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THE DEVELOPMENT OF NUMBER SENSE

Abstract:

In order to find out how number sense develops with increasing age, an estimation test, including num-
bers of quantities, lengths and weights in different orders of magnitude was developed and given to chil-
dren in primary schools, in secondary schools and to mathematics students. The results show strengths in
estimating lengths (in cm and m) and weaknesses in estimating weights and lengths or quantities of large
orders of magnitude, and give an idea of how estimation abilities develop. Some gender differences seem
to exist. From the numbers actively used for estimation, some conclusions are drawn about the presuma-
bly multiplicative structure of the underlying number concepts.

I ntroduction

In daily life you have to make many quantitative decisions. The competence you need is
called number sense (DEHAENE), numeracy (GLENN), or quantitative literacy (ZACHARIAS).
How do you acquire this competence? What does mathematics education contribute to the
development of number sense or in what way doesiit fail to contribute to it?

In order to answer these questions it may be useful to look at how children, young persons
and adults estimate. In the following | will suggest why number sense is important and which
kind of number senseisrequired. | will consider the role estimation plays in developing num-
ber sense and also report some results which young people obtained in the same estimation
test given to different age groups in Baden-Wirttemberg.

Theimportance of number sense

In al areas of daily life you have to register, to compare, to create, to process, to imagine and
to control numerical relations between quantities. For example, avoiding financial disadvan-
tages, finding your way in traffic, optimising your journeys, minimizing risks, making best
use of different possibilities, planning your life in the short run and in the long run and judg-
ing what may be important in society today or in the future. In all these questions, numbers
play a crucia role and impressive examples may be found in the articles of WINTER or PAU-
LOS.

In order to cope with the abundance of numerical data, you need a personal numerical control
system, which enables you to detect and avoid severe inconsistencies, to see if different mag-
nitudes fit together and to judge whether the data given are reasonable. This control system
can be developed and improved in maths education by creating a feeling for numbers and by
promoting imagination for magnitudes in different areas and of different orders. When, after
many years of mathematics education, educated people still confuse millions and billions (cf.
HOFSTADTER), you see that thistask is far from being completed.

The development of number sense

In the literature you find a lot about how number sense begins to develop in young children
before or after entering school (e.g. FUSON, GERSTER & ScHULTZ). However not much is
known about how this development continues as children get older.
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In the syllabus e.g. in Baden-Wrttemberg, you will find proposals on how children may ac-
quire a step-by-step understanding of bigger numbers. In the first two grades numbers up to
100 are introduced, in the 3" grade up to 1000, in the 4™ grade up to 1 million and in the 5"
grade up to hillions and trillions, as well as smaller numbers (in the 6" grade fractions and
decimal numbers). The leading principle for developing the number system in the syllabus is
not addition (represented in the number line) but multiplication (and division) by powers of
10 (represented in the decimal notation).

Getting familiar with numbers can be compared to the acquisition of the vocabulary of alan-
guage. Most new words you meet go into your passive personal vocabulary. Only to a lesser
extent are you able to make active use of words, which belong to your considerably smaller
active personal vocabulary.

In the same way, the syllabus informs about the passive use of numbers, but gives no hint of
how far children and young persons are able to use them actively in different areas and orders
of magnitude. The interesting question is how this active number vocabulary develops in as-
sociation with the kind of measurement and the order of magnitude. Is the personal number
vocabulary and its grammar like a number line, where addition and subtraction are the main
number operations, or is it organized as a place-value system, where multiplication and divi-
sion (by 10) are the most important number operations?

During the last few years new light was thrown on these questions by the research of cogni-
tive neuroscientists like DEHAENE and BUTTERWORTH, who have investigated the processing
of numerical quantities in the human brain. DEHAENE sees an innate quantitative imagination
in new-born human beings and in higher animals that enables them to recognise and to distin-
guish quantities up to 5 and makes possible rough numerical comparisons of different quanti-
ties. These comparisons are not additive in principle but multiplicative and follow Weber’'s
law. Human beings are further able to construct a symbolic representation of quantities.

The multiplicative structure of the recognition of quantities is demonstrated by the place-
value notation of numbers, in which the magnitude of a number is expressed by the number of
places roughly corresponding to the base ten logarithm of this number.

Theimportance of estimation

It is still not very well known (cf. BENTON, SOWDER), by which methods this numerical
imagination can be trained (e.g. by rounding numbers, calculating with powers of ten or by
estimating). In classroom practice however it has turned out that estimating real quantitiesis
both a highly motivating device and a successful way to find out interesting things about the
numerical capabilities of people in any age group. In the classroom, estimation questions can
be given not only to the pupils but also to the teacher — and it usually turns out that some pu-
pils give better estimates than their mathematics teacher.

In the following, | report about the development of an estimation test and about the main re-
sults.

The test was developed within a statistics course at the Padagogische Hochschule Freiburg.
From 1987 to 1997 about 600 mathematics students were given an estimation test. The test
was put into its final form in 1998 and since then has been given to about 200 mathematics
students, to about 60 children in primary schools and nearly 800 pupils in secondary schools
(in al grades of both Hauptschule and Realschule, but not in Gymnasium). In its final form
the test included 31 estimation questions (3 about the number of quantities, 20 about lengths
and 8 about weights) in different orders of magnitude. Some quantities to be estimated were
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visua (like the quantity of numerous points on a sheet of paper or the length and breadth of a
sheet of paper). Others were easy to imagine (like the diameter of a given coin or the length
and breadth of a banknote) and some were only accessible with difficulty, because they (or
some numerical impression of them) had to be memorized (like the world population or the
distance from the earth to the sun). In selecting and formulating the items it was felt impor-
tant that they should be accessible to al age groups from primary school to adults. That
means that all the objectsto be estimated should be well known in daily life.

In its final form, all questions were on one side of a sheet of paper and could be answered
without time limitation. Usually it took between 15 and 30 minutes.

A measur e of the successratein estimation

In most existing tests, estimation skill can only be assessed roughly in a qualitative way (cf.
MEIRNER). In order to compare estimation skill quantitatively, a new measure for the success
rate of an estimation task had to be devel oped.

The starting point came from the observation that in comparing two quantities most people
rather think “ 37 more or ¥, less’ than “10 more or 10 less’ and in this way divide the esti-

mated numerical value of the two quantities instead of subtracting. Therefore, for most peo-
ple, when the estimated value is less than the true value of a quantity, it is reasonable to di-
vide the estimated by the true value and give the percentage.

When the estimated value is bigger than the true value, it seems reasonable to do the same,
but trying to compare over- and underestimation leads to severe inconsistencies. The more the
estimation exceeds the true value, the greater the inconsistency. For example, if the estimated
value is 100% more than the true value, it is twice the true value (in many cases an acceptable
guess) whereas an estimated value of 100% less than the true value is 0 and therefore atotally
useless result. Overestimating the true value by doubling it seemed to me comparable to un-
derestimating the true value by halving it. So in measuring overestimation you should divide
the true value by the estimated value. That means as a general rule — aways divide the
smaller by the bigger number.

The result gives the success rate as a proportion, either as the underestimate over the true
value or as the true value over the overestimate. In this way you get an estimation quality of
75% not only when the underestimated value is 25% less than the true value but aso when the
true value is 25% less than the overestimated value (that means an overestimation by 1 ).

Similarly you get a success rate of 25% when the underestimation is 1; of the true value or
the overestimation is 4 times the true value.

Test resultsin general

The final form of the test was given to 3 classes in primary school (grade 3 and 4, n = 66), to
35 classes in secondary schools (22 classes in Hauptschule, n = 474; 13 classes in Realschule,
n = 309) and to mathematics studentsin 3 statistics courses (n = 202).
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Though estimation is usually neglected in mathematics education throughout all school years,
the overall success rate improved during the time spent in school. Whereas pupilsin grade 3
and 4 and in grade 5 and 6 attained only about 50%, the success rate increases to more than
60% at the end of secondary school (grade 9 and 10) and rose to nearly 70% with the mathe-
matics students.

age group grade 3/4 | grade 5/6 | grade 7/8 | grade 9/10 students

n= 66 273 313 197 202
successrate 51 .53 .56 .62 .69
standard deviation .10 .09 .09 .08 .07

The diagram shows the development of estimation success in and after secondary school for
different measurements and different orders of magnitude.
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Estimation Primary Secondary Mathematics
success rates school school students

true n=66 n=783 n=202
item unity |value | mean v. | st.dev. | t-test ] meanv. | st.dev. | t-test | meanv. | st.dev. | t-test
number of points 129 .63 28 .76 19
Germany: population mill. | 82| .14 23 31 40 | .75 35 |
world population bill. 6] .16 28 | w .30 37 | w .66 38 |
A4 thickness mm 1] .19 22 .28 33 52 -36
draw a number on the n.l. | cm 9] .37 34 *x .58 32 *x .84 16
diameter: 1 Pf cm | 171 53 21 .55 22 + .56 18
diameter: 50 Pf cm 2l 55 27 .60 25 | ++ .64 19
diameter: 10 Pf cm | 22 62 27 .64 23 + .68 18
diameter: 1 DM cm | 241 61 27 .69 23 .76 16
diameter: 5 DM cm | 291 .60 29 72 24 .80 16
drawing a line cm 5] .55 -38 .75 31 .86 18
10 DM: breadth cm | 6.5 .66 24 .67 27 .81 19
length of a line cm | 1191 78 24 * .83 16 o .89 10
10 DM: length cm 13| .76 19 .76 18 .85 13
pos.of a number on the cm 16l .57 -39 .75 -33 * .94 13
n.l.
A4: breadth cm 211 73 31 .75 27 .89 12
A4: length cm 30l .85 20 .87 18 .93 10
baby: height cm 521 .73 24 .80 23 | ++ | .89 15 +
10 years old: height cm | 144 88 24 .87 -20 .89 10
blackboard: length m 4 .86 27 .86 22 * .91 15
earth: perimeter Mkm| .04] 14 21 | .25 33 | w .65 38 |
earth-moon: distance Mkm| .38] 19 30 b 22 29 o .28 31 b
earth-sun: distance Mkm| 150] .04 12 i .08 17 o .16 31 e
weight: 1 Pf g 2] 50 28 A7 31 * .52 29
weight: 50 Pf g 35| .43 31 41 28 .48 26
weight: 10 Pf g 4 .48 25 44 29 51 27
A4: weight g 5] .29 26 | .30 30 | w .32 30 *
weight: 1 DM g 55 .43 33 .38 28 .46 26
weight: 5 DM g 10] .44 38 .39 30 A7 29
baby: weight kg | 33| .48 32 * .61 31 .81 22
10 years old: weight kg 31 .72 34 .80 23 .83 18
success rate altogether .51 10 | x .57 09 | .69 07 | x*

The most important results are:

Estimation of quantities (how many?) improves considerably after grade 8. Before that pupils
lack the references to enable them to estimate, for example, the population of a country.

Pupilsin grade 5/6 are already able to estimate lengths quite well in daily life orders of mag-
nitude (cm, m). The success rate increases during secondary school from about 70% to nearly
80%. For extremely small or large orders of magnitude (thickness of paper, astronomical dis-
tances), they do not attain a feeling for the appropriate length during school, and even mathe-
matics students cannot cope successfully with astronomical distances.

As to estimating weights of daily objects weighing only a few grammes, there is practically
no gain in success rates during school and after school with the success rate staying below
50%. Body weights (of babies and 10 years olds) are well known at the beginning of secon-
dary school and estimated even better with increasing age.

Special test results

In the table the success rates of the single items are given. The items are ordered according to
the type of measurement and the magnitude.
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In the t-test column, ** means high significance (p<.01), * means significance (p<.05) in fa
vour of the males and ++ or + in favour of the females.

In most test items there were no significant gender differences but in al questions that in-
cluded big numbers, males estimated significantly better than females. In estimating the posi-
tion of the number 100 on a number line between 0 and 1000, boys improved their results
from 35% in grade 3/4 to 63% in grade 5/6, whereas girls stayed at 39% in grade 5/6 and only
improved 2 years later to 59%. Females outperformed boys in estimating the height of a baby
and tended in most school years to have better test results when estimating the diameter of
coins. In al age groups (with exception of grade 7/8) the overall success rate of males was
significantly better than that of females.

As can be seen from the following diagram, the best results during school time are attained
in estimating the length of an A4-sheet and of a blackboard, both visible during the test, and
the height of a 10 year old, a measurement which is easy to bring to mind (all between 80%
and 90%). The biggest gainsin school time are seen to be in estimating population numbers,
the position of the number 100 on a number line between 0 and 1000 and, after schooal, in es-
timating the thickness of paper and the perimeter of the earth.

The wor st results during school time occur in estimating small numbers (thickness of paper)
or estimating big numbers (especially astronomical lengths). The lowest gains both in and
after school occur in estimating the diameter of the smallest coin (1 Pf), the distance from the
earth to the moon and to the sun and in all estimates of small weights, especially the weight of
a sheet of paper.
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Over - and underestimation

Measuring the success rate does not give information about whether people tend to estimate
too high or too low. If, for each person, the number of underestimated items is subtracted
from the number of overestimated items then a positive result indicates overestimation and a
negative result underestimation. As the following table shows, a remarkable result arises:
primary pupils tend to underestimate. In secondary school this changes for 3 or 4 years but by
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the time they leave school the majority underestimate again. Nearly 3, of the mathematics stu-
dents underestimate.

percentage grade students
of underestimators 3/4 5/6 718 9/10 1998-2000 1987-1997
n=| 66 273 313 197 202 656
underestimators 61% 50% 40% 64% 73% 75%

Consistency of estimations

In estimating objects it may happen that people always overestimate or always underestimate,
but still have a consistent reference system in which the relations between the objects are ade-
quately represented. So in daily life, for example, it could easily be seen that the length of the
10 DM banknote is twice the breadth, when the banknote is folded in a wallet. In fact, this
daily experience does not lead to the expected insight, as the following table shows.

estimation of the format grade students
of the 10 DM banknote 3/4 5/6 718 9/10 1998-2000 1987-1997
n=| 63 258 291 191 196 625
I<2b 40% | 28% 25% 25% 32% 36%
I=2b 32% | 27% 27% 34% 26% 22%
I>2b 29% | 46% 48% 42% 42% 42%

Throughout all the age groups only about ¥; of those tested realized the double square format
of 10 DM. The other 2 split about equally into underestimating or overestimating the format
of the note. It seems that mere experience without reflection does not lead to insight.

What is the effect if two systems of reference contradict each other? This is the case with
coins, where sometimes size (diameter and weight) contradict value; the 10 Pf coin for exam-
pleis 7.5% bigger in diameter (15.6% in surface) and 14.3% heavier than the more valuable
50 Pf coin. The diagrams show that for young children the value is overwhelming, but that
with increasing age the sensual impression becomes more important than the monetary value.
It is remarkable that about half of the mathematics students did not realize the greater weight
of a10 Pf coin.
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What can be found about the astronomical reference system of earth, moon and sun? Though
the actual magnitudes are amost unknown, it could be asked if children are aware that the sun
Is more distant than the moon (which was discussed in public at least in connection with the
eclipse of 11" August 1999)? Or, in the era of space travel, are children aware that the dis-
tance to the sun is bigger than the biggest distance on the earth (40 000 km)? The diagrams
show that insight grows with increasing age, but that about 1; of primary pupils think that the

sun is not more distant than the moon as do 4% of the mathematics students. Also, the size of
the earth is broadly overestimated in comparison to the distance of the sun (and about equally
to the distance of the moon). Up to grade 6 about 40% of the pupils believe the sun to be
closer to the earth than the length of the equator and at the end of secondary school 20% still
believe this.
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Which numbersare actively used in estimating?

A closer look at the numbers used in the estimation tests gives some unexpected insights into
the numerical vocabulary which is available to persons in different age groups. When people
estimate, they choose their numbers not only according to the supposed size of the object, but
also according to the supply of numbers which are available in their brain. The numbers con-
sist of two parts:. their order of magnitude, which is represented by the number of placesin the
decimal system, and the numeral (i.e. the sequence of digits from left to right). If we neglect
the order of magnitude and only look to the numerals used, we see that the use of numbersis
according to Benford's law for the distribution of the first digit: the probability that a random
decimal begins with the digit n is logio(n+1) — logie(n) (RAIMI). As the diagram shows, not
only the true values but also the estimated values in al age groups approximately follow this
law. A closer analysis shows that this pattern repeats inside every order of magnitude. That
means if a person chooses a number between 1 and 10 from their numerical vocabulary, the
frequency of the first digit of the number is not the same for all digitsfrom 1 to 9, as could be
expected if the underlying number concept was additive, but decreases from 1 to 9, which is
more in accordance with a multiplicative number concept.
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Fregency of numerals used in different age groups
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In the diagram another interesting pattern becomes visible. There are big thresholds in the
course of the curves. That means, on the personal number lines, there are important threshold
values which are chosen much more often than a value in the close neighbourhood. The most
important threshold value for all age groupsis 1 (or 10 etc., which in the diagram is seen at
the end of the scale, as the height of the last step leading to 10), the next important ones are 2
and 5, then 1.5, 3 and 4, and then to a smaller extent 1.2, 2.5, 3.5, 6 and 8. The following table
shows the relative frequency with which these numerals are used in the different age groups.

What are the most frequent numerals?

1; |15; |12 .
numerals alto- 5 3 2.5; | remaining

used 1 12125 2 |25| 3 35| 4 5 6 | s | gether 3.5; | numbers
5 4 6:8

ar. 3/4 24% | 2% | 5% | 12% | 2% | 7% [ 2% | 7% | 11% | 2% | 2% | 76% |46% | 20% | 10% 24%

gr. 5/6 21% | 2% | 6% | 12% | 2% | 9% | 2% | 7% | 10% | 3% | 2% | 77% |44% |22% |12% 23%
gr. 7/8 17% | 3% | 8% | 11% 3% | 8% | 3% | 7% | 11% |3% 3% | 76% |39% |23% | 15% 24%
gr-9/10 | 14% 4% | 7% | 9% 3% | 7% 3% 6% | 9% | 4% | 4%| 71% |33%|20% | 18% 29%

stud. 11% |5% | 7% | 8% 3% | 7% 3% | 7% | 9% |4% |4%| 68% |28% |21% |19% 32%

This shows something of the numeric alphabet which people use. The most important part
consists of 11 one- and two-digit numbers. Y oung people use these 11 most frequent numer-
als for answering about 75% of the estimation questions; students a little bit less than 70%.
The sequence of these numeralsis not arithmetic with constant differences, but approximately
geometric with constant ratios (1, 10“**, 102", 10¥*, 10***, 10°**, 10, 10", 10%**, 107™,
10", which supports the idea of an underlying multiplicative number concept.

A closer look reveals different steps. The first step isthe numerals 1, 2 and 5, the benchmarks
for doubling and halving (corresponding approximately to the sequence 1, 10”3, 10%%), which
are used by primary children in amost every second answer, by secondary pupils in about
40% and by adult students in about 30% of the answers. In the second step, the gap between 1
and 5 isfilled by the numerals 1.5 (or 15 etc.), 3 and 4, which are used in about 20% of the
answers. In the third step, the numerals 1.2, 2.5, 3.5, 6 and 8 emerge, used in primary school in
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10% of the answers, in secondary school in 15%, and by students in 20%. The use of the re-
maining numerals increases from ¥; of the estimation answers during school age to nearly 3 of

the answers after school.

The first step shows how important doubling and halving is for the development of number
sense — operations which are mostly neglected after the first two school years in mathematics
education. In the third step and in the use of the remaining numerals we notice a gradual re-
finement of the numerals actively used, probably due to the introduction of decimals in grade
6.

In all, we see how important round numbers are for the development of number sense. Addi-
tionally the diagram above gives an idea of what it means for consumers, especially young
people, when companies fix prices a little bit below a round number. If you see the accumu-
lated frequency curves as approximations to the subjective number value and compare them
with the logarithmic curve, which would represent an accurate multiplicative number concept,
you get afeeling of how a price like 9.80 DM matters for different age groups. For children in
grade 3 to 6 the height of their frequency curve is about the same as the logarithmic value of
5.5, for young peoplein grade 7 to 10 it isabout 6.5, and for adultsit isalittle bit less than 8.

Conclusions

Including numerical estimation and the estimation of measurements into daily practice in
school maths could be an important way to improve number sense.

Estimation is important for the pupils because they can get immediate information about
their success which is highly motivating, and because reflection about the actual measure-
ments and about their personal reference systems can lead to improvement. Dealing with big
numbers in estimation questions and discussing the underlying situations could be promising,
especialy for girls, in order to give them more experience in these areas and hence a better
understanding of large numbers. It is also important because all children need these abilities
quickly in real life. A better number sense could be developed by using doubling and halving
as fundamental operations rather than as periphera activities.

Including more estimation situations could be productive for mathematics teachers, as they
can learn new things about their pupils and because they would be encouraged to find new
approaches to counter the predominant innumeracy.

It isimportant for resear chersto try to find out which situations lead to an additive (cardinal)
reaction and in which situations a multiplicative (logarithmic) number concept is predomi-
nant. We also need to discover what cognitive coexistence of these two concepts implies.
Where do contradictions arise? What are the consequences for the mathematics curriculum?
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