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ON THE HOMOLOGY OF SMALL CATEGORIES AND
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AHMET A. HUSAINOV

(communicated by Ronald Brown)

Abstract

This work is devoted to an interpretation and computation
of the first homology groups of the small category given by
a rewriting system. It is shown that the elements of the first
homology group may be regarded as the equivalence classes of
the flows in a graph of the rewriting system. This is applied
to calculating the homology groups of asynchronous transition
systems and Petri nets. Examples of calculations are given.

Introduction

This paper is devoted to the study of the first homology group of a category
with coefficients in a diagram of abelian groups. It was shown in [9] that, for a free
category generated by a directed graph, this homology group consists of generalized
flows in the graph. In this paper we shall extend this assertion to all small categories.
We prove that each member of the first homology group may be interpreted as a
class of generalized flows (Theorem 3.2). This result was announced in [8], but the
proof was not published.

The most important subject of this paper is concerned with the introduction and
calculation of homology groups of concurrent computing models. We use the models
which are studied by the theory of categories in [26]. A well known problem is to
define homology groups for such models; such homology groups are of interest for
computer science. E. Goubault [5] and P. Gaucher [3], [4] have given a definition of
homology groups for higher dimensional automata. In the work [11] it was proved
that the category of asynchronous transition systems admits a functor into the
category of pointed sets over partially commutative monoids. This allows us to
introduce a definition for homology groups of asynchronous transition system.

We prove (Theorem 1.2) that if a presentation (E, R) of a partially commutative
monoid has no distinct elements a,b,c € E for which ab = ba and bc = cb and
ac = ca, then the 2-category Q(R) related to (F,R) is trivial in the sense of [18].

Using Mitchell’s results we give in Corollary 3.5 conditions under which the
homology groups H,,(C, F) of a category C are zero for all diagrams F' and n > 3.
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This allows us to describe all the homology groups of asynchronous transition
systems which do not contain triples of mutually independent events (Corollary
5.4).

The homology groups of a category of states augmented by an “infinitely distant
state” were studied in the work [11]. The investigation of the homology groups
of the augmented category is reduced to studying the homology of partially com-
mutative monoids (Theorem 5.3). Nevertheless we consider mainly the homology
of the category of states without the infinitely distant state. In terms of flows we
describe the homology groups of the asynchronous transition system for the reader
and writer problem. Then we consider integer homology groups for a Petri net.
Finally, we calculate the integer homology of the pipeline Petri net.

I am grateful to an anonymous referee and to the Editor for many comments on
various versions which have helped to improve this paper.

1. Presentations of categories

Let A be a category. Given objects a,b € ObA denote by A(a,b) the set of
all morphisms @ — b. Each morphism « € A(a,b) has a domain doma = a and a

codomain cod a = b. We write a = bor a : a — bif o € A(a,b). We use the notation

Boa (or Ba) for the composition of morphisms a % b and b 2, ¢ instead of Mitchell’s
af3. Morphisms « and 8 are parallel if dom o = dom (3 and cod a = cod 3. In this
case (q, ) is called a parallel pair. By analogy with the building of the category
of topological spaces and homotopy classes of continuous maps we can consider a
“homotopical” category for an arbitrary category if we declare to be homotopic
morphisms of some parallel pairs. This leads us to a quotient category notion.

Quotient categories. Let C be a small category. Put C(a,b)? = C(a,b) x C(a,b).
The set
PC= |J C(ab)?
a,be0bC

thus consists of all parallel pairs in C.
For each parallel pair p = («, 3) we denote by domp = doma = dom 3 their
common domain and cod p = cod a = cod 3 their codomain.

DEFINITION 1.1. A subset Q of PC is called a congruence relation on C if the
following conditions hold:

(i) if g = (o, B) € Q, then (foaog, foBog) € Q for all morphisms f,g € Mor C
satisfying dom f = cod ¢ and cod g = domg;

(ii) for each pair (a,b) of objects in C the set Q(a,b) = C(a,b)> N Q is an
equivalence relation on the set C(a,b).

DEFINITION 1.2. Let C be a small category and @ a congruence relation on C.
The quotient category C/Q is a category with the set of objects ObC, in which the
morphism sets (C/Q)(a,b) for a,b € C are the equivalence classes with respect to
Q(a,b) on the sets of morphisms a — b in C.
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The map o — 7(«) defines a functor 7 : C — C/Q such that 7(a) = 7(53) for
all (o, 8) € Q. If F: C — D satisfies the same property, then there is an unique
functor £’ : C/Q — D such that F' o = F.

The functor 7 is the canonical projection.

Lemma 1.1. Let R C PC be an arbitrary set of parallel pairs in C and R the
smallest congruence relation containing R on C. Suppose that m : C — C/R is
the canonical projection. Let o, 3 : a — b be a parallel pair with o # 3. Then the
equality w(a) = w(B) holds if and only if there are morphisms z; with cod z; = b, y;
with domy; = a, and a sequence of pairs (s;,t;) € RUR™Y, 1 <i <k, such that

o = zZ181Y1,
z1t1y1 = z282Y2,
zatolya = 23S3Ys, (1)
pteyy = B

for some k > 0. The sequence (y;, S, ti,2), 1 < i <k, will be denoted by (y, s,t, z) :
a — [ and called a 2-path of length & from « to 3. Also we consider the empty
2-path denoted by ( ) from « to « by taking k = 0.

We recommend the paper [25] for a good discussion of 2-paths.

Let R be a set of parallel pairs. The quotient category C/R is denoted by C/R.
If there is a 2-path (y,s,t,2) : @« — (3, then we say a and [ are equivalent with
respect to R and write « ~ 3 mod R.

2-categories. B. Mitchell [18] used 2-categories in the study of small categories
with Hochschild-Mitchell dimension < 2. To apply his results [18] we recall the
properties of a presentation and the definition of a 2-category.

DEFINITION 1.3. A 2-category is a class of objects, ObC, together with a family
{Homc(a,b)}(apycobcxobc of some small categories. We assume also that there is
given for every triple (a,b,c) € ObC x ObC x ObC a functor

*q.b.c - Homc(a,b) x Homc(b,¢) — Hom¢(a,c)

and for every a € ObC there is given an object i, € Ob(Homc(a,a)). We write
Bra=xqp(a, ) fora € Mor(Homc(a,b)) and 3 € Mor(Homc(b,c)). For arbi-
trary o € Mor(Homc(a,b)), B € Mor(Homc(b,c)) and for f € Ob(Homc(a,b)),
g € Ob(Homc(b,c)) we write gxa = 1g% o, B f = 3% 1y. The objects of the
categories Homc(a,b) are called 1-morphisms and the morphisms of the categories
Homc(a,b) are called 2-morphisms. The functors * have to satisfy the following
azTioms:

(i) (vxB)xa =vx*(8*a) for all a,b,c,d € ObC and for all 2-morphisms
a € Mor(Homc(a,b)), 8 € Mor(Homc(b,c)), v € Mor(Homc(c,d));

(ii) a*i, =a=1d,*a for alla,b € ObC and o € Mor(Hom¢(a,b)).

The operation * is called the horizontal composition. The composition in the
categories Homc(a,b) is denoted by - and called the vertical composition.
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Every 2-category C has the category structure where ObC is the class of objects

and MorC = U Ob(Homc(a,b)) is the class of morphisms with the
(a,b)€OLTXObCT

composition g o f = *44..(f,g) for f € Ob(Homc(a,b)), g € Ob(Homc(b,c)) and
the identity morphisms i, € Ob(Homc(a,a)). So we write g o f for 1-morphisms
instead of g * f and 1, instead of i,.

REMARK 1.4. Since the composition %, . : Homc(a,b)xHomc(b,¢) — Homc(a, c)
is functorial, we have the interchange law

(8" xa") - (Bxa)=(8"B) (- )

where the point denotes the vertical composition. This is also called the “distributive
law” [18] or sometimes the “Godement law”.

EXAMPLE 1.5. The category Cat of all small categories is the 2-category whose
1-morphisms are functors and 2-morphisms are natural transformations. The com-
position Bxa:go f — g of' of natural transformations a: f — f', B:g9 — ¢’ is
defined by

Bra=(g'*a) (B*f)
where g' x o and B * f have components (9" * a)a = g'(aa) and (B * f)a = By(a)-

A 2-category and 2-paths. We consider the application of 2-categories to quotient
categories following B. Mitchell [18]. Let C be a small category and R a set of
parallel pairs in C.

For finite sequences © = (z1,+- ,2m) and y = (Y1, ,yn) denote their con-
catenation by z -y = (21, -+ ,Zm, Y1, " ,Yn) by Z -y, and the reverse by T =
(T, -+ ,21). If a sequence (a1, - , &y, ) consists of morphisms with a common do-
main d, then for each morphism « : a — d let za = (10, -+ ,2a). We define
similarly ax. For every 2-paths (z,a,3,y) : f — g and (2/,a/,3",y) : g — h we let
(', 68,y) (v, 8,y) = (x-2',a-a/, -0,y -y"). We get a 2-path from [ to h.
The reverse (Z, 3, @,y) yields a 2-path from g to f. There exists an identity 2-path
of length k£ = 0 from f to f. Hence pairs of morphisms (f,g) which have 2-paths
from f to g define an equivalence relation. Moreover, if (z, «, 3,y) is a 2-path from
f to g, then (zh, o, 8,y) is a 2-path from fh to gh and (z, o, 8, hy) is a 2-path from
hf to hg.

For any pair a,b € ObC, denote by Q0(R)(a, b) the set of all 2-paths between the
morphisms of C(a,b). The concatenation of 2-paths gives Qo(R)(a, b) the structure
of category. It is the category of paths in a directed graph whose arrows are 2-paths
of length 1. For (z,a,8,y) : f — g and (2/,a/,8,y') : f/ — ¢, define the 2-path
f'f—4dgas

(@',o, 3 y) * (2,0, 8,y) = (x,0, 8, 'y) - (' f, 0/, B,0))

when f’f and ¢’g are defined. The operation ’+" gives (o(R) a structure of category,
but the interchange law does not hold in it and the horizontal composition is not
functorial. Nevertheless, this operation becomes functorial on a quotient category
of Q(R).
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Suppose that R is an antisymmetric and irreflexive relation, i.e. (o, 8) € R
implies (8, ) ¢ R. A 2-path (z,«,5,y) : f — g is closed if f = g. A closed 2-path
(1) is said to be degenerate if k is an even number and if the set {1,2,--- , k} may be
partitioned into two element subsets {i, j} such that («s, 3;) = (8}, a;) and z; ~ x;
mod R, y; ~ y; mod R. Otherwise the closed 2-path is said nondegenerate. If
(z,a,8,y) and (2/,a, 3',y') are both 2-paths from f to g, then they will be called
equivalent if the vertical composition (7, 3, @, ) - (z/,a/, 3, y') is degenerate.

Following B. Mitchell [18] we define Q(R) as the 2-category such that

Ob(Q(R)) = Ob(2(R)) = ObC and Mor(UR)) = Mor(2(R)) = MorC

where the sets of 2-morphisms Homgqr)(a, b)(f, g) consist of the equivalence classes
of 2-paths (x,«, 3,y) : f — g which inherits the horizontal and vertical composi-
tions. For every a,b € Ob(C) the category Homgqr)(a,b) is a groupoid, since the
reverse of a 2-path becomes an inverse for it. If every closed 2-path is degenerate,
then Q(R) is called trivial.

It is easy to see that Q(R) is trivial if and only if for every 1-morphism f,g:a — b
the set Homgqr)(a,b)(f,g) contains at most of one element.

Rewriting systems. Let I’ be a directed graph. We denote by A(T) the set of its
arrows and by V(T') the set of its vertices. If C = Pal" is the path category in a
directed graph I" and R a set of parallel pairs in Pal’, then the pair (I', R) is called
a presentation of the quotient category Pal'/R. In this case the pair (I, R) is also
said to be a rewriting system for Pal'/R.

If the graph I'" has one vertex, then its arrows may be regarded as letters in
the alphabet E = A(T") and its paths are words w € E* = Pal". In this case the
rewriting system is denoted by (E,R) and presents a monoid. Rewriting systems
for presentations of categories were applied in [17], [19] to the study of the Hoch-
schild-Mitchell homology of categories.

DEFINITION 1.6. A monoid is said to be partially commutative if it has a presen-
tation (E,R) where E is an arbitrary set and R consists of some pairs (ab,ba) of
words with a,b € E and a # b.

EXAMPLE 1.7. Let E = {a,b,c}, R = {(ab,ba), (be,cb), (ac,ca)}. This rewriting
system presents the free commutative monoid generated by three members. It has
the closed nondegenerate 2-path

abc = bac,
bac = bca,
bca = cba,
cba = cab,
cab = ach,
acb = abe.

Theorem 1.2. Let (E,R) be a rewriting system of a partially commutative monoid
M where E is a set and R C E* x E* an antisymmetric and irreflexive relation
consisting of some pairs (ab, ba) with a,b € E. If there are no distinct letters a, b, c €
E for which (ab,ba) € RUR™! and (be,cb) € RUR™! and (ac,ca) € RUR™?,
then the 2-category Q(R) is trivial.
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PROOF. The 2-category Q(R) has a single object because (F,R) presents a
monoid. We will denote this object by M. Words o € E* are l-morphisms in
Q(R). Equivalence classes of 2-paths a — (¢ will be 2-morphisms from « € E* to
0 € E*. Every 2-path consists of steps (v, (a;bi, b;a;), zi) : z;a;b;y; — z;ib;a;y; where
(a;b;,bia;) € RUR™Y, y; € E*, z; € E*. Since Homgqg)(M, M) is a groupoid, it
is enough to prove an assertion about that for every aw € E* and § € E* there is at
most one 2-morphism a — .

We will prove it by induction on the length of a. Suppose that the assertion is
true for words of length less than the length of «. Let us suppose that there exists
a 2-path a — (. Then the length of « equals the length of 8. Let a = aw and
B = bw', for some letter a,b € E and some words w,w’ € E*.

We consider the case a # b. There are no words of the form cv, with ¢ € E\ {a, b},
which are contained in the 2-path o — 3; or else we would have (ac,ca) € RUR™?
and (bc,ch) € RUR™L.

Hence all morphisms o — 3 belong to a full subcategory of Homgqg)(M, M)
consisting of words of the form av and bv for some words v € E*. We denote this
full subcategory by Q4 5. Let Q4 C (4 4) be the full subcategory of words av and
let Q, € Q45 be the full subcategory of words bv, for all v € E*. (See Fig. 1.)

Qa Qb

Figure 1: A graph containing the 2-paths a — (8

The categories €2, and 2, are trivial because of the inductive hypothesis. Each
2-path o — (3 consists of steps av — av’, abv — bav, bv — bv’, bav — abv, for some
v,v’ € E*. Denote by v : ab — ba the equivalence class of the path containing the
single step (1, (ab,ba), 1) : ab — ba. Every 2-morphism o — [ equals a composition
of morphisms of forms 1, *n : av — av’, ¥ x 1, : abv — bav, 1y xn : bv — W',
=1 %1, : bav — abv, for some 2-morphisms 7 in Q(R).

Because of the distributivity law, for each 2-morphism 1 : v — v/, we have the
following commutative square

1,
abv ¥, bav

lab*n l l lba*n

, Pl ’
—

abv bav

It is easy to see from the commutativity of this square that every 2-morphism a — 3
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is the equivalence class of a path which consists of steps

(u,(ab,ba),1)
_

a=av—---— abu bau — --- — by =0
N——— ——

Qa Q

Since Q, and €2, are trivial, it follows from the distributivity law that every two
such paths are equivalent.

Now we prove that all closed 2-paths are degenerate. Let @« = aw. For each 2-
path a — « there exists b € F such that this 2-path consists of words which equal
either av or bv for some v € E*. If a = b, then we obtain a 2-path which has
the equivalence class a * 7 : aw — aw, for some 1 : w — w. Such 7 is equivalent
to a degenerate path by the inductive hypothesis. If a # b, then the equivalence
class of the 2-path a — «a equals the composition 6 - i for some w’ and 2-paths
n:aw — bw', 6 : bw’ — aw. Since 1 and the reverse of § are equivalent, we have
that 6 - 7 is degenerate. Hence (R) is trivial. O

2. Homology groups of a small category

The purpose of this section is to introduce the reader into homology of small
categories. We recommend the survey [8] for a deeper study of this theory. Let
Set be the category of sets and maps and Ab the category of abelian groups and
homomorphisms. A diagram in A on C is a functor C — A from a small category
C to a category A. In particular, for each object ¢ € C there is defined the diagram
he . C — Set with h°(a) = C(c,a) for objects a € C. This diagram assigns
to any morphism f : a — b the map C(c, f) : C(¢,a) — C(c¢,b) which acts as
Cle, )(g) = fog € Cle,b).

The category of diagrams in Ab. Let AbC be the category of diagrams C — Ab
in which morphisms are natural transformations. Limits and colimits in the diagram
category may be calculated objectwise. Consequently the category AbC has infinite
products, kernels, and cokernels. The following assertion is well-known [7]:

Proposition 2.1. The category AbC is abelian and has enough projective and in-
jective objects.

Since kernels and cokernels in the diagram category may be calculated objectwise,
the sequence of diagrams and natural transformations
0—F L FTE 0 2)
is exact if and only if the sequences of abelian groups and homomorphisms
0= F'(¢) 55 F(e) ™ F"(¢) — 0 (3)
are exact for all c € C.

Categories of homological dimension 0. A category is connected if it is not
equal to the coproduct of some nonempty categories. A small category is pseudo-
filtered [16] if its maximal connected subcategories are filtered. It is well known that
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if a small category C is pseudo-filtered, then the colimit functor colim® : AbC — Ab
is exact, i.e. for an exact sequence (2) the sequence

0 — colim© F’ — colim© F— colim© F"" — 0 (4)

is exact. U. Oberst [22] put forward the conjecture that if colim is exact, then C
is pseudo-filtered. But this was refuted by J. Isbell [12].

Small categories C for which the functor colim© is exact were characterized by
U. Oberst [23], J. Isbell and B. Mitchell [13]. Such categories are called categories
of homological dimension 0 [8]. Nevertheless little is known about these categories.

For example, there is a conjecture from J. Isbell and B. Mitchell [14] which is
concerned with the exactness of colim® : AbC — Ab with a fized point property of
C. Tt is possible that our interpretation of colim{C F (Theorem 3.2) may be helpful
for the resolution of this problem.

Satellites of the colimit functor. In general, the sequence (4) is not exact at
colim®© F’. The homology theory of small categories measures the failure of exactness
of this sequence. The theory of Abelian categories is the usual tool for the treatment
of this kind of problem.

The exact sequence (2) gives rise to the canonical long exact sequence

- — colim® F' — colim® F — colim® F” — colim® | F' — ...

- — colim© F" — colim© F — colim® F" — 0,

which defines a sequence of functors colimg : Ab® — Ab with the property coliméC =
colim €. They are the left satellites of colim®. Since AbC has enough projectives,
the left satellites are isomorphic to left derived functors of the colimit.

The values of the satellites are isomorphic to the homology groups of the chain
complex considered below.

For every family {A;}ic; we denote by in; : A; — @, Ai the canonical mor-
phisms into the coproduct. Let C be a small category. Denote by d}, 0 < i < n, the
maps assigning to each sequence o = (cq BeB... 3 ¢n) of length n the sequence
of length (n — 1) defined as follows. The maps df, for 0 < i < n, delete objects ¢;

[e3 « [67°% . . . (e 7] Q41
from ¢y — ¢; =3 --+ =3 ¢, and insert instead of morphisms ¢; 1 — ¢; — c¢;y1 the
.. Q4100 . . (o7}
composition ¢;—1 —— ¢j41. Fori =0 or i =n we let df(co — -+ — ¢p) =1 —
(e 7% n [e%1 (o) On—1
co— - Scpand dli(cog— - —>cep)=cp— 1> > Cpoq.

Let F': C — Ab be a diagram of abelian groups. The chain complez C.(C, F)
consists of the abelian groups

Cn(C,F) = @ F(ep), n=0,
co—+—Cn
(with C,,(C, F) = 0 for n < 0) and the homomorphisms (called “boundary opera-
tors”)

n+1
O =3 (-1)'0, : Co(C,F) — Coea(C,F), >0,
1=0
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where 0! is the unique morphism satisfying for each

[e5] [65) [0 72%%
oc=(cg—>c1 = Scy)
the condition
P Mgrne for1<i<n
0, 0ing = ‘ a
. 1 .
ingrs © F(co = c1) , fori=0.

For n > 0, the homology group H,(C.(C,F)) = Kerd,,/Imd,,11 is denoted by
H,(C,F) and called the n-th homology group of C with coefficients in F. Let
F: C— Ab, G : C — Ab be diagrams of abelian groups. A natural transfor-
mation 7 : F — G induces a chain homomorphism C,(C, F) — C,(C,G) and so
homomorphisms H,(C, F) — H,(C,G), for n > 0.

Proposition 2.2. [2, Appl.2] The functors H,(C,—) : Ab® — Ab are naturally
isomorphic to the left satellites colimf of the functor colim® : AbT — Ab.

Kan extensions and relative derived functor of the colimit. Let C and D
be small categories and S : D — C a functor. Let ¢ € ObC. The comma category
S | ¢ is the category with objects the pairs (d, f) with d € ObD and f € C(S(d),c)
and with morphisms (d, f) — (d', f') the triples (f, f’,g) satisfying f' o S(g) = f
[16]. Consider the functor Ab® : AbC — AbP which assigns to every diagram
G : C — Ab the diagram Go S : D — Ab and to every natural transformation
n: G — G’ the natural transformation 1 * S, where (9 * S)q = 1g(a)- The functor
Ab® has a left adjoint Lan® : Ab® — AbC which is called the left Kan extension
along S [16]. According to [16] for each diagram F : D — Ab the diagram Lan® F
may be given as (Lan® F)(¢) = colim®'* FQ, where Q. : S | ¢ — D is defined as
Q.(S(d) — ¢) = d. Recall that the diagonal functor Ap : Ab — AbP [16] assigns
to each abelian group A the functor ApA : D — Ab which has the value A at each
d € ObD and the value 14 at each a« € MorD. If f : A — B is a morphism in
Ab, then Ap(f): ApA — ApB is the natural transformation which has the same
value f at each object d € ObD. Since colim” is left adjoint to the diagonal functor
Ap : Ab — AbP, there is a natural isomorphism colim® F = colim© Lan® F. If D is
discrete, then Lan® F has values { @ F(d)}cec. We will consider any set E as a
S(d)—c

discrete category and a family {S(e)}.cg as the functor S : E — C. Now we define
a proper class in AbC such that the diagrams Lan® F are relative projective for
every family {F(e)}ccp of abelian groups F'(e). It allows us to consider the groups
H,(C, F) as the values of relative derived functors of the colimit.

A short exact sequence 0 — A’ AL A" 5 0 of abelian groups splits if there
exists a homomorphism v : A” — A such that f” ov” = 14.. This is equivalent to
the existence of v/ : A — A’ such that v/ o f’ = 14,. We consider a proper class P in
the sense of S. Mac Lane [15, Ch. XII] in the category AbC. This class consists of
all short exact sequences (2) of diagrams for which the exact sequences (3) split for
each ¢ € ObC. The class of proper epimorphisms P, consists of all " for which the
sequence (2) with ' = ker(n’) belong to P. The class of proper monomorphisms
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P consists of all ' for which the sequence (2) with " = coker(n’) belong to P. The
diagram F' € AbC is relative projective if the hom functor AbC(F,—) : AbC — Ab
carries the proper epimorphisms to epimorphisms.

A natural transformation n is proper if it is equal to a composition p o e of a
proper monomorphism g and a proper epimorphism €.

Lemma 2.3. Let E be a set and C a small category. For each map S : E — ObC
and family {G(e)}ecr of abelian groups the diagram Lan® G is relative projective.

Let S : ObC — C be the inclusion of maximal discrete subcategory of C. We
denote by O = Ab : AbC — AbOPC the functor of the restriction and L = Lan® :
AbPPC — AbC the left Kan extension. Let ¢ : LO — Idy,c be the counit of the
adjunction. Then for each diagram F € Ab® we have by [23] the following exact
sequence consisting of proper morphisms

d dn+t1

OHF£F0<d—1F1<d—2---<an<—-~-

with F, = (LO)"™'F and d,, = Y (—1)*d} where df = (LO)*(g(r.0yn-+p). It is a
k=0

relative projective resolution of F' by Lemma 2.3. The sequence 0 <+ Fy fp 1 &
is denoted by F,. The passage to colimit of F, gives a complex colim© F, =
C.(C, F). Hence Hn(colim(C F,) = H,(C,F). If P, — F is another proper projec-
tive resolution, then there exists a chain morphism P, — F, which is a homotopy
equivalence. The functor colim® : AbC — Ab is additive and consequently respects
homotopy equivalences. Hence the complexes colim® P, and colim® F, have the
same homology groups. Thus H, (colim® P,) = H, (colim® F,) = H,,(C, F) for all
n > 0 and for each proper projective resolution P, — F. We will use this fact in
the proof of Theorem 3.2.

The domain of the functors H,(—,=) may be extended to a category Dg(Ab)
whose objects are pairs (C, F') consisting of small categories C and diagrams F :
C — Ab. In the category Dg(Ab) any morphism (S,7n) : (C,F) — (D,G) will
be consisted of a functor S : C — D and a natural transformation n : F —

G o S. The composition of morphisms (C, F) ) (D, G) L) (E, H) is defined

as (T o S,(0 % 8) - n)). The identity morphism (1¢,1r) consists of the functor
1¢: C — C and the identity natural transformation.

Let (C, F) ) (D, G) be a morphism in Dg(Ab). Then the natural transforma-

tion n: F — G o S defines the coproduct homomorphism
P Fl)— P G(S().
co— ey co——rCn
The universality of the canonical injections
A

G(S(o) = P G(S(e)

Co—>""—Cnp
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and the homomorphisms

G(S() 2 @ Gld)

do—--—d,

give rise to the homomorphisms

@ G(S(co)) — @ G(do)

co—-—Cn do—+-—dp

inducing a chain homomorphism. This leads to the homomorphisms
H,(C,F)— H,(C,GoS)— H,(D,G)

for all n > 0. The composition gives functors H,(—,=) : Dg(Ab) — Ab, n > 0.

3. Interpretation of the first homology group of a category

The work [9] gave an interpretation of the first homology group of the free cate-
gory generated by a directed graph. The elements of the first homology group were
considered as families of “currents” which are assigned to edges and satisfy the
“First Kirchhoff Law” at every vertex. Homological algebra was used for the study
of abelian groups of flows. This section is devoted to an interpretation of the first
homology group of a category given by a rewriting system.

We first consider the case of a free category. Let I" be a directed graph. Suppose
that F': Pal’ — Ab is a diagram of abelian groups.

DEFINITION 3.1. A flow in T' with coefficients in F' is a family {f,} eca) of mem-
bers f, € F(dom~) such that:
(1) the sets {y € A(') : fy # 0} are finite;

(i1) for each c € V(T') the equality > F(v)(fy)= >, fy holds.
c=cod(v) c=dom(y)

Flows with intensifications and flows with delays are examples of such generalized
flows [9]. It is clear that the flows in T" with coefficients in F' form a subgroup of

the 1-chain group €@ F(dom(y)). Denote the subgroup of all flows by ®(T, F).
yeA(T)
The following assertion was proved in [9]

Proposition 3.1. For every diagram F : Pal'’ — Ab there is an isomorphism
(T, F) = colim] ' F.

We now introduce the notion of an internal flow. Denote the values in;(a) of
the canonical homomorphisms A; — @ A;, of a € A;, by ali]. Every member of
il
the coproduct admits a shape > a;[i] where a; € A; with the condition a; # 0 for
i€l
only a finite set of i € I. Let I" be a directed graph and R some set of parallel pairs
in the path category Pal'. Let C be a small category given by a rewriting system
(T,R) and 7 : Pal’ — C the canonical projection. Let F': C — Ab be a diagram of
abelian groups. Given paths o = ay, -+~ a7 and 8 = (3, -+ 01 with r = (o, 8) € R
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Fla1)f .
Q2
f
aq
N
—f B2
—F(B)f

Figure 2: The internal flow dy(f[r])

we denote by domr their common domain and codr the codomain. For any path
w = -7 of edges v; € A(T') and a member f € F(dom~;), k > 0 we denote
5flve---m] = fim] + Fy)(Hlve] + -+ F(ye—1 - 7)) ] Let 6f[w] = 0 if
k =0 (for the empty path). Then for each member f € F(n(dom(r))) there exists
a flow in I" with coefficients in F' o m which equals the difference of the 1-chains
dfla] — 6 f[6]. The values of this flow are pictured in fig. 2.

Denote the flow by d; (f[r]).

A flow ¢ € ®(T', F o) is called internal with respect to R if there are r; € R,

k
fi € Fom(dom(r;)), 1 <14 <k, such that ¢ = > dy(f;[rs]). Denote by I(T', R, F)
i=1

the abelian group of all flows internal with respect to R.
Consider the sequence of homomorphisms

@ F(domr) & @ F(dom~) & @ F(v) — 0, (5)
rer YEA(T) veObT

where do(f[v]) = fl[dom~] — F(7) f[codv]. It follows from the equality

dd K=Y | D K- D Ff | W,

veV (') \v=dom~y v=cod y

that ®(T", F om) = Kerdp. Since dyi(f[r]) is a flow, we have do(d1(f[r])) = 0. There-
fore, the sequence (5) is a complex. The colimit of F' is isomorphic to the cokernel

of dy. Hence the 0-th homology group € F(v)/Im(dy) of (5) is isomorphic to
veObC

colimC F.

Theorem 3.2. Let C be a small category and F' : C — Ab a functor. For each
presentation (', R) of C there is an isomorphism

(I, For)/I(T,R, F) = colimy F

where m : Pal' — C is the canonical projection.
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ExXaMPLE 3.2. Let ' be the graph

with V(T') = {a,b}, A(T) = {«, 8}, and R = (14,a83). The presentation (T',R)
defines the category C in which o 8 = 1,. For any diagram F : C — Ab we
have F(a) o F(B) = 1p(). Every flow in I' with coefficient in F consists of two
members fo, € F(b), fs € F(a) such that F(o)(fo) = fs and F(8)(fs) = fo. It
follows from the second equality that F(a)oF(8)(fs) = F(a)(fa) and, consequently,
F(a)(fo) = fa. Hence the first equality is unnecessary. Therefore ®(T', F) = F(b)
and each flow is equal to fg[B] + F(8)fsla]. Internal flows consist of sums of lows
f18) + F(B) fla]. Thus every flow is internal and H1(C, F) = 0.

Corollary 3.3. The quotient group ®(I',F o mw)/I(T', R, F) does not depend on a
presentation (I', R) of C.

For the proof of the theorem, we will use the following lemma which is a direct
corollary of [18, Theorem 28.1].

Let C be a small category given by a presentation (I', R) and 7 : Pal'’ — C the
canonical projection. We can let ObC = V(T'), w(v) = v, for all vertices v € V(T').
For ¢ € ObC, the objects of the category 7| c may be regarded as pairs (v, z) with v €
V() and z € C(w(v), ¢). Consequently Ob(w|c) = Ob( C|c). Morphisms of 7 |c may
be regarded as triples (« : a — b, z,y) which consist of « € Mor(Pal'), x € C(a,c),
y € C(b,c) satisfying y o m(a) = x. In these triples,  depends on « and y, hence
morphisms in 7|c may be described as pairs (a € C(a,b),y € C(b,c)). Similarly
morphisms of C|c may be given as pairs (o« € C(a,b),z € C(b,c). Morphisms
(v,z) of mlc form the arrows of a directed graph. We will denote this graph by
T'lc. Let R|c consisting of pairs ((o,x), (83, x)) in 7 |c such that (a, 5) € R. Define
a forgetful functor U, : wlc — Clc by Us(v,x) = (v,2) and Ue(a,y) = (m(),y).
Then (T'[¢, R]c) is the presentation of C|c with the canonical projection Ue.

Let Q. : Cle — C be the functor assigning to every object (a,z) the object
a € C and to every morphism (f : a — b,y) the morphism f. For each diagram
F : C — Ab, one can consider the diagram FQ..

We replace in the sequence (5) the letters F';, R, I', C by FQ,., Rlc, I'le, Cle
respectively. After the augmentation by cokerdy, = colim ©t¢ FQ. = F(c), this
sequence may be transformed to the sequence, natural in ¢ € C,

@ F(domr) S, @ F(dom+~) o, @F(v) 4 F(e)—0 (6)

cod(r)—c cod y—c v—c
Lemma 3.4. For each c € C the sequence (6) of abelian groups is exact.

PROOF. It is enough to show that for each object ¢ € C, there are homomor-
phisms

@ F(domr) < @ F(dom~) < Tm dy,

cod(r)—c cody—c



Homology, Homotopy and Applications, vol. 6(1), 2004 452

such that 6pdy + d16; = 1. Denote for a path w = =, ---v; and morphism x :
cod(w) — ¢

5(flym -y 2]) = flvs @y - vel + F(y) (v 2 - - ys] + -+
- F(yn—171) ()l 2.
Then d; (f[r,z]) = 6(f|e, x]) — 0(f[B, z]), for paths @ and § which form r = («, §).
S
)

To construct 6y, for every a € MorC we choose a path ~, ---7v; such that
7(Yn -+ 71) = @. Denote it by 7(«). Let for 7(x) = v, - - - 71,

Oo(flv, x]) = 6(f[(x), 1c]) = flvs -+ -2l +
F(y) (Nl -8l + -4 Flym-1--7)(f)m, Le]-
Then define a homomorphism 6, : @ F(dom~y) — & F(domr) as follows.

cody—c cod(r)—c
For any v € A(T') and x € C(cod~, c) we have 7(z) - v = 7(z7y). This implies that
there exists a 2-path from 7(x) - v to T(:c'y) given by a sequence (yi,at, B, z;),
with r; = (a! ﬂi) € R consisting of paths o’ = af - a} and f* = 3} ---Bi. Let

01(f[v,z]) = Z F(y;)(f)[ri, zi]. It is proved in [18] that 6pdy + d161; = 1. Then for
ze @ F(dom ~v) satisfying doz = 0 we have (6ydp+d161)z = z and consequently

cod y—c
z = dy(612). Hence Kerdy = Imd;. It follows from d16; = (1 — 0pdp)dy = dy, that
d161|tmd; = limd,. Thus the sequence consists of proper natural transformations.
O

PRrOOF OF THEOREM 3.2. Recall that for any set £ and a family of abelian groups
G ={G(e)}ecr and amap S : E — ObC the values of the left Kan extension of G
are equal to Lan® G(c) = @Ds(c)—. G(e). In this case we will have an isomorphism

colim © { @ (d)} = @G(d)
S(d)—c deD

The substitutions D =R, G = F odom, S = cod : R — C lead us to

colim ©{ @ F(dom(r))} = @ F(dom(r))

cod(r)—c reR

Replacing D = A(T"), G = F odom, S =cod : A(T') — C we get

colim ©{ @ F(dom~)} @ F(dom~).

cod y—c yeA(T)

If we replace the inclusion ObC C C by S and substitute D = V(T'), G = Flosc ,

then we obtain
colim“q{PHFw)} = @ F(v).

v—c veV (T')

Therefore the colimit of the sequence (6) gives a complex of abelian groups and
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homomorphisms
@F(domr)% @ F(dom~y) — @ Fv)—0.
TER yeA(T) veObC

The commutativity of the following diagram follows immediately:

@ F(domr) A, @ F(domwy) o, P F(v)

reER yeA(T) veObC
TA T Ae TAY (7)
(11 d(J
dGE F(domr) — dEB F(dom~y) — & F(v)
codr—c cody—c v—cC

where {A.}, {\L}, {\/} are the colimit cones. We obtain a complex with homology
groups

Hy = colim© F, H = &', For)/I(T,R, F).

Since the morphisms of the upper string in (7) making these diagrams commutative
are unique, the upper string complex is the colimit of the relatively projective reso-
lution consisting of proper natural transformations. Therefore by [23], its homology
groups are isomorphic to colimf F,n=0,1. O

Corollary 3.5. If a presentation (I', R) of C has no nondegenerate closed 2-paths,
then H,(C,F) =0, for n > 3. In this case Ho(C, F) is isomorphic to the kernel
of the homomorphism dy : @ F(domr) — € F(dom~) which acts as d; f[r] =

reER ~yeA(T)
dfle] = o£[8]-

PROOF. It follows from [18, Remark 1, p. 108] that if all closed 2-paths (y, s,t, 2)
are degenerate, then the kernel of

dy : @ F(domr) — @ F(dom~)

cod(r)—c cod y—c

is zero. Hence if Q(R) is trivial, then we obtain the exact sequence

0— @ F(domr)i> EB F(domy)&@F(v)gF(c)HO

cod(r)—c cod y—c v—cC

which is a proper projective resolution of F'in AbC. The passage to the colimit by
¢ € C gives the complex which homologies are equal to H,,(C, F'). Thus H,(C, F) =

0 for n > 3 and H3(C, F) is isomorphic to the kernel of d; : @ F(domr) —
reR

P F(dom~). 0
YEA(T)

Smith normal form and calculating the homology groups. Let G/ = G LA
G" be homomorphisms of abelian groups such that 3o« = 0. Then we can consider
the homology group Ker(3)/Im(«). Let us describe a method of calculation for this
homology group when G’, G, and G are finitely generated free abelian groups.
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Proposition 3.6. [20, Theorem I11.4(43)] Let

a1 ai2 - QAin

azi Q22 - a2n
A =

am1 Am2 T Amn

be a matriz with integer entries a;; € Z. Then there is an m X m matriz T and an
n X n matrix S with integer entries such that:

(i) det(T) = +1, det(S) = £1;

(ii)) A=T o D(A) oS for a natural number k > 0 and m X n matriz

d 0 -+ 0 0 --- 0
0 do -~~~ 0 0 - 0
DA)=|0 0 - dg 0 -~ 0
o 0 --- 0 0 --- 0
o 0 --- 0 0 --- 0
all entries of which are equal to O except the diagonal numbers di < dg < -+ < dj

which satisfy that d; divides d; 1 for all 1 <i < k—1.

The matrix D(A) is said to be a Smith normal form of A. This form is used for
the computation of the homology groups of simplicial complexes in [24]. We refer
the reader to [6], where an algorithm is presented for computing the Smith normal
form of an integer matrix, which performs well in practice. There are packages such
as GAP for the computation of the Smith normal form.

Proposition 3.7. Let a homomorphism « : Z™ — Z™ be given by a m X n matrizc

A and B : Z™ — 7P by p x m matriz B. Suppose the sequence Z"™ = 7™ B ogp

satisfies to Boa = 0. If dy, da, - -+, di, are the nonzero diagonal entries of the Smith
normal form D(A), then
Ker 3/Ima = Z/d\Z x Z)doZ % - -- x Z)dpZ x Z™ =0 (8)

where b is the rank of the matriz B and may be computed as the number of nonzero
entries of D(B).
Proor. It follows from Proposition 3.7 that one has the commutative diagram
AL BN zm
1o I

VAL i) zm

with isomorphisms ¢’ and 7 where ¢ is given by the matrix D(A) which is the Smith
normal form of A. It follows that Z™/Ima = Z™/Imd. Consequently

Zm/Ima = Z)d\7 x L)doZ % - - x L]dpZ x Z™F.
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Similarly, Im « = Im 4.
The inclusion Ker § C Z™ induces the inclusion Ker 5/Ima C Z™/Im « which
gives the short exact sequence

0—Kerf/Ima —Z™/Ima — Z™/Ker 5 — 0.

It follows from Z™/Ker 8 = Im 3 that Z™/ Ker 3 is free because it is isomorphic to
a subgroup of ZP. Its rank is equal to b. Consequently the short exact sequence is
split, and there exists the isomorphism Z™/Ima = (Ker 3/ Im «) @ Z°. Thus Z° is
a direct summand in Z™~* C Z™/Im o. Taking the quotient group by Z* we obtain
the isomorphism (8). O

We conclude that for calculating the homology group Ker §/Im « it is enough
to find the Smith normal form of matrices defining homomorphisms « and §. Then
we will know the numbers dy, - - -, di, b, which determine the homology group.

We will apply the methods given above for the interpretation and the calculation
of the homology groups of asynchronous transition systems. Now we supply the
necessary definitions.

4. Asynchronous transition systems

We study models of computations to be executed on a multi-processor machine.
Such computations can be either synchronous or asynchronous. In synchronous com-
putations there is a global clock, and each processor executes the instructions syn-
chronously.

We consider computations in which there is no global clock and communications
are made through channels. They are called asynchronous computations. An asyn-
chronous computation is usually called a distributed computing while a synchronous
computation is called a parallel computing. We suppose that processors have data
communications by means of buffers in the common memory.

Petri nets. In the case when communications yield by means of buffers in the com-
mon memory, the behaviour of computations is well described by a mathematical
model which can be defined as follows:

DEFINITION 4.1. A Petri net N = (T, P, F, My) consists of two disjoint sets T, P
and two functions F : (P x T)U (T x P) — {0,1}, My : P — N ={0,1,2,---}.
Members of T are called transitions, of P places. The function My is said to be
an initial marking. The function F determines a structure of a directed bipartite

graph with the set P UT of vertices in which the set of arrows consists of pairs
(a,b) € (P xT)U (T x P) such that F(a,b) = 1.

A marking is a function M : P — N. Transitions act on the set of all markings.
A marking M may be changed if there exists a transition ¢t € T such that F(p,t) <
M (p) for all p € P. A new marking M’ is defined by its values M'(p) = M(p) —
F(p,t)+ F(t,p). In this case we will say that the transition ¢t € T happens and write
M 5 M. A Petri net behaviour is a sequence of markings My NS VAR VA

Places are pictured as circles and transitions as rectangles. If F'(a,b) = 1, then a
and b are connected by an arrow. For each p € P the corresponding circle contains



Homology, Homotopy and Applications, vol. 6(1), 2004 456

b1 Po P2 b1 Po D2

Figure 3: The behaviour of a Petri net.

M (p) points. A transition ¢ may happen if every arrow going into ¢ has at least one
point in its domain place. When t happens, a point is deleted from the domain of
each arrow going into ¢ and then a point is added to the codomain of each arrow
going out of t.

EXAMPLE 4.2. We consider a possible behaviour of the computing system which
contains the operator sequence:

tp:s:=0; ti:s:=s+a; ty:s:=s+b.

The Petri net (Fig.3) consists of T = {to,t1,t2}, P = {po,p1,D02,D3,P4,P5} with
the characteristic function F corresponding to the subset of pairs (po,to), (p1,t1),
(p2,t2), (ps,t1), (ps,t2), (to,ps), (t1.p3), (t1,ps5), (t2,p4), (t2,ps5) and the initial
marking Mo(po) = Mo(p1) = Mo(p2) =1, Mo(ps) = Mo(pa) = Mo(ps) = 0.

The transitions happen in the order M Yo, M, BZN My ta, Ms. At first to happens,
it is deleted the point from pg and is added the point to the place ps. Then it may
happen that either t1 or to. We have taken ty. When t, happens, they are deleted
points from py1 and ps; and then they are added points to p3 and ps. Then it happens
to, similarly. In this example the program is executed by processes ty, t1, ta. The
communications are made through s.

CE nets. In the case of communications by buffers each of which has the 1 member,
the values of the marking M (p) are not greater than 1. Such Petri nets are called
CE nets. For a CE net any marking M : P — {0,1} may be regarded as the
characteristic function of the subset M ~1(1) C P. This subset is called a state of
CFE net. The subset corresponding to the initial marking will be called the initial
state. A transition ¢ may happen if for all p € P the following two conditions hold:

(i) F(p,t) < M(p),

(it) M'(p) = M(p) — F(p,t) + F(t,p) < 1.

Transitions of CE nets are called events and places are called conditions. They
are denoted B = P, E = T. Markings M : B — {0,1} are regarded as subsets
M C B and are called states.

Let N = (E, B, F, My) be a CE net. For e € E put

pre(e) ={b€ B: F(be) =1}, post(e)={be B: F(e,b) =1}.
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We have the directed graph
pre
E — 2B,
post
where 28 is the set of all subsets in B. Conversely, every collection of sets E, B and
functions pre, post : E — 28 and a subset My C B gives a CE net (E, B, F, My) in
which the function F': (F x B)U (B x E) — {0, 1} has values

Fla,y) 1, if z € pre(y) or y € post(x),
x’ = .
4 0, otherwise.

It allows us to consider a CE net as a collection

N = (B, My, E, pre, post),
which consists of sets B and F, a subset My C B and maps FE 9B,
ost

Morphisms of CE nets are defined as some morphisms of cor;esponding directed
graphs.

To give the definition we need the category of sets and partial functions [26]. A
partial function f : A — B is a pair consisting of a subset dom f C A and a map
f :dom f — B. The composition is defined in the obvious way. We assign to every
set E the set E, = EU{x} obtained by the addition of an “infinitely distant” point

* which does not belong to E. We assign to every partial function F L the
(based) map f, : F, — E. with values

f*(e){f(e)’ if eedomf,

*, otherwise.

This defines the isomorphism of the category of sets and partial function with
the category Set, whose objects are pointed sets (often called “based” sets) and
morphisms are based maps in the sense of [16]. Thus we can consider a partial
function as the corresponding map which preserves base points.

For a CE net (B, My, E, pre,post) we extend the maps pre and post to E, by
pre(x) = post(x) = (.

DEFINITION 4.3. For arbitrary CE nets
N = (B, My, E,pre,post), N'=(B',M},E' pre’,post")

a morphism (8,7n) : N — N’ is a pair consisting of a based map n : E, — E. and
a partial function 8 : B’ — B such that
(i) the diagrams

E, 5 9B E, Pt 9B
In L=t In Lt
E, TS 9B B, L 9B

are commutative where f~(M) = {b' € B’ : (Ib € M)B(V) = b};
(i) B~ (Mo) = M.
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If (pre(er) U post(er)) N (pre(ez) U post(ez)) = 0, then e; and ey are said to be
independent.

Lemma 4.1. [26] Let N = (B, My, E, pre,post), N' = (B',M{,E',pre,post’)
be CFE nets and (8,m) : N — N’ a morphism of CE nets. Then

(i) if a transition M < M’ happens in N, then 8~ (M) n(e) B~Y(M") happens
i N';
(i) if e1 and ey are independent, then n(e1) and n(es) are independent in N'.

PROOF. The assertion follows from the fact that 3~ preserves the difference and
intersection of sets.

Asynchronous transition systems. Consider an arbitrary set S of computing
system states with a set of instructions £ which act on S. Some of the instructions
can act at the same time.

DEFINITION 4.4. [26] An asynchronous transition system
A=(S,s0,E,I,Tran)

consists of sets S and E, a member sg € S, a subset Tran C S x E x S, and an
irreflexive symmetric relation I C E x E for which

(i) for every e € E there are s,s' € S such that (s,e,s") € Tran;

(i) if (s,e,s') € Tran and (s,e,s”) € Tran, then s’ = s";

(iii) for every pair (e1,es) € I and triples (s,e1,s1) € Tran, (s1,ea,u) € Tran
there exists so € S such that (s, eq, s2) € Tran, (s2,e1,u) € Tran.

Members of S are called states, members of Tran are transitions, so € S is an
initial state, I is an independence relation.

The condition (iii) of Definition 4.4 may be illustrated by the diagram:

S

7N

52 S1

SA

u

The following asynchronous transition system corresponds to the well known
reader and writer problem and it is considered in computer architecture courses
(see [10]).

EXAMPLE 4.5. [10] Processes are loaded to execute in accidental times. They can
read data from a common page in the memory. There are processes which have
access for writing data in the common page. They are called writers. The other
processes are called readers. At any time, only one writer can have access to the
common page. Readers have no access if there is a writer which is working with the
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common page. Writers have the following advantage: if a writer is ready to write a
data, then new readers are not allowed to access the common page. There is a queue
of writers.

This problem can be modeled as programs for the readers and writers. By execut-
ing these programs, we obtain a sequence of states which may be described as the
states of the following asynchronous transition system. Every state of the system is
a pair (r,w), where r is the number of readers working with the common page and w
the number of writers which are ready to write in the page. If there are no readers,
then the first writer works with the common page. The initial state is so = (0,0).

0,00 == (0,1) == (0,2) == (0,3) ==
alt® 16 16 p
(Lo 7 Ly 7 (L2 o (L3
al b b b b

2,00 7 (2,1 7 (22 U (23
allh b b b

The letters denote the events:

'a’ a reader got the access to the common page;

'V a reader freed the access;
"¢’ a new writer appeared;

'd" a writer finished.

If w > 0, then a new reader cannot get the access. If r > 0, then there are no writers
working with the page. In this case the event d cannot occur. If r > 0, then the event
b can occur that leads to the subtraction of 1 from r. The event ¢ can occur in an
arbitrary time, it adds 1 to w. The event a can occur when w = 0. The event d
can come if r = 0 and w > 0. It is supposed that for w writers in the queue the
first writer gets the access after the exits of all readers. It is clear that b and c are
independent. Thus I = {(b,c), (c,b)}.
The following asynchronous transition system is obtained

(N x N, (0,0),{a,b,c,d}, {(b,c),(c,b)}, Tran),

where Tran = {((3,0),a, (i +1,0)) : i € N}U{((0,57+1),d,(0,5)): 5 € N}U{((i +
1,),b,(i,5)) :i € N,j € NyU{((i,5),¢c,(i,5+1)):i € N,j € N}.

The category of asynchronous transition system. We will prove that asyn-
chronous transition systems may be regarded as pointed sets over partially commu-
tative monoids.

DEFINITION 4.6. A right pointed set over a monoid is a triple (M, -, X) of a monoid
M and a based set X together with a map - : X x M — X such that the following
three conditions hold

(i) - p=x%, forall p € M;

(i) (x - 1) - po = - (p1pe), for all x € X and py1, pe € M;

(ii) x - 1 =z, for allx € X.
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Here 1 is the identity element of the monoid. The symbol '+ is omitted usually.
So a (right) pointed set over a monoid is denoted by (M, X).

A morphism of pointed sets over monoids (n,0) : (M, X) — (M’, X’) is a pair
consisting of a monoid homomorphism n : M — M’ and based map ¢ : X — X’
such that o(x - p) = o(x) - n(p), for all z € X, p € M.

Let (S, s0, E,I,Tran) be an asynchronous transition system and let M (FE,T)
be a monoid given by rewriting system (F,I), where I is an antisymmetric and
irreflexive relation consisting of pairs (ab, ba) with (a,b) € I. We will suppose that
for every (a,b) € I either (ab,ba) or (ba,ab) belongs to I. By the condition (ii)
of Definition 4.4, for any e € F, there is a map S, — S, which is not equal to
the zero based map by the condition (i) of Definition 4.4. Let us denote it by
S(e) : S, — S,. The values S(e)(s) are denoted by s - e, for s € S,. According to
(iii) of Definition 4.4 we have (s-a)-b = (s-b) - a, for all (a,b) € I. We obtain the
map S : E — Set,(S.,S,) which determines the unique monoid homomorphism
S: E* — Set.(S.,5,). Since S(ab) = S(a)S(b) = S(b)S(a) = S(ba), there exists a
unique extension S : M(E,I) — Set,.(Ss, S«) of the map E — Set,(Sx, Sx) which
gives a structure of right pointed set over M (E, I).

If we return to the asynchronous transition system for the reader and writer
problem, then we obtain the right pointed set over M (E, I') where S, = Nx NU{x}
and the presentation (E,I) = ({a,b,c,d} : {(be,cb)}) of M(E,I) with the action

(m,0)-a=(m+1,0), (m+1,n)-b=(m,n),

(myn)-c=(m,n+1), O,n+1)-d=(0,n), Vme Nne N

We let (m,n) - e = * for all the rest of (m,n) and e € {a,b, c,d}.
Let A be a category whose objects are asynchronous transition systems. A mor-
phism of A

(n,0): (S,s0, E,I,Tran) — (S', sy, E', I,/ Tran")

consists of amap o : S — S’ and a partial function  : E — E’ for which o(sg) = s,
and the following conditions hold:

(i) (s,a,t) € Tran = (o(s),n(a),o(t)) € Tran', if n(a) is defined and otherwise
o(s) = o (t);

(ii) if (e1,e2) € I and n(e1), n(ez) are both defined, then (n(e1),n(ez)) € I'.

Lemma 4.2. [11] Consider the map assigning to every asynchronous transition
system

(S, s0,E,I,Tran)

the right pointed set (M (E, I),S,) with the action s - = S(u)(s) for p € M(E,I)
and s € Si. This map may be extended to a functor from the category of asyn-
chronous transition systems into the category of right pointed sets over partially
commutative monoids.

PROOF. Let

(0,m) : (S,s0, E,I,Tran) — (S', sy, E', I', Tran’)



Homology, Homotopy and Applications, vol. 6(1), 2004 461

be a morphism of asynchronous transition systems. Since 1 : E, — FE/, carries
interchangeable elements to interchangeable, the homomorphism n* : E* — E’*
induces the homomorphism of the quotient monoids M (E,I) — M(E’,I'). Using
the implication

(s,a,t) € Tran = (o(s),n(a),o(t)) € Tran' U {(s',x,s") : s' € '}

we get o(s)-n(a) = o(s-a). Consequently any morphism of asynchronous transition
systems is transformed to a morphism of right pointed sets over monoids. O

Petri nets as asynchronous transition systems. Let A be the category of
CE nets and A the category of asynchronous transition systems. Following [21]
we define a functor U : N — A which assign to N = (B, My, F,pre,post) the
system U(N) = (S, so, E, I, Tran) where S = 28 s = My, I = {(e1,e2) € EX E :
(pre(er) U post(er)) N (pre(ez) U post(eg)) = O}, Tran = {(M,e, M') : M = M'}.
For a morphism of CE nets (3,1) : N — N’ we let U(3,1) = (871,n). It is well
known that the functor U : N'— A has a left adjoint [21].

5. Homology groups of asynchronous transition systems

For every monoid M and right pointed set (M, X') denote by K, (M, X) a category
whose objects are x € X and morphisms x — y are triples (x, u,y), with p € M,
satisfying to z - = y. f - 3 = y and y - o = 2z, then = - (upu2) = 2. We
conclude that the composition (y, pe, 2) o (x, 11, y) must be defined by (x, p1 9, 2)).
The identity 1, : * — x equals (z, 1, z) where 1 is the identity of the monoid.

Let K(M,X) C K.(M,X) denote the full subcategory consisting of all objects
T # *.

Homology groups of a state category. Recall that E* is the monoid of all words
over an alphabet F including the empty word 1.

DEFINITION 5.1. Let T = (S, so, E, I, Tran) be an asynchronous transition system.
Let R(I) C E* x E* denote an antisymmetric and irreflexive relation consisting
of pairs (e1eq,eser) such that (e1,e2) € I. Consider a right pointed monoid set
(M(E,I),S.), over the monoid M(E,I) which is presented by (E,R(I)) and acts
on S, = SU{x} as follows:

t, if (s,e,t) € Tran,
s-e=
*, if there are no t €S such that (s,e,t) € Tran.

An augmented graph of states of T' is the directed graph with the set of vertices S,
and set of arrows s = §', fore € E, s € S,, s' € S, satisfying to s-e = s'. Deleting
from the augmented graph of states the vertexr x and all arrows for which the vertex
* is the domain or the codomain we obtain a graph of states of T. The category
K(T)=K(M(E,I),S) is called the category of states, K,(T) = K.(M(E,I),S)
is the augmented category of states of T.

EXAMPLE 5.2. Consider the asynchronous transition system

T =(S,s0,E,I,Tran)
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So S0
/ X / X
S1 S2 S1 52
S3 S3

a\allb/b

*
b D ﬂ a
Figure 4: The graph and augmented graph of states

consisting of S = {so, $1, 82,83}, E ={a,b}, I ={(a,b),(b,a)}, and
Tran = {(so,a, 51), (s0, b, $2), (51, b, 83), (82, a, s3) }.

In Fig. J there are pictured two graphs which give presentations of the category of
states and augmented category of states.

Let T = (S,s0, E,I,Tran), T' = (5, sy, E',I', Tran’) be asynchronous transi-
tion systems. Suppose that (n,0) : T — T” is a morphism. It induces the monoid
homomorphism n* : M(E,I) — M(E’,I') sending morphisms given by words
w = ejey - - - €, into the morphisms given by words 7, (€e1)n.(€2) - - - n« (e, ) where

{n(e) , if eedomn,

e) =
- () *, otherwise.

We assign to a morphism of asynchronous transition systems (n,0) : T — T’ the
functors K.(n,0) : K.(T) — K.(T') and K(n,0) : K(T) — K(T’) which are

defined as (s € SU{x}) > (o(s) € S'U{x}) on objects and (s; % s2) — (o(s1) "

o(s2)) on morphisms.

Since the map o : S — S’ is totally defined on S, the functor K,.(n, o) : K.(T) —
K.(T'") maps objects of K(T) C K,.(T) into objects of K(T") C K.(T"). These
subcategories are full. Therefore K,(7n,0) determines a functor K(n,o) : K(T) —
K(T").

Thus any diagram F': K(T') — Ab determines the homology group H,,(K(T), F)
of the category of states, for every n > 0. Similarly, the homology group H,,(K.(T), F)
of the augmented category of states is associated to any diagram F : K,(T) — Ab.
A morphism of (n,0) : T — T’ to a diagram G : K(T') — Ab determines the
group homomorphisms H,, (K(T),GoK(n,0)) — H,(K(T"),G). Analogously there
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is given a homomorphism
Hy (K« (T),G o Ki(n,0)) = Ho(K(T'),G)

for a diagram G : K, (T") — Ab.
For any diagram F' : K(T) — Ab, denote by F : K.(T) — Ab the diagram which
has values F,(s) = F(s), for s € S, and Fy(x) = 0.

ExXaMPLE 5.3. We calculate the homology groups for Example 5.2. The category
K(T) has a terminal object. Hence, for a diagram F : K(T) — Ab, the groups
H,(K(T),F) is equal to 0, for n >0, and Ho(K(T), F) = F(s3).

Now we calculate the homology groups of the augmented category of states. It is
clear that Ho(K.(T), F.) = 0. Since every flow is a sum of internal flows, we have
H,(K.(T), F.) =0. According to Corollary 3.5 Hy,(K.(T), Fx) =0, forn > 3. The
group Ho(K.(T), F.) = 0 is isomorphic to the kernel of dy. In this case dy is a
monomorphism. Thus H,(K.(T),Fy.) = 0, for alln = 0 and for every diagram F
of abelian groups on K(T).

EXAMPLE 5.4. Let T = (S, s, F,I,Tran) be an asynchronous transition system
consisting of a single state sy and a single event e, i.e. S = {so} and E = {e}.
Suppose that I =0, Tran = {(so,e,50)}. Then H,(K.(T),F.) 2 H,(K(T), F), for
all n > 0. It is easy to see that H,(K(T),F) =0, forn > 1, and H{(K(T), F) is
isomorphic to a subgroup of F(so) which contains all elements f € F(sg) such that

Fe)(f) =1
If I = 0, then the (augmented) category of states is free. It implies the following.

Proposition 5.1. Let T = (S, so, E,I,Tran) be an asynchronous transition sys-
tem and F : K(T) — Ab a diagram. If I = 0, then H{(K(T),F) (respectively
H,(K.(T), F.)) is isomorphic to the group of flows in the graph (respectively in
augmented graph) of states with coefficients in F (Fy). In this case H,(K(T), F)
and H, (K. (T), F\) vanish for n > 2.

DEFINITION 5.5. Let N be a CE net and let F : K(U(N)) — Ab be a diagram
where U : N — A the above functor from the category of CE nets to the category

of asynchronous transition systems. The homology groups of the category of states
of N are defined by H,(K(U(N)),F), n > 0.

A state s € S of an asynchronous transition system (.5, so, F, I, Tran) is said to
be reachable if there exists w € E* such that sg-w = ¢. Consider Example 4.2 (Fig.
3). The set of objects of K(U(N)) equals 2° where P = {pg,p1,--- ,ps}. Let F be
a diagram with values 0 for the states which are not reachable. Since K(U(N)) is
the free category, we have Hi(K(U(N)),F) = 0, for k > 1. Since F vanishes for
the states which are not reachable, the group consists of flows in the graph
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52
N
50¢'51 S4
N
83

where S0 = {p07p17p2}7 §1 = {plap2ap5}7 S = {p27p3ap5}a §3 = {p17p47p5}7 S4 =

to t1 to t1
{p3,p4,05}, 0 = (s0 = 51), 1 = (51 — 82), 72 = (51 — 83), 13 = (s3 —
S4), Y4 = (82 L 84). Considering this group of flows we get Hy(K(U(N)),F) =
Ker(F(vam) — F(v372))-

Homology groups of the category of states for the reader and writer
problem. The category of states of Example 4.5 is given by the presentation (', R),
where T' is the graph with the set V(I') = N x N of vertices and the set A(T)
consisting of the arrows a,, dy, b;;, ¢;; defined for n > 0,7 > 0, j > 0 by means
of dom(ay,) = (n,0), cod(a,) = (n +1,0), dom(d,) = (0,n + 1), cod(d,) = (0,n),
dom(b; ;) = (1 +1,7), cod(b; ;) = (¢,7), dom(c; ;) = (¢, ), cod(c; ;) = (4,5 + 1). The
set R contains the pairs (b; j41¢i+1 5, ¢i jbi ;), with 4,5 > 0. The graph I' includes a
subgraph I'y corresponding to the asynchronous transition system

0,00 = (0,1) —= (0,2) = (0,3) =—
al

(Lo - @y 7 L2 7 @3 7
al

2,00 — (1) T (22 T 23 o

al

The set of vertices is V(I';) = N x N. The set of arrows A(T';) is obtained from
A(T) by deleting the arrows b; ; with ¢,7 > 0. Let F' : Pal'/R — Ab be a diagram
of abelian groups. Suppose that for each 7 € N there exists jo such that F'(i,5) =0
for all j > jo. Then every flow > f,[y] € ®(I'1, F) may be regarded as a flow in T’
obtained by the addition zero values f, = 0 for v € {b;; : 4,7 > 0}. It determines a
homomorphism ¢ : ®(I'y, F) — Hy(Pal'/R, F).

Proposition 5.2. With the above hypothesis on F', the homomorphism t is an
isomorphism.

PRrROOF. We first prove that ¢ is surjective. For each flow )" f,[y] choose among
its summands a member g; ;[b; ;] with the greatest ¢ for which there is j such that
gi; # 0, for some g;; € F(i +1,5). Then choose the smallest j such that g;; # 0.
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Using the commutativity of the diagram:
(i.5) =5 (it
bij 1 . T bij41
(i+1,7) = (i+1,j+1)
we obtain that the difference

O 1) = 9i5lbig] = F(bi ) (9i5)lei ) + gijleiva i) + Fleira)(gi ) bi ]

is a flow which is equivalent to the flow ) f,[v]. If we repeat these subtractions
every time by choosing (4,j) with above properties, then we obtain a flow which
is equivalent to ) f,[v]. It does not contain the summands g[b; ;] with g # 0.
Therefore t is surjective.

We prove now that ¢ is injective. We calculate Kert. Let z be a flow such that
t(z) = 0. Then z is a sum of some internal flows

fiilbis] + F(big)(fij)leis] — fisleivis] = Fleipa)(fig)[bijal-
Choose among them an internal flow with greatest ¢, for which there exists j sat-
isfying f;; # 0. Then we take a smallest index among such indices j. Because of
z € ®(I'y, F) we will get f;;[b; ;] =0, and consequently f;; = 0. The contradiction
shows that it follows from ¢(z) = 0 that z = 0. Thus Ker(¢) = 0 and ¢ is an injection.
O
We assume that the first homology group of the category of states for the reader
and writer problem is isomorphic to the abelian group of flows ®(T'1, F).
For example, if

F(i, j) Z, if0<i<p—land0<j<qg—1,
7/7 = .
J 0, otherwise,

and if the diagram F’ satisfies to the following equalities

F(a,) =1z, foral 0 < n < p—2,
F(d,) =1z, forall0 <n<q—2,
F(bj;) =1z, forall 0<i<p—2,0<j<q—1,
F(c;j)=1z,forall0<i<p—-1,0<j<q¢—2,

then Hy(Pal'/R,F) = Zrta-1,

Kan extensions and homology of partially commutative monoids. Let M
be a monoid considered as a category with the single object M. Any right pointed set
X over M may be regarded as a functor X : M°? — Set,. Let S : K.(M,X) — M°P
be the functor defined as S(z % y) = p. For each diagram F : K, (M, X) — Ab we
have its Kan extension Lan® F : M°P — Ab. Every maximal connected subcategory
of the category S | M has a terminal object of the form (z,1) with € X. Hence

Lan® F is the right M-module Lan® F(M) = @ F(z) with the action
zeX

fla] - n= Fz 5 ap)(f)[zp).
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The work [11] was devoted to the homology of the augmented category of states.
The following assertion is one of its main results. It was proved by means of the
Andre spectral sequence. Here we prove it by a rather simple method.

Denote Lan® F by F'.

Theorem 5.3. Let M be a monoid and X a right pointed set over M. Let I be a
diagram of abelian groups on K.(M,X). Then H,(K.(M,X),F) = H,(M°,F),
for all n > 0, where Hn(M"p,ﬁ) is a n-th homology group of the monoid M with
coefficients in the right M -module F.

PROOF. Since the functor Lan® is left adjoint to the exact functor AbS, it carries
projective objects into projective [1, Prop. 6.3]. The sum of exact sequences is exact,
consequently Lan® is exact. Hence Lan® carries any projective resolution

O<—F<—P0<—P1<—

into a projective resolution of F. Applying the functor colim™”” to the resolution
~ op

Lan® P, of F, we will get a complex of abelian groups colim™ (Lans P,,). Therefore

H,(colim® Lan® P,) = H,(M°",Lan® F). Using the isomorphism

colim™™ (Lan¥ P,) 2 colim"+ (M) p,
we obtain Hy, (K. (M, X), F) = H,(M, Lan® F) for all n > 0. O

Homology of asynchronous transition without triples of mutually inde-
pendent events. Let T' = (5, s, E, I, Tran) be an asynchronous transition system
and let n > 0 be a positive integer. We will say that T' contains n mutually indepen-
dent events, if there exists a subset {e1,---,e,} C E such that (e;,e;) € I for all
i # 7, 1 <1,j < n. Otherwise we say that T does not contain n-tuples of mutually
independent events.

It follows from Theorem 1.2 and Corollary 3.5 that if 7' does not contain triples
of mutually independent events, then H, (K.(T), F) =0 for all n > 3 and functors
F: K,(T) — Ab. We prove that this is true for K (7).

Let C be a category. A subcategory I C C is called convez if the following
conditions are satisfied:

(i) D C C is a full subcategory;

(ii) if d1,d2 € ObID and ¢ € ObC have morphisms d; — ¢ — ds, then ¢ € ObD.

It is clear that K(T) and K,(T) are convex subcategories of K, (T).

For any convex subcategory K C K,.(T'), we consider a set Tran(K) which
consists of all arrows « of the augmented graph of states such that v € MorK. In
particular Tran(K(T)) = Tran. The set Tran(K,(T)) consists of all arrows of the

augmented graph of states. Let Ry (I) contains all pairs (z % y LA Z2,x LA y L 2)
for which (ab,ba) € R(I) and z, z € Ob(K).

Corollary 5.4. Let T = (S, s, E,I,Tran) be an asynchronous transition system
and K C K.(T) a convex subcategory. Let F : K — Ab be a functor. If T does
not contain triples of mutually independent events, then H,(K,F) =0 forn > 3
and H, (K, F) are isomorphic to the homology groups of the following complex for
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n=20,1,2:

0— € F(domr) ™ @ F(domy) 2 @ Fz)—o0. (9)

reRk(I) yETran(K) z€ObK

Proor. We denote by Tran(K) the subgraph of the augmented graph which
consists of arrows Tran(K). It easy to see that the category K, (T') has the presen-
tation

(Tran(K.(T)), Ric.cry (D).
Using Lemma 1.1 we obtain that (Tran(K),Rk(I)) is the presentation of K. Let
a = ay---ap and § = B, --- 01 are l-paths in the graph Tran(K). Denote M =
M(E,I). Let oy = (zi-1,ai,2;) and B; = (z}_q,b;, ;) where 29 = zj; = = and
Yo = Y4 = y. Since K is convex, the map

Qo(Rx () (z,y) (v, B) — Q(R(I)) (M, M)(ay, a1, by - by)

is bijective and induces the bijection of 2-morphisms. The set Homqr (1)) (7, y)(a, 3)
contains at most one element by Theorem 1.2. Hence Q(Rx (1)) is the trivial 2-
category. Using Corollary 3.5, we complete the proof. a

Homology of asynchronous transition systems and Petri nets. If sq is the
initial state of an asynchronous transition system 7', we will consider the full sub-
category T'(sg) € K(T') of all reachable states. Let Zp(,,) : K(T) — Ab be a
diagram such that Zr(s,)(s) = Z for all reachable states s, and Zp(,,)(s) = 0 if
s ¢ Ob(T(sg)). The diagram Zg(,) assign to all morphisms of T'(sg) the iden-
tity homomorphism 1z. Other morphisms are sent to zero homomorphisms. Write
Hy(T) = Hy(K(T), Zr(s,)), for n = 0. The group H,(T) will be called the n-th
integer homology of T. Each morphism of asynchronous transition systems T — T’
carries the initial state so into the initial state s{,. Consequently, it induces a mor-
phism (K(T'), Zr(sy)) — (K(T"), Z7:(s)) in the category Dg(Ab). This gives homo-
morphisms H,,(T) — H,(T"), for all n > 0.
Since T'(sg) is a connected category, we have Ho(T) = Z.

Proposition 5.5. Let T be an asynchronous transition system with an initial state
s0. Then for every n > 0 the group H,(T) is isomorphic to n-th homology group of
the nerve of the category T(so).

PROOF. Recall that for arbitrary small category C the functor AcZ : C — Ab
has the value Z at each ¢ € ObC and the value 17 at each o« € Mor C. The sub-
category T'(sg) C K(T) contains for any s € Ob(T'(sp)) all objects s’ € S for which
there exist s — s’. Hence the complexes C,,(K(T), Zp(s,)) and Cpn(T'(50), Ar(se)Z)
are isomorphic. It is well known [2] that for every category C the homology of the
nerve of C may be defined as H,(C, AcZ). Substituting C = T'(s¢) we get the
required result. O

The group Hy(T) may be calculated by means of Smith normal form for the
differential d; of Theorem 3.2. This allows us to calculate the first homology group
of a Petri net.
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DEFINITION 5.6. Let N be a CE net and n > 0 an integer. The n-th homology
group H,(N) of the CE net N is the integral homology group H,(U(N)) where
U(N) is the asynchronous transition system defined in the end of Section 4.

For example, consider a pipeline consisting of the three threads (processes) a, b, ¢
which transfer data by means of common integer variables p and q. Suppose that f
and g are functions N — N. The thread a computes p := f(n) for n =0,1,---; the
thread b computes g := g(p); the thread ¢ displays the values of ¢q. Each computing
executes a random run time. The states are described by the following CE net

denoted N:
p q

The functor U : NV — A assign to N an asynchronous transition system with
the following graph of states:

Here U(N) = (S,s0,E,I,Tran) has S = {0,{p},{q},{p,q}}, so = 0, E =
{a,b,c}, I = {(a,c),(c,a)}. The set Tran contains triples corresponding to the

arrows of graph of states: 1 = (0 = {p}), 72 = ({a} = 0), 73 = {a} = {p.qa});

c b
7= ({p.a} = {p}), 35 = ({p} = {a}). Let R = {(7271,7473)}-
Calculate the groups H,,(N). Write entries of matrices of homomorphisms

Pz P z2Pz.

reR yETran seS
By Corollary 3.5 we have H,(N) = 0 for n > 3. The group H3(N) is isomorphic
to Kerd;. Denote matrices corresponding to the homomorphisms d; by A;, i €
{0,1}. Any element of €. cr,4, Z is an integer vector. It will be considered as a
matrix consisting of a single column. The element dy(z) is a column obtained by

the multiplication of Ay with a column corresponding to z € @A{Eﬂan Z. We have
1 1 0 0 0 1
-1 0 0 -1 o0
Ad=1 09 1 1 0 1 B
0 0 -1 1 -1

0
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where the states are corresponded to strings of Ao in the following order: @, {p},
{q}, {p, ¢} The columns are corresponded to transitions in the order ~i, - -+, 7s.
We get a sequence of matrices

022 7 A1, 75 Ao, 74

with A; = 0. Transforming A; and Ay to Smith normal form we obtain the matrices:

1 0 0 0O (1)
01 0 0 O

D(AO) - 00 1 0 0 D(Al) - 8
00 0 0 O 0

According to Proposition 3.7 we have Hy(N) = 0, H1(N) = Z. Since T(sg) =
U(N)(0) is connected, we have Hyo(N) = Z.

Concluding remarks

We introduced homology groups of asynchronous transition systems as the ho-
mology of the category of states with coefficients in some diagram. The existence of
the functor U : N/ — A allowed us to define homology groups for CE nets. Analo-
gously it would have been possible to define homology groups for event structures
(in the sense of [26]) or for objects of any category which admits a functor into
A. Thus we can obtain information about invariants of these objects such as Betti
numbers, Euler characteristic, homological dimension. It is still an open problem to
calculate and to interpret these invariants. A CE net is finite if its sets of conditions
and events are finite.

OPEN PROBLEM 1. Find an algorithm for the computation of the integer homology
groups H,(N) of finite CE nets N for n > 1.

If we built a complex of free finitely generated abelian groups whose homology
groups are isomorphic to H, (N), then Open Problem 1 would be solved.

We saw above that Hyo(N) = Z. The group H;(N) may be calculated by means
of reduction of the matrices of dyp and d; to the Smith normal form. An algorithm
for calculating H(N) when the CE net N does not contain triples of mutually
independent events is proposed. The following question is related to this result:

OPEN PROBLEM 2. Letn > 0 be the mazimal number of mutually independent events
of an asynchronous transition system T. Prove the equality Hy(K.(T),F) =0 for
every diagram F : K,.(T) — Ab and k > n.

We have proved this for n = 1 and n = 2. According to Theorem 5.3 this problem
may be reduced to estimating the homological dimension of partially commutative
monoids.

Many questions appear in the study of constructions of categories of models
for concurrency. We hope that they may be solved by means of classical spectral
sequences related to the homology of small categories.
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