Symmetry, Integrability and Geometry: Methods and Applications SIGMA 10 (2014), 048, 11 pages

Multi-Hamiltonian Structures on Spaces

of Closed Equicentroaffine Plane Curves
Associated to Higher KAV Flows

Atsushi FUJIOKA T and Takashi KUROSE *

T Department of Mathematics, Kansai University, Suita, 564-8680, Japan
E-mail: afujioka@kansai-u.ac.jp

! Department of Mathematical Sciences, Kwansei Gakuin University, Sanda, 669-1337, Japan
E-mail: ¢rg31562Qkwansei.ac.jp

Received October 11, 2013, in final form April 16, 2014; Published online April 22, 2014
http://dx.doi.org/10.3842/SIGMA.2014.048

Abstract. Higher KdV flows on spaces of closed equicentroaffine plane curves are studied
and it is shown that the flows are described as certain multi-Hamiltonian systems on the
spaces. Multi-Hamiltonian systems describing higher mKdV flows are also given on spaces
of closed Euclidean plane curves via the geometric Miura transformation.
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1 Introduction

A motion of a curve is a smooth one-parameter family of connected curves in a space. It is
known that many differential equations related to integrable systems can be linked with special
motions of curves [10, 11, 12, 29]. For example, for a special motion of an inextensible curve in
the Euclidean plane, the curvature evolves according to the modified Korteweg-de Vries (mKdV)
equation [19] (cf. Section 4 below). There are a lot of preceding studies on motions of curves
related to Euclidean geometry and the mKdV equation. See [24, 30, 32] and references therein.
For special motions of a space curve, it is also known that the nonlinear Schrédinger equation
appears [16]. In [13, 14], the authors studied motions of a curve in the complex hyperbola under
which the curvature evolves according to the Burgers equation.

In this paper, we shall study motions of an equicentroaffine plane curve. Under a special
motion of an equicentroaffine plane curve, the equicentroaffine curvature evolves according to
the Korteweg—de Vries (KdV) equation. In order to explain the above motion geometrically,
Pinkall [28] introduced the natural presymplectic form on the space of closed equicentroaffine
plane curves with fixed enclosing area, and showed that the equicentroaffine curvature evolves
according to the KdV equation when the flow is generated by the total equicentroaffine curva-
ture. Furthermore, the result has been generalized to the case of higher KdV flows (cf. [9, 15]).

On the other hand, it is known that a lot of completely integrable systems are described as bi-
Hamiltonian systems, from which the existence of many first integrals can be deduced (Magri’s
theorem [22, 27]). In this context, many of motions of curves as above have been studied from the
viewpoint of bi-Hamiltonian systems recently [1, 2, 3, 4, 5, 6, 7, 8, 21, 23, 24, 31]. The purpose
of this paper is to construct a multi-Hamiltonian structure associated to the higher KdV flows
on each level set of Hamiltonian functions in a geometric way (Theorem 7). Moreover, we shall
also introduce multi-Hamiltonian structures associated to the higher mKdV flows on the spaces
of closed Euclidean plane curves via the geometric Miura transformation.


mailto:afujioka@kansai-u.ac.jp
mailto:crg31562@kwansei.ac.jp
http://dx.doi.org/10.3842/SIGMA.2014.048

2 A. Fujioka and T. Kurose

2 A bi-Hamiltonian structure on the space
of closed equicentroaffine curves

Throughout this paper all maps are assumed to be smooth.
For a regular plane curve v whose velocity vector is transversal to the position vector at each

v(s)

point, we can choose the parameter s of v as det (7 (s)) = 1 holds. A plane curve ~ provided
S

with such a parameter s is called an equicentroaffine plane curve. For an equicentroaffine plane
curve -, we can define a function &, called the equicentroaffine curvature, by ~vss = —K7.
We set the space M of closed equicentroaffine plane curves by

()}

where S' = R/27Z. Let v(-,t) € M be a one-parameter family of closed equicentroaffine plane
curves. As in [28], the motion vector field -y, is represented as

M:{7:51—>R2\{0}

1

Ve = =5 + arys, a: SR, (1)

and the equicentroaffine curvature s evolves as
1

Kt = Qog = o Qsss + 2Kk + KO, (2)

where
1 _ 0
0= iDg—i-Q/i—i—fistl, D, = R

is the recursion operator of the KdV equation:

Kt = Qkg = §/£355 + 3KKs.

Hence when we choose the one-parameter family (-, t) as a = Ds_lﬁn_lﬁs, we obtain the nth
KdV equation for x:

ke = QK. (3)

The tangent space of M at v € M is described as

1
M = { —5s" + oy,

a:St— R} ,
and we can define a presymplectic form wy on M by

wo(X,Y) :/

det <X> ds, X, Y e T M.
st Y

When X and Y are given by
1 1
X:_5a37+a787 Y:_5ﬂ87+6787 a,f: Sl%R? (4)

a direct calculation shows that

wlX.Y) = [ apds

Sl

from which we see that the kernel of wy at v is R - ;.
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It is known that the higher KdV equation (3) as well as (2) has an infinite series of conserved
quantities {H,, }men given in the form of

H,, = hin(K, Ks, Kss, - - - )ds,
Sl

where h,, is a polynomial in k and its derivatives up to order m, for example,

1 1 1
h1 =k, ho = 552, hs = §m3 — ZH

(see [17, 20, 25, 26]). Moreover, by using the conserved quantity, nth KdV equation (3) can be

expressed as

0H,
Rt = -Ds 5’:_27 (5>

where 0H,,+2/0k is the variational derivative of Hpo:

OHyi2  Ohpyo Ohpy2 90hn 12
- D, D .
oK Ok 8:“03 s a'Lﬁss

The expression (5) played an important role in computation in [15], where we studied the higher
KdV flows on the space of closed equicentroaffine curves as Hamiltonian systems; using the
above presymplectic structure wp, we gave the Hamiltonian flows associated with the higher KdV
equations. The paper [15] deals also with the geometric Miura transformation as is mentioned
in Section 5 below.

For each n € N, we define a vector field X,, on M by

1
(Xn)'y = 75(971—155)7 + (D;IQH_IKS)'Y& v EM.

Regarding { H,, } men as functions on M by substituting the equicentroaffine curvature of -y for
k, we have the following proposition, which is essentially due to Pinkall [28] in the case n = 1.

Proposition 1 ([15]). For each n € N, X,, is a Hamiltonian vector field for H, with respect
to wy, i.e., dH, = wo(Xy, -) holds. Hence Hy, is a Hamiltonian function for the nth KdV flow
Yt = Xn.

Now, we define another form w; on M by

wi(X,Y) :/

det <( X )ds, X, Y e T,M,
Sl

D? + k)Y

which is represented as
a(X.Y) = [ ansds (6)
Sl

for X, Y given by (4). The following shows that wy and w; with {H,,}men define a bi-
Hamiltonian structure on M (cf. [22, 27]).

Theorem 2. The form wy is a presymplectic form on M. For eachn € N, X,, is a Hamiltonian
vector field for H,41 with respect to wy.
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Proof. For two functions F' and G on M of the form

F = f(KyKsy Kssy - .. )ds, G = (K, Ks, Kss, - .. )ds, (7)
S Sl
we set
oF oG
{F‘I7 G}l = @ EQDSEdS

Then from [18, 22], we see that {-, - }1 provides a Poisson bracket with
Xy = —{Hpnt1, - h1.

We put ap = §F/dk and ()ZF)V = —(1/2)(ap)sy+arys. Since the differentiation of F' along
a motion 1 = Xy = —(1/2)ayy + oy, is given as

dF oF oF
XF=—= —_— = —Qads,
dt g1 0K reds /Sl 0K asds
we have
~ oF
w1 (Xp,X) = —Qayds = XF =dF(X)
S1 5:‘£
and
oF oG

(X Ko = [

1 &QDS(S? == {F, G}l

Hence wy is skew-symmetric and its closedness follows from the Jacobi identity for { -, - }; since
for functions F', G and H = [ h(k, ks, Kgs, . .. )ds on M we have

dw(Xr, Xa, Xu) = 2({{F, G}, H}1 + {{G, H}1, F}1 + {{H,F}1,G}1) = 0.
Moreover, since

e~ oG oF
X = —OD;—ds = {G, F}; = —{F, ,
PG g1 0K ok s={G.Fh {F.Gh

we obtain X, = X H,., and hence

wl(Xn, . ) = W1 ()?HHJFI, ) = dHnJrl.
Therefore X, is a Hamiltonian vector field for H,, 1 with respect to w;. |

The special linear group of degree two SL(2;R) acts on M as M > v +— Ay e M (A €
SL(2;R)). Two elements of M belong to the same orbit if and only if their equicentroaffine
curvatures coincide. Hence w; is invariant under the action of SL(2;R). Moreover, the kernel
of wy at v is the tangent space of the orbit SL(2;R) - 7; indeed for a one-parameter family
(-, t) € M, it follows from (2) and (6) that the tangent vector (1) belongs to the kernel of w; if
and only if k¢ = 0, that is,  is independent of ¢ and hence 7(-, t) is contained in an SL(2; R)-orbit.
As a consequence, wy defines a symplectic form on the quotient space M /SL(2;R).

We consider another action on M given by

Mo3y—=q(-+0)eM, ocSh (8)

It is obvious that this S'-action is presymplectic, that is, it leaves w; invariant. Moreover, the
action is Hamiltonian as we see in the proof of the following theorem.
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Theorem 3. The moment map p1 for the S'-action (8) with respect to wy is given by

p1(v) (i) =M(y), yeM. (9)

Proof. The fundamental vector field A on M corresponding to d/0c € Lie(S') is given by
A =15 (v € M). For any tangent vector v, = —(1/2)asy + s, we have

d
wi(A4,v) = wi (Vs ) = / Qogds = / Kids = d*Hl(’Y) = dHi (),
Sl Sl t

which implies (9) by the definition of the moment map. [

Remark 4. Let ®] be the flow generated by X,,, that is, ®,, is a one-parameter transformation
group of M such that

) o
5| )= (K qeM

As an R-action on M, ®; is Hamiltonian with respect to wg and the corresponding moment

map is given by H,.

3 Multi-Hamiltonian structures on the level sets
of Hamiltonians

For a given sequence of real numbers C' = {c }ren, we define subsets M(Cy,) (m = 1,2,...)
of M by

M(Cyp) = H{Her) N -0 H em).

In the following, we assume that each M(C},) is not an empty set.

Lemma 5. For functions «, 8 on S', if D;'QDga is determined as a function on S', then we
have

/51 (D;'0D,a) - Beds = /S1 af)fsds. (10)

Proof. Noting QDs = (1/2)D3 + kDs + Dgsk, we can easily verify (10) by integration by
parts. |

Proposition 6. For v € M(Cy,) and X = —(1/2)asy + avys € T,M(Cp), Qas, as, ...,
QO™+l are defined as functions on S* and fsl DFagds =0 for any k=1,2,...,m.

Proof. We shall show the proposition by induction on m. In the case m = 1, Qas = (1/2)asss+
2kas + kga is a function on S and we have

/Sl Qagds = /Sl kagds = wo(X1,X) = dH1(X),

which vanishes since X € T,M(C;) = Ker(dH),; moreover, this implies that D, 'Qas, and
consequently Q2as = ((1/2)D? + 2k + ks D3 1)Qayg are defined on S*.
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We assume that the proposition holds for m = [ for some { > 1. Then, for X € T, M(Cj4,) =
T, M(Cp) NKer(dHj41)~, by using (10) we get

/Qlﬂasds:/ anasds:/ ((DslﬁDs)lm).asds:/ (D710 k) - asds
St St St St

= OJO(XH_l,X) = dHH_l(X) = 0,
which implies that Q*2a; is determined as a function on S! in the same way as in the case
m = 1. |
From Proposition 6, we can define a tensor field wy,+1 of type (0,2) on M(Cy,) by
wm+1(X,Y) = / a1 Bds,
Sl

which is shown to be skew-symmetric by using (10). Furthermore, in a similar way to the proof
of Theorem 2, we see that wn,+1 is a presymplectic form and X,, is a Hamiltonian vector field
for the Hamiltonian function H, .1 with respect to wm,+1; indeed, for functions F', G given
by (7) and for an integer k, putting

SF . 0G
{F,G}k = /S1 EQ DS%dS,

we have a family of Poisson brackets { -, - }; with
Xn = —{Hnyo—k; * ti-

Setting &p = D; '™ Dy(6F/6k) and (Xp), = —(1/2)(ar)sy + @rys, we have
wnt1 (Xp, X) =dF(X)  and w1 (Xp, X6) = {F,Ghiom,

which implies that wy,+1 is presymplectic. Moreover, since
XpG = —{F,G}1-m

holds, we have X,, = )~(H

n+m-+1 and

Wm+1 (Xna ) = Wm+1 (XHn+m+l’ ) = dHn+m+1-

Hence X, is a Hamiltonian vector field of Hy 4,41 with respect to wy,+1.

Besides w41, we have m + 1 more presymplectic forms on M(C),) by restricting wg, w;
on M and wg41’s on M(Cy)’s for k =1,2,...,m — 1 to M(Cy,); we denote them by the same
symbols. By the discussion so far, we obtain the following theorem.

Theorem 7. On M(Cy,), for eachn € N and k=0,1,...,m+ 1, X,, is a Hamiltonian vector
field for Hyyy with respect to wy, that is, the set ({Hn}neN, {wk}zn:t)l) 18 a multi-Hamiltonian
system on M(C,,) describing the higher KdV flows.

As on M, we have the following theorem for a Hamiltonian S'-action on M(Cy,):
M(Cr) 7= y(-+0) e M(Cp), oeSh

Theorem 8. The moment map pm41 for the Sl-action on M(C,,) with respect to w41 s
given by

pnia) () = Huia(0), 7€ M(Co)
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Remark 9. We can define wy,+1 in a manner similar to the definitions of wy and w;. We put
a map ¢ from T, M to the space of all vector fields along v as

1
X = —ay, X = _5a57 + as.

For any tangent vector X of M, (D? + k)X has no 7s-component and it belongs to the image
of ¢ if X is tangent to M(C1). Then for X € T, M(C}) we have

d)_l (Dg + E)X = (Qas)y + (Ds_lQas)’yS

1
2
and
(Dg + H)(b_l (D? +K)X = —(92045)7.
Hence

det _X
/51 ((Dg + k)oY (D% + k)Y

holds. More generally, [¢~(D? + x)]™X can be defined for any tangent vector X of M(C,,)
and we obtain

> ds = wa(X,Y)

/51 det <(D§ + k) [sb‘f((D? - m)}my> ds = wm+1(X,Y)

on M(Cy,). We note that this formula is valid in the case w; (m = 0) and even in the case wy
(m = —1) since

/51 det (gﬁ/) ds = wp(X,Y).

4 A bi-Hamiltonian structure on the space of closed curves
in the Euclidean plane

We denote by E? the Euclidean plane equipped with the standard inner product (-, -), and we
set the space M of closed curves in the Euclidean plane E? by

M ={5:8" = E?| (3s(s),9s(s)) = 1}.

For 4 € M, the curvature & is defined by Ts = kN, where T' = 4, is the velocity vector field
and N is the left-oriented unit normal vector field along 4.
Let 4(-,t) € M be a one-parameter family of closed curves in E2. Then 4; is represented as

4 = AT + uN, Mp: ST=R, A\ = ip,
and the curvature kK evolves as
fit = s + RAs + sh = Q(20),

where

Q= %(D? + &% + ks D, &)
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is the recursion operator of the mKdV equation:

AT VU e
Rs = 2'%335 4"4'7 Rs.

jo}

Rt =

Hence when we choose = (1/2)2" i, we have the nth mKdV equation for #:
fop = Qi (11)
The tangent space of M at 4 € M is described as
TsM = {XT +uN |\ p: St =R, A\s = apl,
and we can define a presymplectic form @y on M by
o(X,Y) = /SI<DSX,Y>ds, X,Y € T5M.
When X and Y are given by
X=AT+uN, Y =AT+iN, \p\j: S* =R, (12)

we have
(XY = [ oA+ oids,

S1

and we see that the kernel of Wy at 4 is R - 4s.

As in the case of the higher KdV equation (3), the nth mKdV equation (11) can be written
as
5f{n+2
Ok

for an infinite series of conserved quantities { H, };nen expressed in the form of

Rt = Dy

ﬁm:/ hon (i, s, Ross, - - . )ds,
Sl

where h,, is a polynomial in % and its derivatives up to order m, for example,

~ 1, - 1. 1, - 1 . 5 9. 1,
hy = Zli2, hy = 33K4 - gf‘éga hs = 58/46 - 33“2“§ + Tﬁﬁgs-
For each n € N, we define a vector field X,, on M by

(R0), = S (D7 (R R))T + (RN, 5 e A

then we have the following.

Proposition 10 ([15]). For each n € N, X, is a Hamiltonian vector field for H,, with respect
to wo. Hence Hy is a Hamiltonian function for the nth mKdV flow 4 = X,.

In addition, we define another form @&; on M by
o (X,Y) = /51 (DsX,D?Y)ds,  X,Y € TyM,
which is represented as
o (X,Y) = /S (RA+ 11s)Qids
for X, Y given by (12). The following theorem is proved in a similar way to the proof of
Theorem 2.
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Theorem 11. The form wy is a presymplectic form on M. For eachn € N, X, is a Hamiltonian
vector field for H,,11 with respect to wy.

Note that the Euclidean motion group E(2) = O(2) x R? of E? acts on M. It is easily verified
that @ is invariant under the E/(2)-action and the kernel of @&y at T@/\;l contains the tangent
space of the orbit. Hence wy determines a presymplectic form on M /E(2).

As well as on (M, w;), ST acts on M leaving &; invariant and the following theorem holds.

Theorem 12. The moment map fiy for the S'-action on M with respect to wy is given by

i) () =BG, GeM

5 The geometric Miura transformation and multi-Hamiltonian
structures on spaces of closed curves in the Euclidean plane

First, we briefly review the geometric Miura transformation which relates the Hamiltonian
structures on M and on M (see [15] for more details). We consider the complexification of M:

()1}

We determine the curvature of v € MC, (complex) presymplectic forms on MC, etc. by the
same formulas as in the case of M, hence we use the same symbols x, wg, w1, ... to denote them.

By identifying the range E2 of 4 € M with a complex plane C, we define the geometric Miura
transformation ® : M — MC by

MC:{’}/:Sl—MCQ\{O}

K= ks + —kR". (13)

Moreover, we have the following.

Proposition 13 ([15]). For eachn € N, ®,X,, = X,, holds and the Hamiltonian system (<o, Hy,)
on M coincides with the pullback of (wo, H,) on MC by ®:

Qo = ®*wy,  H, =P H,. (14)

For a sequence of real numbers C' = {¢ }ren, the second equation of (14) implies that

M(Cr) = H Y er) NN Hp em) = @7 HME(C)).

Therefore, ® gives a map from M(C,,) to MC(C,,) and we have a presymplectic form @, 1 =
®*w1 on M(Cyy). Under these settings the following theorems are directly deduced from
Theorems 7 and 8.

Theorem 14. On M(C’m), foreachn e Nand k=0,1,...,m+1, X, is a Hamiltonian vector
field for H"Tk with respect to &y, that is, the set ({Hn}neN, {cbk}zn:%l) 18 a multi-Hamiltonian
system on M(C,,) describing the higher modified KdV flows.
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Theorem 15. The moment map fims1 for the S'-action on M(Cy,) with respect to @iy is
given by

() (35 ) = B (), 7€ MG

Remark 16. The symplectic form wy,41 can be represented as

e (X,Y) = [ (RA+ ), (15)
Sl

where X and Y are tangent vectors on M (C,,) given by (12). In fact, when x and & are related
by (13), a direct calculation shows an identity

(V=1D, + i) Q= Q (V-1D; + &) ;

thus we have

Om1(X,Y) = W1 (X, 8.Y) = / (A VEIar (A +V=14) ds
S

_ /S (A VL) QT (VEID, + 7)jds
- /51 (A +V—=1p) (V=1D, + &) Q™ iids
_ /51 [(—vV=IDs + &) (A + V=1p)] - " jids
_ / (RA + )0 fids.
51
We note that (15) implies @y, 1 is a real form, though wy, 11 on ME(C,,) is complex.
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