition 16. Given non-empty disjoint subsets A, B,U C n+ 1 with AUB C U,
define the lower and upper disjoint unions (with respect to U) by

ALB — Ipnoa (B) + #A -1, if min B > min (UN\ A)
= Iys A (B) +#A - 1U#A, if min B = min (U\A)

and
ATIB = Iy B (4), if max A < max (UN\B)
a In g (A)U#B —1, if max A =max (U\B).

If either A or B is empty, define AUB = AUB = AU B. Furthermore, given non-
empty disjoint subsets A, By,..., By Cn+1 withk>1, setU =AUB;U---UDByg
and define

AUBy|---|AUBy, if max A < maxU
BiUA|--+|BxUA, if max A = maxU.

Note that if A|B is a partition of n + 1, then
AUB = AUB =n.

AQ(By| -+ |By) = (B1| -+ |Br)OA = {

Given a partition Aj|---|Apy1 of n, define A}|---[AL,, = A}|...|47""
Ayl -+ |Agyr; inductively, given Aj|---[A}_, o the partitionofn —i+ 1,1 <i <k,
let

AT A = ATD(AG AL )

be the partition of n —4; and given A}|--- |Af""|r2 the partition of n —i+1, 1 <
i <k, let

k—i k—i k—i
Azl-i-l T |Ai+1z+1 = (Az1| T |Ai Z—H)DAi e
be the partition of n — 1.
Theorem 2. For Ai|--|Apy1 € Pryoonyyi (n), 2 < k < n, the map le;\-k-~|Ak+1 :

(n — k)l — nl can be expressed as a composition of §’s two ways:

n—k
fA1\"'|Ak+1 = 6‘4% | A%U-~-UA£+1 o 5Alf | AS - 5A%U"‘UA’1€ |A]f+1 o 6‘% | Ai'
Proof. The proof is straightforward and omitted. O
There is also the dual set of relations among the 3’s.

Example 5. Theorem 2 defines structure relations among the §’s, the first of which
18
daiBuc 0a0(B|C) = dauB|C O(A|B)OC (4.5)

when k = 2. In particular, let A|B|C = 12|345|678. Since AUB = {1234}, ALC =
{567}, AUC = {12} and BUC = {34567}, we obtain the following quadratic rela-
tion on 12|345|678:

512 | 34567851234|567 = 512345|678512 |345673
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similarly, on 345|12|678 we have

0345(1267801234/567 = 012345(67893456712-
Theorem 3. Let A|B € Py, (n+1) and C|D € Py, (n). Then d4pdc|p coincides
with a map f)%lz t(n—1D!'— (n+ 1) if and only if

Qu1(n)UQ1,(n), ifnt+leA
ClD e (4.6)
Q,1(n)U Q1 4(n), ifn+1€B.

Proof. 1f 6 4\ pdc|p coincides with f;fé > then according to relation (4.7) we have
either

A|B = X|YUZ and C|D = XO(Y|2)
or

AlB=XUY|Z and C|D = (X|Y)DOZ.
Hence there are two cases.
Case 1: A|IB=X|Y UZ.

Subcase 1a: Assume n+1 € A. If maxY = max(Y U Z), then p C YUX; otherwise
max (Y UZ) =maxZ and p C ZUX. In either case, C|D = YUX|ZUX € Q;, (n).

Subcase 1b: Assume n+1 € B. If minY = min(Y U Z), then p C XUY'; otherwise
min(Y U Z) = min Z and p C XUZ. In either case, C|D =XLY|XUZ € Qp 1 (n).

Case 2: A|IB=XUY|Z.

Subcase 2a: Assume n+1 € A. If min X = min(X UY), then ¢ € ZLIX; otherwise
min(X UY) =minY and ¢ C ZUY. In either case, C|D =ZUX|ZUY € Qg1 (n).

Subcase 2b: Assume n+ 1 € B. If max X = max(X UY), then ¢ C XUZ; otherwise
max (X UY) =maxY and § C YUZ. In either case, C|D = XUZ|YUZ € Q1 4, (n).

Conversely, given A|B € P, ,(n+ 1) and C|D satisfying conditions (4.6) above, let
AlIz'@NC—p+1) | Iz @ND—p+1), C|D€Q,pi(n)

[A|B; C|D] =

I;' (pnC) |13 (pN D) | B, C|D € Qu4(n)
and

Al (¢nC) |15 (¢n D), C|D € Qi (n)
[A|B; C|D] =

I7'PNC—q+1) [ I;'(pND—q+1) |B, C|D€Qqy1(n).
A straightforward calculation shows that
(XY uZz; XOY|2)] = X|Y|Z = [X UY|Z; (X|[Y)DOZ].
Consequently, if X|Y|Z = [A|B; C|D], either
AB=X|YUZ and C|D=X0O(Y|Z)



Homology, Homotopy and Applications, vol. 6(1), 2004 391

when C|D € Q,1(n)U Qq p(n) or
A|B=XUY|Z and C|D = (X|Y)0Z
when C|D € Qg 1(n) U Q1 4(n). O

On the other hand, if C|D ¢ Q,1(n) U Q1 ,(n) U Q4 1(n) U Q1 4(n), higher order
structure relations involving both coface and codegeneracy operators appear.

Definition 17. Let C be the category of sets. A permutahedral set is a contravariant
functor

Z:P—_C.

Thus a permutahedral set Z is a graded set Z = {Z,,},,>1 endowed with face and
degeneracy operators

dap = Z(0aB) : Z2n — Zn—1 and oy v = Z(BuiN) : Zn — Znga
satisfying an appropriate set of relations, which includes quadratic relations such as

dao|oydaBuc = dapyocdaus|c (4.7)

induced by (4.5) and higher order relations such as

dA\BdU\V = QC|DdM|NdK|LdU|V

discussed in (4.4).
Let us define the abstract analog of a singular multipermutahedral set, which
leads to a singular chain complex with arbitrary coefficients.

Definition 18. For n > 1, let X, = Un(k):n—l, mes0 XM and X =
Um(g):n—Q, mes0 XM be filtered sets; let A|B € Qp, 4,(n) for some i. A map
g: X, — X1 acts as an A|B-formal derivation if

o £ Xy e
M )
where (nf,n}) is given by (4.2).

Let Cp; denote the category whose objects are positively graded sets X, filtered
by subsets X,, = J XM and whose morphisms are filtration pre-
serving set maps.

n(k):nfl, nkQO

Definition 19. A multipermutahedral set is a contravariant functor Z : P — Cypy
such that

Z(6aB): Z2(n!) — Z((n —1)!)
acts as an A|B-formal derivation for each A|B € Qp, 4., all i > 1.

Thus a multipermutahedral set Z is a graded set {Z,},, with

Zo= | zmom
n(k):nfl
nkZO
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together with face and degeneracy operators
dap = Z(0aB) : Z2n — Zn—1 and oy v = Z(BuiN) : Zn — Znga

satisfying the relations of a permutahedral set and the additional requirement that
d 4 p respect underlying multigrading. This later condition allows us to form the
chain complex of Z with signs mimicking the cellular chain complex of permutahedra
(see below). Note that the chain complex of a permutahedral set is only defined with
Zo-coefficients in general.

4.3. The Cartesian product of permutahedral sets
The objects and morphisms in the category P x P are the sets and maps

nll= [ rixsl and |J fxg:m!l—nll

r4s=n f,geP
allm,n > 1. Thereis a functor A : P — P x P defined as follows. If A|B € Q,.1(n)U
Q1,s(n), define A, ;(A|B) = A1|B; x A2 By € r! x s! and define 6 45 : (n—1)! — n!
by

A(041B) = 04,8, X 0B,

where d4, 5, = 1 for either i = 1 or i = 2. Define A(84,p) similarly. On the other
hand, if A|B ¢ Q,.1(n)U Q1 s(n), define

A(0a1B) = A(0x|L) AN ) A(Be|p)s

where K|L, M|N, C|D are given by the formulas in (4.3). Dually, define A(Byn ).
It is easy to check that A is well defined.
Given multipermutahedral sets Z’, Z” : P — Cj, first define a functor

Z'xZ" :PxP —Cu
on an object n!! by
(2'x2")m) = ] 2'(r) x 2"(s),/~,

r4+s=n

/

where (a,b) ~ (c,e) if and only if a = 0], .,

h=U(f xg):m!l — nll,
(Z'xZ")(h) : (Z'xZ")(nl)) — (Z2'xZ2")(m!)
is the map induced by J(Z'(f) x Z”(g)). Now define the product Z' x Z” to be

the composition of functors

Z'x Z"=2Z'"xZ"o A: P — Cy.

(¢) and e = Q/ll‘ﬂ\l(b). On a map

The face operator dy g on 2’ x 2" is given by

dlﬂﬁA‘ﬁﬁB ((L) X b7 Zf A|B S Ql,s (n)v
dajp(axb) = axXdina i) Gnp)—r1(0), i AlB € Qri(n), (4.8)
ocipdmndi | (@ X D), otherwise,

with M|N, K|L, C|D given by the formulas in (4.3).
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Example 6. The canonical map ¢ : Sing” X x Sing”Y — Sing®” (X x Y) defined
for (f,g) € Singf X x SinglY by
u(f,9)=(f xg)oAs

is a map of permutahedral sets. Consequently, if X is a topological monoid, the
singular permutahedral complex Sing” X inherits a canonical monoidal structure.

4.4. The diagonal on a permutahedral set
Let Z = (2,,da|B, 0m|n) be a multipermutahedral set. The chain complex of Z
is
CP(2) = C.(2)/DGN,
where DGN is the submodule generated by the degeneracies;
(C(2),d)= P (Coa(Z™7™),dn,m,)

n)ytl=n
n>1

and
Aoy, = > — (=)0 shuff (C; N A;C; N B) dayp-
4B, @y, ()
The explicit diagonal
A:CP(2)—Cl(2)aCl(2)
on a C 2, is given by
Ala)= > csgn(F) degry(a) ® dogpy(a), (4.9)

Fegaxn-at2
0<g<sn

where da, | A, = Z(lelm\AkH)'
4.5. The double cobar-construction Q?C,(X)

Given a simplicial, cubical or a permutahedral set W with base point x, let C (W)
denote the quotient
C.(W)/Cso(x). Say that W is k-reduced if W; contains exactly one element for
each i < k and let QC denote the cobar construction on a 1-reduced DG coalgebra
C. In [8] and [9], Kadeishvili and Saneblidze construct functors from the category
of 1-reduced simplicial sets to the category of cubical sets and from the category of
1-reduced cubical sets to the category of multipermutahedral sets (denoted by € in
either case) for which the following statements hold (c.f. [3], [2]):

Theorem 4. [8] Given a I-reduced simplicial set X, there is a canonical identifi-
cation isomorphism

QC.(X) =~ C2(2X).
Theorem 5. [9] Given a I-reduced cubical set Q, there is a canonical identification
isomorphism

QCH(Q) = CL(QQ).



Homology, Homotopy and Applications, vol. 6(1), 2004 394

For completeness, definitions of these two functors appear in the appendix. Since
the chain complex of any cubical set () is a DG coalgebra with strictly coassociative
coproduct, setting Q = QX in Theorem 5 immediately gives:

Theorem 6. For a 2-reduced simplicial set X there is a canonical identification
isomorphism

020, (X) ~ C2(Q2%X).

Now if X = Sing'Y, then QC,(X) is Adams’ cobar construction for the space
Y [1]; consequently, there is a canonical (geometric) coproduct on Q2C,(Sing'Y).
We shall extend this canonical coproduct to an “A.-Hopf algebra” structure in the
sequel [16].

5. The Multiplihedra and Associahedra

The multiplihedron .J,, and the associahedron K, are cellular projections of P,
defined in terms of planar trees. Consequently, we shall need to index the faces of
P, four ways: (1) by partitions of n (see Section 2), (2) by (planar rooted) p-leveled
trees with n+ 1 leaves (PLT’s), (3) by parenthesized strings of n+ 1 indeterminants
with p — 1 levels of subscripted parentheses and (4) by (p — 1)-fold compositions
of face operators acting on n + 1 indeterminants. The second and third serve as
transitional intermediaries between the first and fourth.

Define a correspondence between PLT’s and partitions of n as follows: Let T,
be a PLT with n + 1 leaves, p-levels and root in level p. Number the leaves from
left to right and assign the label 7 to the node at which the branch of leaf i meets
the branch of leaf ¢ + 1, 1 < ¢ < n (a node may have multiple labels). Let U; =
{labels assigned to j-level nodes} and identify T ; with the partition Uy] - - -|U, of
n (see Figure 9). Thus binary n-leveled trees parametrize the vertices of P,,. Loday
and Ronco constructed a map from S,, to binary n-leveled trees [12]; its extension
to faces of P,, was given by Tonks [19]. Note that the map from PLT’s to partitions
defined above gives an inverse.

, 56— 256|134
1 — d(0,1)d(1,1)(4,2)
34
— ((‘ (")1)2°(°°°)1)

Figure 9: Various representations of the face 256|1|34.

To define the correspondence between PLT’s and subscripted parenthesizations
of n+1 indeterminants, begin by identifying the top cell of P,, with the (n + 1)-leaf
corolla and the (unsubscripted) parenthesized string (z122 - @n41) . Let T?, | be a
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PLT with p > 1. If the branches meeting at a level 1 node contain leaves i, ...,i+k,
enclose the corresponding indeterminants in a pair of parentheses with subscript
1; if the branches meeting at a level 2 node contain leaves i1,...,%, enclose the
corresponding indeterminants in a pair of parentheses with subscript 2; and so on
for p — 1 steps (see Example 5).

Compositions of face operators encode this parenthesization procedure. For s > 1,
choose s pairs of indices (i1,¢1)--- (is,¢s) such that 0 < 4, < 4,401 < n — 1 and
ir + £, +1 < i.41. The face operator

A(iy 00)(in, ) P P — 0P,

acts on (213 - Tp41) by simultaneously inserting s disjoint (non-nested) pairs of
inner parentheses with subscript 1, the first enclosing x;, +1 - - - 4, 4+¢,+1, the second
enclosing x;,4+1 - - i, +0,+1, and so on. Thus,

iy 1) (g 00) (T1T2 + - Tpgr) =

(@1 (@Tiy41 Ty +1)1 (Tigt1 0 T, 41) 1 T1) -

A composition of face operators

. k
it ey () a)-(,0,) PP O (5:1)

Sp0 s1°%s

continues this process inductively: If the j** operator inserted parentheses with
subscript j, treat each such pair and its contents as a single indeterminant and
apply the (j + 1)St as above, inserting parentheses subscripted by j + 1.

Refer to Figure 9 above. The composition d(g,1)d(1,1)(4,2) acts on (e e eeeee) in
the following way: First, d(; 1)(4,2) simultaneously inserts two inner pairs of paren-
theses with subscript 1:

(e(e0)y s (s0e),).
Next, dg,1) inserts the single pair with subscript 2:

(o (s@))ys (sw),).

We summarize the discussion above as a proposition.

Proposition 5. The following correspondences (defined above) preserve combina-
torial structure:

{Faces of P,} < {Partitions of n}
—  {Leveled trees with n + 1 leaves}

Strings of n + 1 indeterminants
with subscripted parentheses

Compositions of face operators
acting on n + 1 indeterminants.

Assign the identity face operator Id to the top dimensional face of P,y; and
use the correspondences above to assign compositions of faces operators to lower
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dimensional faces (see Figure 10). For faces in codimension 1 we have:

Face of P, Face operator
P, x0 d(O,n)
}%/x 1 dU%U

— glitttn]

d(iy 1) (i) % 051 d(iy 1) (ir 00

iy 1) (i i) X |

1= gttt 1] | de) - Guamy, ikt be<n
’ diy,00)(in e +1)s Tk + s =1

d(o,1)d(2,1) da,1) di1,1)d2,1)
d(0,1)(2,1) d1,2)

dando,n) ¢ Id ? dunda
do,1) d1,1)

d(0,1)d0,1) do,2) d(o,1)d(11)

Figure 10: Ps with face-operator labeling.

Since compositions of face operators are determined by the correspondence between
faces and partitions, we only label the codimension 1 faces of the related polytopes
below.

The associahedra { K, } serve as parameter spaces for higher homotopy associativ-
ity. In his seminal papers of 1963 [18], J. Stashefl constructed K, in the following
way: Let Ky = %; if K,,_1 has been constructed, define K,, to be the cone on the
set

U (K, x Ky), .
r+s=n+1
1<k<n—s+1
Thus, K, is an (n — 2)-dimensional convex polytope.

Stasheff’s motivating example of higher homotopy associativity in [18] is the sin-
gular chain complex on the (Poincare) loop space of a connected CW-complex. Here
associativity holds up to homotopy, the homotopies between the various associa-
tions are homotopic, the homotopies between these homotopies are homotopic, and
so on. An abstract A, -algebra is a DGA in which associativity behaves as in Stash-
eff’s motivating example. If 2 : A® A — A is the multiplication on an A, -algebra
A, the homotopies ¢" : A®™ — A are multilinear operations such that ¢? is a chain
homotopy between the associations (ab) ¢ and a (be) thought of as quadratic com-
positions ¢? (¢? ® 1) and ¢? (1 ® ¢?) in three variables, ¢* is a chain homotopy
bounding the cycle of five quadratic compositions in four variables involving ¢? and
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¢3, and so on. Let C, (K,.) denote the cellular chains on K,.. The natural correspon-
dence between faces of K, and the various compositions of the ¢™’s in r variables
(modulo an appropriate equivalence) induces a chain map C, (K,.) — Hom (A®", A)
that determines the relations among the compositions of ¢™’s. This chain map to-
gether with our diagonal on K, leads to the tensor product of A.-algebras (see
Section 5).

Now if we disregard levels, a PLT is simply a planar rooted tree (PRT). Quite
remarkably, A. Tonks [19] showed that K, is the identification space P,_1/ ~
in which all faces indexed by isomorphic PRT’s are identified. Since the quotient
map 0 : P, — K, is cellular, the faces of K,, are indexed by PRT’s with n
leaves. The correspondence between PRT’s with n leaves and parenthesizations of
n indeterminants is simply this: Given a node N, parenthesize the indeterminants
that correspond to leaves on all branches that meet at node N.

Example 7. With one exception, all classes of faces of Ps consist of a single
element. Elements of the exceptional class

[113[2,132, 3[1/2]

represent the parenthesization ((ee) (ee)). Whereas 1|32 and 3|1|2 insert inner
parentheses in the opposite order, the element 13|2 inserts inner parentheses si-
multaneously and represents a homotopy between 1|3|2 and 3|1|2. Tonks’ projection
0 sends the exceptional class to the vertex of K4 represented by the parenthesiza-
tion ((ee) (ee)). The classes of faces of Py with more than one element and their
projections to K5 are:

[12]4]3,124]3,4]12|3] - (

[1/3|24, 13[24, 3]1|24] — ((ee)
[1]4]23, 14|23, 4]1]23] — ((oe) @ (oo
[2]4]13,24[13,4|2|13] — (e (o) (ee))
[1)34]2,134]2, 34|1|2] — ( )

[1]3]2]4,13(2]4, 3[1]2|4] — (((ee) (ee)) )
[2[4]3[1,24[3[1,4[2[3[1] — (e ((ee) (ve)))
[1]2]4]3, 124[3, 1[4[2(3, 14|2|3, 4]1]2[3] — ((
[1]3]4]2,13|4|2, 3[14|2, 3[14]2, 3]4[1]2] — ((
[1]4]3]2, 14]3]2, 4]1]3|2, 4|13|2, 4|3]1]2] — ((e
(2[114]3,2[14]3, 2[4[1]3, 241|3, 4|2[1[3] — ((

Faces and edges represented by elements of the first five classes project to edges;
edges and vertices represented by elements of the next six classes project to vertices.

The multiplihedra {J,1}, which serve as parameter spaces for homotopy mul-
tiplicative morphisms of A..-algebras, lie between the associahedra and permuta-
hedra (see [18], [6]). If f! : A — B is such a morphism, there is a chain homotopy
f? between the quadratic compositions f'¢p% and ¢% ( flef 1) in two variables,
there is a chain homotopy f2 bounding the cycle of the six quadratic composi-
tions in three variables involving f1, f2, ©%, ¥%, »% and %, and so on. The
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natural correspondence between faces of J, and the various compositions of f?, <pf'4
and ¢% in r variables (modulo an appropriate equivalence) induces a chain map
Ci (J,) — Hom (A®", B).

The multiplihedron J,, 1 can also be realized as a subdivision of the cube I™. For
n=20,1,2 set J,41 = Pyy1. If J, has been constructed, J, 41 is the subdivision of
Jn X I given below and its various (n — 1)-faces are labeled as indicated:

Face of J,41 Face operator
Jn x 0 d(0,n)
Jp x 1 din.1)
d(i,é) x I d(%@’ 1<i<n—4¢
dgie x [0,1—277] dipy, 1<i=n—1{
d(i,é)x [1*271-,1] d(i,e+1),1<i:n—£
d(0,61)(ir,00) X [0,1 = 2877 A (0,61 (i %)
d ; ig<n—1~
d i % [1— 2Ic—n7 1 (0,61) (LK) (n,1)s ’k k
(000t [ } { A(0,61)+(in L +1) ix =n — L.

Thus faces of J,41 are indexed by compositions of face operators of the form

i) " Diny i) Gy g) " " i 1) (5.2)

In terms of trees and parenthesizations this says the following: Let T be a (k + 1)-
leveled tree with left-most branch attached at level p. For 1 < j < p, insert level
j parentheses one pair at a time without regard to order as in K, 12; next, insert
all level p parentheses simultaneously as in P, ;1; finally, for j > p, insert level j
parentheses one pair at a time without regard to order. Thus multiple lower indices
in a composition of face operators may only occur when the left-most branch is
attached above the root. This suggests the following equivalence relation on the
set of (k + 1)-leveled trees with n + 2 leaves: Let T and T’ be p-leveled trees with
n + 2 nodes whose p-level meets U, and U, contain 1. Then T' ~ T" if T and T"
are isomorphic as PLT’s and U, = U;. This equivalence relation induces a cellular
projection 7 : P41 — Jn41 under which J,,41 can be realized as an identification
space of P, 1. Furthermore, the projection J, 1 — K, 2 given by identifying faces
of Jy,4+1 indexed by isomorphic PLT’s gives the factorization P41 —— Ju11 — Kpio
of Tonks’ projection.

It is interesting to note the role of the indices ¢; in compositions of face operators
representing the faces of J,y1 as in (5.2). With one exception, each U; in the
corresponding partition Uy|---|Up41 is a set of consecutive integers; this holds
without exception for all U; on K, ;2. The exceptional set U, is a union of s sets of
consecutive integers with maximal cardinality, as is typical of sets U; on P, 1. Thus
Jn+1 exhibits characteristics of both combinatorial structures.
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d(3,1)
(1, 1, l)
d(0,2)(3,1) d2,2) do,1)(2,2)|d(0,1)(3,1)
d(1,3)
d0,2) da,1) p
d d2,1) do,1yen| “OY
(1,2)
(0,0,0)
d0,3)

Figure 11: Jy as a subdivision of J3 x I.

We realize the associahedron K, ;5 in a similar way. For n = 0,1, set K, 12 =
Pnt1. If K,4+1 has been constructed, let e; . denote the face (z1,...,%i—1,€, Tiy1,
cooyxp) C I where € = 0,1 and 1 < ¢ < n. Then K, is the subdivision of
K, 11 x I given below and its various (n — 1)-faces are labeled as indicated:

Face of K, 2 Face operator
€0 d(0,0); 1<l<n
€n,1 d(n,l),

d(@g) x I d(i,f), 1<i<n—4¢
d(i,@) X [0, 1-— 27i] d(i,(), 1<i=n—/4
dip x [1—2701] diiet1), I1<i=n—/

d2,1)
d1,2)
do,1) Id ¢
dqi,)
d(o,2)

Figure 12: K4 as a subdivision of K3 x I.
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IERY)
(1,1,1)
d(2,2)
d1,3)
do,2) d1,1) din) do,1)
d(1,2) ’
(0,0,0)
d0,3)

Figure 13: K5 as a subdivision of Ky x I.

6. Diagonals on the Associahedra and Multiplihedra

The diagonal Ap on C, (P,41) descends to diagonals Ay on Cy (J,11) and Ag
on C, (K,12) via the cellular projections 7 : Pyy1 — Jpaq and 0 : Ppiq — Ko

discussed in Section 2 above. This fact is an immediate consequence of Proposition
7.

Definition 20. Let f : W — X be a cellular map of CW-complezes, let Ay be
a diagonal on C, (W) and let X" denote the r-skeleton of X. A k-cell e C W
is degenerate under f if f(e) € X with r < k. A component a @ b of Aw is
degenerate under f if either a or b is degenerate under f.

Let us identify the non-degenerate cells of P, ; under 7 and 6.

Definition 21. Let Aq|---|A, be a partition of n+1 withp > 1 and let 1 < k <
p. The subset Ay, is exceptional if for k < j < p, there is an element a; ; € A; such
that min A, < a; ; < max Ag.

Proposition 6. Let a = Aq|---|A, be a face of Pyy1 and let
d(i’f’l,l‘f’l)--(ié’;_ll,l’;g_ll) e G )
be its unique representation as a composition of face operators.
(1) The following are all equivalent:
(1a) The face a is degenerate under 7.
(1b) min A; > min (A1, U--- U A,) with A; exceptional for some j < p.

(1c) i% > 0 and s > 1 for some k < p.
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(2) The following are all equivalent:
(2a) The face a is degenerate under 6.
(2b) A; is exceptional for some j < p.

(2¢) s > 1 for some k < p.

Proof. Obvious. O

Example 8. The subset Ay = {13} in the partition a = 13|24 is exceptional and
the face a C Py is degenerate under 0. In terms of compositions of face operators,
the face a corresponds to d1y(2,1) (21 x5) with sy = 2. Furthermore, a is also
non-degenerate under T since iy = 0 (equivalently, min A; < min Ay ).

Next, we apply Tonks’ projection and obtain an explicit formula for the diagonal
Ak on the associahedra.

Proposition 7. Let f : W — X be a surjective cellular map and let Ay be a
diagonal on C, (W) . Then Ay uniquely determines a diagonal Ax on Cy (X) given
by the non-degenerate components of Ay under f. Moreover, Ax is the unique map
that commutes the following diagram:

C, (W) 2% ¢, (W) C, (W)

Il Lfef

C(X) = C(X)@C.(X).

Proof. Obvious. O

In Section 2 we established correspondences between faces of P,y and PLT’s
with n 4 2 leaves and between faces of K, 12 and PRT’s with n + 2 leaves. Since a
PRT can be viewed as a PLT, faces of K, 12 can be viewed as faces of P,,;1.

Definition 22. Forn > 0, let Ap be the diagonal on C, (Pp41) and let 0 : Py —
K12 be Tonks’ projection. View each face e of the associahedron K, 2 as a face
of Poy1 and define Ak : Cy (Kpy2) — Cy (Kpy2) @ Cy (Kpq2) by

Ax(e) = (0®0)Ap(e).

Corollary 2. The map Ak given by Definition 22 is the diagonal on C, (K, 42)
induced by Ap.

Proof. This is an immediate application of Proposition 7. O

Consider a CP u® v = ¢(F) ®@ r (F) related to SCP a ® b = ¢(FE) ® r(E)
via ' = Dy, , -+ Di1Rpy, , - R1E. Note that both factors of u ® v are non-
degenerate under 6 if and only if b is non-degenerate and each M; has maximal
cardinality. Alternatively, if dP - - - d' ®d? - - - d! (e" ® e") is a component of A (e"),
factors in the corresponding pairing T, ® T, of PRT’s have n 4 2 leaves, p 4+ 1 and
g+ 1 nodes and respective dimensions n —p and n —q. Hence p+¢ =n and T, ® T,
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has exactly n+2 nodes. But if T3, ® T}, is the pairing of PLT’s corresponding to u®w,
forgetting levels in T,, ® T, gives the pairing of PRT’s corresponding to 6 (u) ® 6 (v).
Since the number of nodes in T, ® T), is at least n+2, 0 (a) ® 0 (b) is non-degenerate
in Ak (e") if and only if the total number of nodes in T,, ® T,, is exactly n + 2.

Choose a system of generators e” € Cy, (K, 42), n > 0. The signs in (6.1) below
follow from (3.2).

Definition 23 ([15]). For each n > 0, define Ax on e™ € C,, (Kp12) by

Ag (e") = Z (=1 dy 10, 1) cdiiy @i e e diig ) (€@,

0<p<p+q=n+2

(6.1)
where
p—1 q—1
€= il + 1)+ (i +k+qkb,
j=1 k=1
and lower indices ((i1,41) , ..., (ip—1,lp—1); (i1, £1) ..., (it _1,€,_1)) range over all
solutions of the following system of inequalities:
1<d) <ify <n+l (1)
1<€;<n+l—ig—€2jfl) (2)
. . o (6.2)
0<ie < min i iy — by} (3)
1<l =€, — i — f(k,l), (4) ) 1gk<p—
1<j<q—1

where
{e1 < <eq—l}:{17---771}\{1"1,_.,7@';_1};
€0 =lo =Ly =ip =i = 0;
io =g =€q = Lp) =Ly =n+1;
Ly = Z;:o ¢ for 0 < u < p;
Uy = Do b, for 0 S u < g;
— . ./ / , .
tu = min {T' | Z’r +€(’r‘) _E(O(u)) > €n > ZT}’
o(u) =max{r |, >e€,};and

o' (u) =max{r | e <i}.

Extend Ay to proper faces of K12 via the standard comultiplicative extension.

Theorem 7. The map Ak given by Definition 23 is the diagonal induced by 6.
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Proof. If v = Lg(v') is non-degenerate in some component v ® v of Ap, then so is
v, and we immediately obtain inequality (1) of (6.2). Next, each non-degenerate de-
creasing b uniquely determines an SCP a®b. Although a may be degenerate, there is
a unique non-degenerate u = Ry, , -+ Ra, (a) obtained by choosing each M; with
maximal cardinality (the case M; = @ for all j may nevertheless occur); then u®b is
a non-degenerate CP associated with a®b in Ap. As a composition of face operators,
straightforward examination shows that u has form u = d;,_, ¢, 1)~ d(, 0)(e")
and is related to b = d(i;717g;71) e dgr ey (€) by
= min i iy~ Loy LSE<p

and equality holds in (4) of (6.2). Finally, let b = Lg(b). As we vary b in all possible
ways, each b is non-degenerate and we obtain all possible non-degenerate CP’s
@ ® b associated with @ ® b (& = w when b = b and 8 = @). For each such
U = d,_ ., ) dg,e)(e") we have both inequality (3) and equality in (4) of
(6.2). Hence, the theorem is proved. O

Example 9. On K4 we obtain:
A (%) = {do,1do,1) ® 1+ 1@ danydez) + do) @ dia,yy
+d(072) ® d(172) + d(l,l) ® d(172) — d(071) X d(2’1)} (62 ® 62).

7. Application: Tensor Products of A.-(co)algebras

In this section, we use Ak to define the tensor product of A..-(co)algebras in
maximal generality. We note that a special case was given by J. Smith [17] for certain
objects with a richer structure than we have here. We also mention that Lada and
Markl [11] defined an A tensor product structure on a construct different from
the tensor product of graded modules.

We adopt the following notation and conventions: Let R be a commutative ring
with unity; R-modules are assumed to be Z-graded, tensor products and Hom’s are
defined over R and all maps are R-module maps unless otherwise indicated. If an
R-module V is connected, V = V/V;. The symbol 1 : V — V denotes the identity
map; the suspension and desuspension maps T and | shift dimension by +1 and
—1, respectively. Define V& = R and V®" = V ® ---® V with n > 0 factors;
then TV = @,>0V®™ and TV (respectively, T°V') denotes the free tensor algebra
(respectively, cofree tensor coalgebra) of V. Given R-modules Vi,...,V,, a permu-
tation o € S, induces an isomorphism o : V1 ®---@V,, = Voo1() @+ - @ V,-1(,) by
o(ry - 2n) = £ To-1(1) ** To—1(n), Where & is the Koszul sign. In particular, o3, =
(13- (2n—1) 24 -~ 2n): (A® B)®" — A®" ® B®" and 0,5 = 0, induce
isomorphisms (02,)" : Hom (A®" @ B®" A® B) — Hom ((A ®B)*" A® B)

and (oy,2),: Hom (A® B, A®*" @ B®") — Hom (A® B, (A®B)®n). The map

t: Hom(U,V)® Hom (U", V') - Hom (U ® U',V ® V') is the canonical isomor-
phism. If f: V®P — V®4 is a map, we let f;,,—p_; = 19" @ f ® 1®7P~i ; YO
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VOn=r+d where 0 < i < n—p. The abbreviations DGM, DGA,and DGC stand for
differential graded R-module, DG R-algebra and DG R-coalgebra, respectively.
We begin with a review of A.-(co)algebras paying particular attention to the
signs. Let A be a connected R-module equipped with operations {¢* ¢
Hom#=2 (A®F A)} ;1. For each k and n > 1, linearly extend ¢* to A®" via

n—k

S s 450 o,
=0

and consider the induced map of degree —1 given by

Z l®k l i | (T Z)®n . (T Z)®n7k+1.

i=0
Let BA =T¢ (T A) and define a map dg , : BA — BA of degree —1 by
dga = Z (1 o l®k)i,n—k—i' (7.1)
1<k<n
0<i<n—k

The identities (—1)"/? 18n |®n= 18n and [n/2] + [(n + k) /2] = nk + [k/2] (mod
2) imply that

= Z (_1)[(n*k)/2]+i(k+1) 1@n—k+1

dBA - (Pz n—k—i l®n (72)

1<k<n
o<i<n—k

Definition 24. (A,(p”)n>1 is an Ax-algebra if d2 =0.

Proposition 8. For each n > 1, the operations {go”} on an A -algebra satisfy the
following quadratic relations:

L(i+1 n—
ST ()Tt =0 (7.3)

0<t<n—1
o<i<n—£4—1

Proof. Forn > 1,

—k)/2]+i(k+1 —k+1 —k+1 —k+1 kK
0= Z (—1)[(n=R)/2IHARED) 4 pn—htl | @n—ktlq@n—k+ O 1B
1<k<n
0<i<n—k
_ n—k+i(k+1) k—1 k
- 2{: (_l) n Pin—k—i
1<k<n
0<i<n—k
_ n £(i+1) n £, (41
- _>0_1) j{: (_1) wzn —1—i"
0<e<n—1
0<i<n—£—1

It is easy to prove that

Proposition 9. If (A,¢"),, is an Ax-algebra, then (EAvdBA> is a DGC.
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Definition 25. Let (A, ¢"), 5, be an A -algebra. The tilde bar construction on A
is the DGC (BA,dg ).

Definition 26. Let A and C be Ay -algebras. A chain map f = f1: A — C is
a map of As-algebras if there is a sequence of maps {f¥ € Hom"*~! (A®k, C)}k>2
such that

Xn

F=> (> 1119 :BA—BC

n>1 \k>1
is a DGC map.
Dually, consider a sequence of operations {¢)¥ € Hom*—2 (A, A®’“) }i>1. For each

k and n > 1, linearly extend each 9% to A®™ via

n—1

k . ARN n+k—1
Z Yip_1—i A" — A )
i=0

and consider the induced map of degree —1 given by

1
Rn+k—1

M

(R ) M () R ()

n

s
I
o

Let QA = T¢ (L Z) and define a map dg , : QA — QA of degree —1 by
dey = Z (l®k Y T)i,n—l—i’

n,k>1
0<i<n—1
which can be rewritten as
2] +i(k+1)+k(n+1 k-1 .k
dgy= D (FDMATERIREE) otk gh, e (14)
nk>1
0<i<n—1

Definition 27. (A,9"), -, is an Ax-coalgebra if dél4 =0.

Proposition 10. For each n > 1, the operations {1/)’“} on an As-coalgebra satisfy
the following quadratic relations:

£(n+it1 _
Z (_1) (n+i+ )wf’-;174717iwn £ _ 0. (75)
0<e<n—1
0<i<n—£—1
Proof. The proof is similar to the proof of Proposition 8 and is omitted. O

Again, it is easy to prove that
Proposition 11. If (A,9"), -, is an Ax-coalgebra , then (QA, dﬁA) is a DGA.

Definition 28. Let (A, w”)n>1 be an Ao -coalgebra. The tilde cobar construction on

Ais the DGA (94, dg, )
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Definition 29. Let A and B be A..-coalgebras. A chain map g=g' : A — B is a
map of As-coalgebras if there is a sequence of maps {g* € Hom"*~! (A, B®k)}k>2
such that

Xn

g=> (D 1% g"1 : QA — OB, (7.6)

n>1 \k>1

is a DGA map.

The structure of an A,.-(co)algebra is encoded by the quadratic relations among
its operations (also called “higher homotopies”). Although the “direction,” i.e., sign,
of these higher homotopies is arbitrary, each choice of directions determines a set
of signs in the quadratic relations, the “simplest” of which appears on the algebra
side when no changes of direction are made; see (7.1) and (7.3) above. Interestingly,
the “simplest” set of signs appear on the coalgebra side when ¥™ is replaced by
(—1)[(”_1)/2] Y™, n > 1, i.e., the direction of every third and fourth homotopy is
reversed. The choices one makes will depend on the application; for us the appro-
priate choices are as in (7.3) and (7.5).

Let Ao = @p>20, (Kp) and let (A, ¢"), 5, be an A-algebra with quadratic
relations as in (7.3). For each n > 2, associate e" 2 € C,,_5 (K,,) with the operation
@™ via

"2 (=1)" " (7.7)
and each codimension 1 face d,e (e"‘2) € Cp—3 (K,,) with the quadratic compo-
sition

di,e) (end) = ‘Pn%‘?f,—;lfeflfr (7.8)
Then (7.7) and (7.8) induce a chain map
CA : .AOO — EBn>2H0m* (A(Xm, A) (79)

representing the A-algebra structure on A. Dually, if (A4, 1/)”)n>1 is an A,.-coalge-
bra with quadratic relations as in (7.5), the associations

en—2 — wn and d(i,[) (en—2) — warl wn—é

in—f—1—i
induce a chain map
€At Ase — BnzoHom™ (A, A®") (7.10)
representing the A..-coalgebra structure on A. The definition of the tensor product

is now immediate:

Definition 30. The tensor product of Ax-algebras (A,(a) and (B,(g) is given by

(A7<A) Y (BaCB) = (A®Bch®B)a
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where Cagp s the sum of the compositions

C.(Ky) Caop Hom((A® B)®", A® B)

l T (UQ,n)*L

Ag

Ci(K,)®C.(K,) — Hom(A®" A)® Hom (B®", B)
Ca®Cp
over all n > 2; the Ay-algebra operations ®™ on A ® B are given by
D" = (09,,)" 1 (Ca ®(p) Ak (e"77).
Dually, the tensor product of A -coalgebras (A,€4) and (B,&R) is given by
(4,84) ® (B,&B) = (A® B,{agn),

where Eagp s the sum of the compositions

C.(K,) taep Hom(A® B, (A® B)®)

1« T (Un,Z)*L

Ak

C.(K,) ® Ci(K,) Bpes Hom(A, A®™) @ Hom (B, B®")

over all n > 2; the Ax-coalgebra operations ¥™ on A ® B are given by

U™ = (0p2), L (€4 ®ER) Ak (e"7?).

Example 10. If (A,l/}")n>1 is an Ao -coalgebra, the following A, operations arise
on AR A:

U= ¢plel+leyp!
V2= o35 (V2 @9?)
U3 = g (V5U5 @ ¢ + 9 @ i)

U= 045 (V3UGUE ® ¥ + ¥t @ BRevE + viuE @ v
+Paud @ Yivd + YIyg @ Yivd — Y3ud ® Yiv)

Note that the compositions in Definition 30 only use the operations %" and
not the quadratic relations (7.5). Indeed, one can iterate an arbitrary family of
operations {1"} as in Example (10) to produce iterated operations U™ : A®F —

(A®k)®n whether or not (A4,9") is an A,.-coalgebra. Of course, the U™’s define

an Aso-coalgebra structure on A®* whenever d29 (aky = 0, and we make extensive

use of this fact in the sequel [16]. Finally, since Ak is homotopy coassociative (not
strict), the tensor product only iterates up to homotopy. In the sequel we always
coassociate on the extreme left.
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8. Appendix

For completeness, we review the definitions of the functors given by Kadeishvili
and Saneblidze in [8], [9] from the category of l-reduced simplicial sets to the
category of cubical sets and from the category of 1-reduced cubical sets to the
category of permutahedral sets.

8.1. The cubical set functor QX
Given a l-reduced simplicial set X = {X,,,9;, si}n>0, define the graded set QX
as follows: Let X ¢ be the graded set of formal expressions

Xk = {mi - 0inio () |2 € Xntnzomo,
where n;) = 1,41 < -+ <ig, 1 <i5<n+j—1,1<j <k, and let )_(C:s_l(Xi_o)
be the desuspension of X¢. Let Q'X be the free graded monoid generated by X¢;
denote elements of 'X by Z; - - - Zx, where z; € Kmy+1, my = 0. The total degree
m = |Z1---Tx| = Y. |Z;| and we write Z;---Zp € (' X)m. The product of two
elements z1 - -- Ty and 4 - - - ¢ is given by concatenation T --- Zr¥y1 - - - ye; the only
relation on €' X is strict associativity. Let 22X be the graded monoid obtained from
QX via
QX =QX/~,

where 0, () ~ sp(z) for x € Xso, and Ty Ny 41 (T5) - Tigr -+ T ~ Ty Ty -
m(wiy1) - Ty for m; € X5, 14, @ < k. Let M X denote the free monoid generated
by X = s71(Xs0); there is an inclusion of graded modules M X C Q'X.

Apparently Q'X canonically admits the structure of a cubical set. Denote the
components of Alexander-Whitney diagonal by

IZ3 Xn — Xi X Xn—i7
where v;(z) = ;41 -+ Op(x) X Jp - -+ 0;—1(x), 0 < i < n, and let 2™ € X,, denote an
n-simplex simplex. Then
l/i(l‘n) = (SL‘I)Z X (J?N)n_i € X; x Xn_;

for all n > 0. For 1 <i < n—1, define face operators df, dj : (2X),—1 — (2X), 2

@ i %
on a (monoidal) generator ™ € X,, C X< by

dj (z7) = («')’ - (z")"=" and dj (@) = 9; (a™),

and extend to elements Z1 --- T, € MX via

d? (fl .. fk) — El . (Jj{])]q . (x/q/)mq_jq"l'l .. 'Ekv

dzl (Ty---Tp) :El"'ajq (Tg) - Th,

where 1 = Mg—1)tTJg SM), 1L <i<n—1,1<qg< k. Then the defining identities
for a cubical set involving d? and d} can easily be checked on M X. In particular,
the simplicial relations between the 9;’s imply the cubical relations between d}’s;
the associativity relations between v;’s imply the cubical relations between dY’s,
and the commutativity relations between 9;’s and v;’s imply the cubical relations
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between d}’s and d?’s. Next, define degeneracy operators 7; : (2X),—1 — (QX),

on a (monoidal) generator T € (X¢),,_; by

ni(T) = ni();
and extend to elements T --- Ty € QX via

m(jl...xk):jl...njq(fq)...jk7

M (T1-Tk) = T1 - Ty gt (Th)
where i = mg_1) + jo <m, 1 <i<n—1,1<q<k, and extend face operators
on degenerate elements inductively so that the defining identities of a cubical set
are satisfied. Then in particular, the following identities hold for all z" € X,,:

d? (.%'7") — (CC’)l . (m//)n—l —e- (I”)"_l — (.”L'”)n_l =0y (SC"),

dO

v (:CT) — (x/)nfl . ((E”)l — (x//)nfl e = (x/)nfl — an (x”),
where e € (2X)o denotes the unit. It is easy to see that the cubical set {QX,d?, d},
7;} depends functorially on X.

8.2. The permutahedral set functor QQ
Let Q = (Qn,dY,d}, n;)n>0 be a 1-reduced cubical set. Recall that the diagonal

A:C(Q) — C.(Q)® C(Q)
on C,(Q) is defined on a € Q,, by
Ala) =% (-1)dp(a) ® dj(a),

where df, = d, ~~~d?q, dy = dj ~~d}p, summation is over all shuffles (4;B) =
(11 < -+ <ig;j1 <---<jp) of n and € is the sign of the shuffle. The primitive
components of the diagonal are given by the extreme cases A = @ and B = &.
Let Q = s7'(Q0) denote the desuspension of Q, let 2”Q be the free graded
monoid generated by @Q with the unit e € Q; C ©2”Q and let T be the set of formal

expressions
T = {om, N (( - 00t N, (00, | v, (@1 - @2) - @3) -+ ) - Gpy1)| @i € Qs bri>150>2,

M;|N;i € Priyrigps (T(ir1)) or Mi|Ni € P,y v, (T(i41)), 1 <@ < k. Note that one or
more of the a;’s can be the unit e. Adjoin the elements of T to ©2”Q and obtain the
graded monoid €'Q and let QQ be the monoid

2Q=2'Q,/~,

where oprn (@ - b) ~ onjar(@-b), 0jjn\j(€-a) ~ on\j;(@-e) ~ nj(a), a,b € Qxo,
and C_Ll DR Qﬂ\m—i—l(ai . 6) . C_LH_Q s C_Lk+1 ~ (_11 DR C_LZ‘ . Ql""'£+2+1\1(e . C_L»L‘J'_Q) oo (_Zk+1 fOI‘
a; € Qr,,0i41 = e, 1 < ¢ < k. Then Q@ is canonically a multipermutahedral set
in the following way: First, define the face operator d4p on a monoidal generator
a € Qn by

dap(@) = d%(a) - d4(a), AB € Punln).
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Next, use the formulas in the definition of a singular multipermutahedral set (4.3)
to define dq g and gprn on decomposables. In particular, the following identities
hold for 1 <7 < n:

dZILH\l (a) = dll (CL) and dLJrl\lh (E) = d?(a)
It is easy to see that (2Q, da|p, orn) is a multipermutahedral set that depends
functorially on Q.

Remark 3. The fact that the definition of QQ wuses all cubical degeneracies is
justified geometrically by the fact that a degenerate singular n-cube in the base of
a path space fibration lifts to a singular (n — 1)-permutahedron in the fibre, which
is degenerate with respect to Milgram’s projections [14] (c.f., the definition of the
cubical set QX on a simplicial set X ).
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