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P❡rs✐st❡♥❝❡ ✐♥ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦s

▼✐s❤❛❡❧ ▼✐❧❛❦♦✈✐➣

❯♥✐✈❡rs✐t② ♦❢ ❇❛♠❜❡r❣

♠✐s❤❛❡❧✳♠✐❧❛❦♦✈✐❝❅✉♥✐✲❜❛♠❜❡r❣✳❞❡

▼❛tt❤✐❛s ❘❛❞❞❛♥t

■♥st✐t✉t❡ ❢♦r t❤❡ ❲♦r❧❞ ❊❝♦♥♦♠② ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ❑✐❡❧

♠❛tt❤✐❛s✳r❛❞❞❛♥t❅✐❢✇✲❦✐❡❧✳❞❡

▲❛✉r❛ ❇✐r❣

❯♥✐✈❡rs✐t② ♦❢ ●ött✐♥❣❡♥

❧❛✉r❛✳❜✐r❣❅✇✐✇✐✳✉♥✐✲❣♦❡tt✐♥❣❡♥✳❞❡

❏❛♥✉❛r② ✽✱ ✷✵✶✹

❆❜str❛❝t

❲❡ ❡①❛♠✐♥❡ t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ♦❢ ●❡r♠❛♥ ❝♦r♣♦r❛t❡ ❜♦❛r❞s ✐♥ ✶✾✾✸✱ ✶✾✾✾
❛♥❞ ✷✵✵✺✱ ❛♥❞ ✐❞❡♥t✐❢② ❝♦r❡s ♦❢ ❞✐r❡❝t♦rs ✇❤♦ ❛r❡ ❤✐❣❤❧② ❝❡♥tr❛❧ ✐♥ t❤❡ ❡♥t✐r❡
♥❡t✇♦r❦ ✇❤✐❧❡ ❜❡✐♥❣ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣ t❤❡♠s❡❧✈❡s✳ ❚❤❡ ♥♦✈❡❧ ❢❡❛t✉r❡
♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ ❢♦❝✉s ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ ♥❡t✇♦r❦s✳ ●❡r♠❛♥②✬s ❝♦r✲
♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ❤❛s ❡①♣❡r✐❡♥❝❡❞ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡s ❞✉r✐♥❣ t❤✐s t✐♠❡✱ ❛♥❞
t❤❡r❡ ✐s s✉❜st❛♥t✐❛❧ t✉r♥♦✈❡r ✐♥ t❤❡ ✐❞❡♥t✐t② ♦❢ ❝♦r❡ ♠❡♠❜❡rs✱ ②❡t ✇❡ ♦❜s❡r✈❡
t❤❡ ♣❡rs✐st❡♥t ♣r❡s❡♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦r❡✱ ✇❤✐❝❤ ✐s ❡✈❡♥ r♦❜✉st t♦ ❝❤❛♥❣❡s ✐♥
t❤❡ t❛✐❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✳ ❆♥❡❝❞♦t❛❧ ❡✈✐❞❡♥❝❡ s✉❣✲
❣❡sts t❤❛t ❝♦r❡ ♣❡rs✐st❡♥❝❡ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❜♦❛r❞ ❛♣♣♦✐♥t♠❡♥t ❞❡❝✐s✐♦♥s
♦❢ ❧❛r❣❡❧② ❝❛♣✐t❛❧✐③❡❞ ❝♦r♣♦r❛t✐♦♥s✳

■♥tr♦❞✉❝t✐♦♥

❲❡ st✉❞② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ●❡r♠❛♥ ❝♦r♣♦r❛t❡ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s ❜❡t✇❡❡♥
✶✾✾✸ ❛♥❞ ✷✵✵✺✱ ❛♥❞ ❞❡t❡❝t ❛ ♣❡rs✐st❡♥t ❝♦r❡ ♦❢ ❞✐r❡❝t♦rs ✇❤♦ ❛r❡ ❤✐❣❤❧② ❝❡♥tr❛❧
✐♥ t❤❡ ♥❡t✇♦r❦ ✇❤✐❧❡ ❜❡✐♥❣ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣ t❤❡♠s❡❧✈❡s✳ ❚❤❡ st❛t✐s✲
t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❡t✇♦r❦ ❝♦r❡ s❤♦✇ ❧✐tt❧❡ ✈❛r✐❛t✐♦♥ ♦✈❡r t✐♠❡ ✐♥ s♣✐t❡ ♦❢

✶



s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡s ✐♥ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ❛♥❞ ❝♦♥s✐❞❡r❛❜❧❡ t✉r♥♦✈❡r ✐♥ t❤❡
✐❞❡♥t✐t② ♦❢ ❝♦r❡ ❞✐r❡❝t♦rs✱ ❧❡❛❞✐♥❣ t♦ q✉❡st✐♦♥s ❛❜♦✉t t❤❡ ♠❡❝❤❛♥✐s♠s t❤❛t
❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♦r✐❣✐♥ ♦❢ ❛ ♣❡rs✐st❡♥t ♥❡t✇♦r❦ ❝♦r❡✳

❚r❛❞✐t✐♦♥❛❧ r❡s❡❛r❝❤ ✐♥ ♦r❣❛♥✐③❛t✐♦♥ ❛♥❞ ♠❛♥❛❣❡♠❡♥t s❝✐❡♥❝❡ ❤❛s ✐♥✈❡s✲
t✐❣❛t❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s❤❛r❡❞ ❞✐r❡❝t♦rs❤✐♣s ♦r ♦✇♥❡rs❤✐♣s ♦♥ ✜r♠ ♣❡r❢♦r✲
♠❛♥❝❡✱ ♣r♦✜t❛❜✐❧✐t②✱ ❛♥❞ ❝♦r♣♦r❛t❡ str❛t❡❣②✱ ✐♥❝❧✉❞✐♥❣ ❛❝q✉✐s✐t✐♦♥ ❜❡❤❛✈✐♦r✱
❝❤♦✐❝❡ ♦❢ ✜♥❛♥❝✐♥❣✱ t❤❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ♣♦❧✐t✐❝❛❧ ❛♥❞ ❝❤❛r✐t❛❜❧❡
❝♦♥tr✐❜✉t✐♦♥s✱ t❤❡ ❛❞♦♣t✐♦♥ ♦❢ ♣♦✐s♦♥ ♣✐❧❧ ♣r❛❝t✐❝❡s✱ ❛♥❞ ♠❛♥② ♠♦r❡✱ ✐♥ ❢❛❝t
❣❡♥❡r❛t✐♥❣ s✉❝❤ ❛♥ ❛❜✉♥❞❛♥❝❡ ♦❢ r❡s✉❧ts t♦ ✇❛rr❛♥t s❡✈❡r❛❧ r❡❝❡♥t s✉r✈❡②s ♦♥
❞✐✛❡r❡♥t ❛s♣❡❝ts ♦❢ t❤❡ s✉❜❥❡❝t ❬✶✷✱ ✶✸✱ ✶✽✱ ✸✶✱ ✹✱ ✶✾✱ ✷✻❪✳ ❆♥♦t❤❡r str❛♥❞
♦❢ r❡s❡❛r❝❤✱ ✐♥s♣✐r❡❞ ❜② t❤❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ✇♦r❦ ♦❢ ❬✸❪✱ ❤❛s ❡♠♣❤❛s✐③❡❞ t❤❡
st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦s ❬✺✱ ✶✹✱ ✸✵❪ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❛t
❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s ❡①❤✐❜✐t t❤❡ s♠❛❧❧ ✇♦r❧❞ ❡✛❡❝t✱ ✇❤❡r❡❜② t❤❡ ✐♥t❡r♣❡rs♦♥❛❧
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛♥② t✇♦ ❞✐r❡❝t♦rs ✐s s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r
t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t♦rs ✐♥ t❤❡ ♥❡t✇♦r❦✳ ■♥ ❛❞❞✐t✐♦♥✱ ❬✶✼❪ ❛r❣✉❡ t❤❛t
❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s ❛r❡ ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❝❧✉st❡r✐♥❣✱ t②♣✲
✐❝❛❧ ♦❢ t❤❡ s♠❛❧❧ ✇♦r❧❞ ♥❡t✇♦r❦s ✐♥tr♦❞✉❝❡❞ ❜② ❬✹✶❪✳✶ ❙✉❜s❡q✉❡♥t❧②✱ ❤♦✇❡✈❡r✱
❬✶✺❪ ❛♥❞ ❬✸✸❪ ❤❛✈❡ s❤♦✇♥ ❢r♦♠ ❞✐✛❡r❡♥t ②❡t ❝♦♠♣❧❡♠❡♥t❛r② ✈✐❡✇♣♦✐♥ts t❤❛t
t❤❡ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❝❧✉st❡r✐♥❣ ✐s ♣r❡s❡♥t ❜② ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ s❤♦✉❧❞ ❛s s✉❝❤
♥♦t ❜❡ ❛♥ ✉♥❡①♣❡❝t❡❞ ❢❡❛t✉r❡ ✐♥ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ r❡❛s♦♥
✐s t❤❛t ❞✐r❡❝t♦rs ♦❢ t❤❡ s❛♠❡ ❝♦♠♣❛♥② ❛r❡ ❧✐♥❦❡❞ ❜② ❞❡✜♥✐t✐♦♥ t♦ ❛❧❧ t❤❡✐r
❝♦❧❧❡❛❣✉❡s✱ ✇❤✐❧❡ t❤❡ ❧❛r❣❡ ♠❛❥♦r✐t② ♦❢ ❞✐r❡❝t♦rs s❡r✈❡s ♦♥❧② ♦♥ ❛ s✐♥❣❧❡ ❜♦❛r❞
✐♥ t❤❡ ♥❡t✇♦r❦✳

❈♦♥✈❡♥t✐♦♥❛❧ ✇✐s❞♦♠ ❤❛s ✐t t❤❛t t❤❡ s♠❛❧❧ ✇♦r❧❞ ❡✛❡❝t t②♣✐❝❛❧❧② st❡♠s
❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❵❤✉❜s✬✱ ✐✳❡✳ ♥♦❞❡s ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s t♦ ♦t❤❡r
♥♦❞❡s ✐♥ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞ t❤❡ ❞❡❣r❡❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♥♦❞❡s ❤❛s ❜❡❡♥ s❤♦✇♥ t♦
♦❜❡② ❛ ♣♦✇❡r ❧❛✇ ✐♥ ♠❛♥② ❝♦♠♣❧❡① ♥❡t✇♦r❦s ❬✷✼✱ ✸✹❪✱ ②❡t ❝♦r♣♦r❛t❡ ✐♥t❡r❧♦❝❦s
❞♦ ♥♦t ❢❛❧❧ ✐♥t♦ t❤✐s ❝❛t❡❣♦r②✱ r❛✐s✐♥❣ t❤❡ q✉❡st✐♦♥ ✇❤❡r❡ t❤❡ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞
s♠❛❧❧ ✇♦r❧❞ ♣r♦♣❡rt② ♦❢ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦s ❝♦♠❡s ❢r♦♠ t❤❡♥✳

❋✐♥❛❧❧②✱ t❤❡ ✐❞❡❛ t❤❛t ❛ ❝♦r❡ ♦❢ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s ✐♥✢✉❡♥❝❡s t❤❡ ❞❡❣r❡❡
♦❢ ✐♥t❡r❡st ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❤❛s ♣r❡✈✐♦✉s❧② ❜❡❡♥ ♣✉t ❢♦r✇❛r❞ ❜② ❬✷✺❪✱ ❛♥❞
s❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ s✉❣❣❡st❡❞ ♣r♦❝❡❞✉r❡s t♦ ❝❧❛ss✐❢② ♦r ✐❞❡♥t✐❢② ❛ ❝♦r❡ ♦❢
❦❡② ♣❧❛②❡rs ✐♥ ❝♦♠♣❧❡① ♥❡t✇♦r❦s✱ ❜♦t❤ ✐♥ t❤❡ s♦❝✐❛❧ s❝✐❡♥❝❡s ❬✶✵✱ ✶✶❪ ❛♥❞
✐♥ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ♣❤②s✐❝s ❬✷✶❪✳ ❇✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦r❡ ❛❧s♦
❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❜❡②♦♥❞ ♣r❡ss✉r❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❛ ❝❧❛ss
♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s s♦♠❡t✐♠❡s r❡❢❡rr❡❞ t♦ ❛s ❞✉♣❧✐❝❛t✐♦♥ ✐♥ ✇❛❧❦s ❬✾❪✳ ❆♥
✐♠♣♦rt❛♥t ✐❧❧✉str❛t✐♦♥ ♦❢ s✉❝❤ ❛ ♣r♦❝❡ss ✐s t❤❡ ❞✐✛✉s✐♦♥ ♦❢ st❛t❡s ✭❡✳❣✳ ❡①♣❡❝✲
t❛t✐♦♥s✱ t❛st❡s✱ ♦♣✐♥✐♦♥s✱ tr❛❞✐♥❣ ♣♦s✐t✐♦♥s✱ ❡t❝✳✮ ✐♥ ❛ s②st❡♠ ♠❛❞❡ ✉♣ ♦❢ ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥ts✳ ❖♥❡ ❝❛♥ s❤♦✇✱ ♣❡r❤❛♣s

✶❙❡❡ ❬✸✾❪ ❢♦r ❛ r❡✈✐❡✇ ♦❢ s♠❛❧❧ ✇♦r❧❞ ♥❡t✇♦r❦s ✐♥ t❤❡ s♦❝✐❛❧ s❝✐❡♥❝❡s✳
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s♦♠❡✇❤❛t ✉♥❡①♣❡❝t❡❞❧②✱ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ✐s ♦❢t❡♥ s✉✣❝✐❡♥t ❢♦r
t❤❡ s②st❡♠✲✇✐❞❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❢❛s❤✐♦♥s ❛♥❞ ❢❛❞s ✐♥ s✉❝❤ s②st❡♠s ❬✷✱ ✶❪✳ ❚❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❝♦r❡✲♣❡r✐♣❤❡r② str✉❝t✉r❡ ❝❛♥ ♦❢t❡♥t✐♠❡s ❧❡❛❞ t♦
s②st❡♠✲✇✐❞❡ ❝♦♥❢♦r♠✐t②✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s
♦❢ ❝♦r❡ ❛❣❡♥ts ❧❡❛❞ t♦ ❝♦♦r❞✐♥❛t❡❞ ✏❛♥✐♠❛❧ s♣✐r✐ts✑ ✐♥ ❛ s②st❡♠ t❤❛t ✐s s❡✈❡r❛❧
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦r❡✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡
♣♦t❡♥t✐❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❛r❡ ❜❡st ❞✐s❝✉ss❡❞ ✐♥ ❧✐❣❤t ♦❢
t❤✐s ❧❛tt❡r ♣♦✐♥t✳

❲❤✐❧❡ ❬✷✹❪ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦r❡ ✐♥ ❛ ♠♦r❡ r❡❝❡♥t ②❡❛r✱
t❤❡② ❧❛❝❦ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜♦❛r❞ ❛♥❞ ❞✐r❡❝t♦r ♥❡t✲
✇♦r❦s✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✜♥❞✐♥❣s ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t❤❛t ✐♥st✐t✉t✐♦♥❛❧
t✐❡s ❛♠♦♥❣ t❤❡ ❧❛r❣❡st ●❡r♠❛♥ ❝♦♠♣❛♥✐❡s ❛r❡ ♠❛✐♥t❛✐♥❡❞ ♦✈❡r t✐♠❡ ✐♥ s♣✐t❡
♦❢ ❝♦♥s✐❞❡r❛❜❧❡ t✉r♥♦✈❡r ✐♥ t❤❡ ✐❞❡♥t✐t② ♦❢ ❞✐r❡❝t♦rs✳ ■♥ ❧✐❣❤t ♦❢ t❤✐s t✉r♥♦✈❡r✱
✐t ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥s ♦❢ ❛ ♣❡rs✐st❡♥t ♥❡t✇♦r❦ ❝♦r❡✱
❛♥❞ ♦✉r ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t ❜♦t❤ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❜r♦❦❡♥ t✐❡s ❛♠♦♥❣
❧❛r❣❡ ❝♦r♣♦r❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ♣r❡❢❡r❡♥❝❡ ❢♦r r❡❝r✉✐t✐♥❣ ❡①♣❡r✐❡♥❝❡❞ ❞✐✲
r❡❝t♦rs ✇✐t❤ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✱ ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ t✐♠❡ ♣❡rs✐s✲
t❡♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦r❡✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤✐s ♣❛♣❡r ✐s t❤❡ ♦♥❧② ♦♥❡ ❜❡s✐❞❡s
t❤❡ ♠✉❝❤ ❡❛r❧✐❡r st✉❞② ❜② ❬✷✸❪ t❤❛t ❛♥❛❧②③❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦❛r❞ ♥❡t✇♦r❦s✳

❖✉r ✜♥❞✐♥❣s ❛r❡ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐♥ ❧✐❣❤t ♦❢ r❡❝❡♥t ❝❧❛✐♠s t❤❛t t❤❡
❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✭❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ●❡r♠❛♥ ❝❛s❡✮ ✐s ✐♥ ❛ ✏st❛t❡ ♦❢ ❞❡❝❧✐♥❡✑ ❞✉❡
t♦ ✐♥❝r❡❛s❡❞ s❤❛r❡❤♦❧❞❡r ♦r✐❡♥t❛t✐♦♥ ♦❢ ❝♦♠♣❛♥✐❡s✱ t❤❡ str❛t❡❣✐❝ r❡♦r✐❡♥t❛t✐♦♥
♦❢ ❧❛r❣❡ ❜❛♥❦s✱ ❛♥❞ t❤❡ ❞❡❝r❡❛s✐♥❣ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ st❛t❡ ✐♥ t❤❡ ✐♥❢r❛str✉❝t✉r❡
s❡❝t♦r ❬✷✵✱ ✻✱ ✶✻❪✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ❞❡❝❧✐♥❡ ✐s ❛♣♣❛r❡♥t
✐♥ t❤❡ ❜❛s✐❝ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ♦❢ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦✱ ②❡t t❤❡ s❡❧❡❝t✐✈❡
❤✐r✐♥❣ ♠❡❝❤❛♥✐s♠ ♦❢ ❝♦♠♣❛♥✐❡s t❤❛t ✇❡ ❞❡t❡❝t ❤❡r❡ ♠❛♥❛❣❡s t♦ ♣r❡s❡r✈❡ ❛
❝♦r❡ ♥❡t✇♦r❦ ✇❤♦s❡ ✐♥✢✉❡♥❝❡ ✐s✱ ✐❢ ❛♥②t❤✐♥❣✱ ✐♥❝r❡❛s✐♥❣ ♦✈❡r t✐♠❡✳

❆❢t❡r ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t✱ ✇❡ ♣r♦❝❡❡❞ ❜② ✐❞❡♥t✐❢②✐♥❣ ❛♥❞ ❝♦♠✲
♣❛r✐♥❣ ❝♦r❡s ♦❢ ❞✐r❡❝t♦rs ❛♠♦♥❣ ♦✉r s✉❜s❛♠♣❧❡s✳ ❍❡r❡❛❢t❡r ✇❡ ❛♥❛❧②③❡ ❤♦✇
t❤❡ r❡✲✇✐r✐♥❣ ♣r♦❝❡ss ❛♠♦♥❣ ❝♦♠♣❛♥✐❡s t❛❦❡s ♣❧❛❝❡ t❤r♦✉❣❤♦✉t t❤❡ ②❡❛rs✳
❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞✐s❝✉ss✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ✜♥❞✐♥❣s t❤❛t ❣♦
❜❡②♦♥❞ t❤❡ r❡❛❧♠ ♦❢ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦s✳

❚❤❡ ❉❛t❛s❡t

❖✉r ❝♦♠♣✐❧❛t✐♦♥ ♦❢ ❜♦❛r❞ ❝♦♠♣♦s✐t✐♦♥ ❞❛t❛ ❛✐♠❡❞ ❢♦r ●❡r♠❛♥②✬s ♦♥❡ ❤✉♥✲
❞r❡❞ ❧❛r❣❡st ♣✉❜❧✐❝❧② tr❛❞❡❞ ❝♦♠♣❛♥✐❡s ✐♥ ✶✾✾✸✱ ✶✾✾✾✱ ❛♥❞ ✷✵✵✺✳ ❚❤❡ t❤✐rt②
❧❛r❣❡st ❝♦♠♣❛♥✐❡s ❛r❡ ❧✐st❡❞ ✐♥ t❤❡ ●❡r♠❛♥ st♦❝❦ ✐♥❞❡① ❉❆❳ ✭❉❡✉ts❝❤❡r ❆❦✲
t✐❡♥✐♥❞❡① ✮✱ ✇❤✐❧❡ t❤❡ ♥❡①t ❧❛r❣❡st ❝♦♠♣❛♥✐❡s ❛r❡ ❧✐st❡❞ ✐♥ t❤❡ ▼✐❞✲❈❛♣✲❉❆❳✱
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♦r ▼❉❆❳✳ ❚❤❡ ▼❉❆❳ ✇❛s ❢♦✉♥❞❡❞ ✐♥ ✶✾✾✻✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡✈❡♥t② ❧❛r❣❡st
❝♦♠♣❛♥✐❡s t❤❛t ✇❡r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❉❆❳✱ ✇❤✐❝❤ ✇❡ ❛❧s♦ ✉s❡❞ ✐♥ t❤❡
✶✾✾✸ s❛♠♣❧❡✳ ■♥ ✷✵✵✸✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛♥✐❡s ✐♥ t❤❡ ▼❉❆❳ ✇❛s r❡❞✉❝❡❞
❢r♦♠ s❡✈❡♥t② t♦ ✜❢t②✱ s♦ ✇❡ ✉s❡❞ t❤❡ s✉r✈✐✈♦rs ❛♠♦♥❣ t❤❡ t✇❡♥t② ❝♦♠♣❛♥✐❡s
t❤❛t ❧❡❢t t❤❡ ▼❉❆❳ ✐♥ t❤❡ ✷✵✵✺ s❛♠♣❧❡✱ ♦r r❡♣❧❛❝❡❞ t❤♦s❡ t❤❛t ♥♦ ❧♦♥❣❡r
❡①✐st❡❞ ✇✐t❤ t❤❡ ♥❡①t ❧❛r❣❡st ❝♦♠♣❛♥✐❡s ✐♥ ✷✵✵✺✳

1993 1999 2005

❋✐❣✉r❡ ✶✿ ❈♦♠♣❛♥② ♥❡t✇♦r❦s
❚❤❡ ♥❡t✇♦r❦ ♦❢ ●❡r♠❛♥ ❞✐r❡❝t♦r ✭t♦♣ ♣❛♥❡❧✮ ❛♥❞ ❝♦♠♣❛♥② ✭❜♦tt♦♠ ♣❛♥❡❧✮
✐♥t❡r❧♦❝❦s ✐♥ ✶✾✾✸✱ ✶✾✾✾ ❛♥❞ ✷✵✵✺✳ ❖♥❧② ❛ ❢❡✇ ❝♦♠♣❛♥✐❡s ❛r❡ ✐s♦❧❛t❡❞ ❢r♦♠
t❤❡ ❧❛r❣❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ ❛♥❞ ❛ ❝❛s✉❛❧ ❣r❛♣❤✐❝❛❧ ✐♥s♣❡❝t✐♦♥ ❛❧r❡❛❞②
s✉❣❣❡sts t❤❛t ❡❛❝❤ ♥❡t✇♦r❦ ❤❛s ❛ ❝♦r❡✲♣❡r✐♣❤❡r② str✉❝t✉r❡✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♦✉r st✉❞②✱ ❝♦r♣♦r❛t❡ ❜♦❛r❞s ❝♦♥s✐st ♦❢ ❡①❡❝✉t✐✈❡ ♠❛♥✲
❛❣❡♠❡♥t ✭❱♦rst❛♥❞✮ ❛♥❞ s✉♣❡r✈✐s♦r② ❜♦❛r❞ ✭❆✉❢s✐❝❤tsr❛t✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
♣❡rt✐♥❡♥t ●❡r♠❛♥ ❧❡❣❛❧ ❝♦❞❡✱ t❤❡② ❤❛✈❡ t♦ ♠❡❡t ❛t ❧❡❛st ❢♦✉r t✐♠❡s ♣❡r ②❡❛r
✭§ ✾✹✭✸✮ ♦❢ ❆❦t✐❡♥❣❡s❡t③✱ ♦r ❆❦t●✮✳ ❊①❡❝✉t✐✈❡s ❛r❡ ❛♣♣♦✐♥t❡❞ ❢♦r ❛ ♠❛①✐♠✉♠
♦❢ ✜✈❡ ②❡❛rs✱ ❛♥❞ ❜♦t❤ ❛♣♣♦✐♥t♠❡♥t ❛s ✇❡❧❧ ❛s ♣♦t❡♥t✐❛❧ r❡❛♣♣♦✐♥t♠❡♥t ♥❡❡❞
t♦ ❜❡ ❛♣♣r♦✈❡❞ ❜② t❤❡ s✉♣❡r✈✐s♦r② ❜♦❛r❞ ✭§ ✽✹ ❆❦t●✮✳ ■♥ ❧✐❣❤t ♦❢ t❤❡ ✜✈❡✲②❡❛r
❧✐♠✐t✱ ✇❡ ❝❤♦s❡ ❡q✉❛❧❧② s♣❛❝❡❞ ✐♥t❡r✈❛❧s ♦❢ s✐① ②❡❛rs t♦ ✐♥❝r❡❛s❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞
♦❢ ♦❜s❡r✈✐♥❣ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦r♣♦r❛t❡ ❜♦❛r❞s✳ ❲❡ ❝♦♠♣✐❧❡❞

✹



✶✾✾✸ ✶✾✾✾ ✷✵✵✺
★ ♦❢ ❝♦♠♣❛♥✐❡s ✭❞✐st✐♥❝t✿ ✶✼✻✮ ✾✼ ✶✵✵ ✶✵✵
★ ♦❢ ❞✐r❡❝t♦rs ✭❞✐st✐♥❝t✿ ✸✽✽✹✮ ✶✼✹✹ ✶✼✶✶ ✶✺✾✸
★ ♦❢ ♠❛♥❞❛t❡s ✷✶✹✸ ✷✵✹✹ ✶✽✸✸
❛✈❡r❛❣❡ ❜♦❛r❞ s✐③❡ ✷✷✳✾ ✷✵✳✹ ✶✽✳✸
❛✈❡r❛❣❡ ♠❛♥❞❛t❡s ♣❡r ❞✐r❡❝t♦r ✶✳✷✸ ✶✳✶✼ ✶✳✶✺
❈♦♠♣❛♥② ❧✐♥❦s ✭t♦t❛❧✮ ✽✵✸ ✻✺✼ ✸✼✺
❈♦♠♣❛♥② ❧✐♥❦s ✭✉♥✇❡✐❣❤t❡❞✮ ✺✾✼ ✹✾✵ ✷✾✶

❚❛❜❧❡ ✶✿ ❈♦r♣♦r❛t❡ ♠❛♥❞❛t❡ st❛t✐st✐❝s
❚❤❡ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ♦❢ ♦✉r s❛♠♣❧❡ ✐❧❧✉str❛t❡ ❛ s❧✐❣❤t ❞❡❝r❡❛s❡ ✐♥ t❤❡
♥✉♠❜❡r ♦❢ ❞✐r❡❝t♦rs ❛♥❞ ♠❛♥❞❛t❡s ♦✈❡r t✐♠❡✱ ❛♥❞ ❛ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ❞❡❝r❡❛s❡
✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ❜❡t✇❡❡♥ ❝♦♠♣❛♥✐❡s t❤❛t ❛r❡ ❢♦r♠❡❞ ❜② ♠✉❧t✐♣❧❡ ❜♦❛r❞
♠❡♠❜❡rs❤✐♣✳ ❚❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ✐s ❝❛✉s❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❛ ❞✐r❡❝t♦r ✇✐t❤ b
♠❛♥❞❛t❡s ❝r❡❛t❡s l(b) = b!/2(b− 2)! ❧✐♥❦s ❛♠♦♥❣ ❝♦♠♣❛♥✐❡s✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱
❛ ❞✐r❡❝t♦r ✇✐t❤ b = 6 ♠❛♥❞❛t❡s r❡t✐r❡s ❛♥❞ ✐s r❡♣❧❛❝❡❞ ❜② ❞✐✛❡r❡♥t s✐♥❣❧❡✲
♠❛♥❞❛t❡ ❞✐r❡❝t♦rs ❡❛❝❤ t✐♠❡✱ t❤❡♥ l(6) = 15 ❧✐♥❦s ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡
♥❡t✇♦r❦✳

t❤❡ ❞❛t❛ ❜② ❝♦♥s✉❧t✐♥❣ ✈❛r✐♦✉s ❛r❝❤✐✈❡s t❤❛t ❦❡❡♣ r❡❝♦r❞s ♦❢ t❤❡ ❛♥♥✉❛❧ r❡✲
♣♦rts ♦❢ t❤❡s❡ ❝♦♠♣❛♥✐❡s✱ ❛♥❞ ❜② ✇r✐t✐♥❣ t♦ ❝♦♠♣❛♥✐❡s ❢♦r ✇❤♦♠ ✇❡ ❝♦✉❧❞
♥♦t ❧♦❝❛t❡ ❛♥♥✉❛❧ r❡♣♦rts✳ ❚❤r❡❡ ❝♦♠♣❛♥✐❡s ✐♥ t❤❡ ✶✾✾✸ s❛♠♣❧❡ ❞✐❞ ♥♦t r❡♣❧②
t♦ ♦✉r ✐♥q✉✐r②✱ ❛❧❧ t❤r❡❡ ♦❢ t❤❡♠ ✇✐t❤ r❡❧❛t✐✈❡❧② ♠✐♥♦r ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥✱
❧❡❛✈✐♥❣ ✉s ✇✐t❤ ✾✼ ❝♦♠♣❛♥✐❡s ✐♥ t❤❛t ②❡❛r✳

❚❤❡ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ♦❢ ♦✉r s❛♠♣❧❡✱ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✶✱ s❤♦✇ ❛
❞❡❝r❡❛s✐♥❣ ❛✈❡r❛❣❡ ❜♦❛r❞ s✐③❡ ♦✈❡r t✐♠❡✱ ✇❤✐❝❤ ✐s ♠❛✐♥❧② ❞✉❡ t♦ ▼✫❆ ❛❝t✐✈✐t②
❛♠♦♥❣ ✈❡r② ❧❛r❣❡ ❝♦r♣♦r❛t✐♦♥s✱✷ ❛♥❞ ❛❧s♦ t♦ t❤❡ ❢❛❝t t❤❛t ✷✵✵✺ ❛❞❞✐t✐♦♥s ❤❛❞
♦♥❧② ❛❜♦✉t ❤❛❧❢ t❤❡ s❛♠♣❧❡✬s ❛✈❡r❛❣❡ ❜♦❛r❞ s✐③❡ ✐♥ t❤❛t ②❡❛r✳

▲❡t n ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t♦rs ✐♥ ❛ ②❡❛r✱ ❛♥❞ ❧❡t c ❜❡ t❤❡ ♥✉♠❜❡r ♦❢
❝♦♠♣❛♥✐❡s ✐♥ t❤❛t ②❡❛r✳ ❚❤❡♥ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① M ♦❢ ❞✐♠❡♥s✐♦♥ n × c✱
✇✐t❤ mij = 1 ✐❢ ❞✐r❡❝t♦r i ✐s ♦♥ t❤❡ ❜♦❛r❞ ♦❢ ❝♦♠♣❛♥② j ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✱
❞❡s❝r✐❜❡s t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐♥ ❡❛❝❤ ②❡❛r✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❞✐r❡❝t♦rs✱
D = MMT ✱ ✐s t❤❡ ✇❡✐❣❤t❡❞ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s✳ ■ts ❞✐✲
❛❣♦♥❛❧ ❡♥tr✐❡s ❡q✉❛❧ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s ♦❢ ❞✐r❡❝t♦r i✱
✇❤✐❧❡ ♥♦♥✲③❡r♦ ❡♥tr✐❡s ♦✛ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ D r❡♣r❡s❡♥t t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❧✐♥❦✱
s❤♦✇✐♥❣ ♦♥ ❤♦✇ ♠❛♥② ❜♦❛r❞s t✇♦ ❞✐r❡❝t♦rs s❡r✈❡ t♦❣❡t❤❡r✳ ❙②♠♠❡tr✐❝❛❧❧②
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❜♦❛r❞s✱ B = MTM ✱ ②✐❡❧❞s t❤❡ ✇❡✐❣❤t❡❞ ❛❞❥❛❝❡♥❝② ♠❛✲

✷❉r❡s❞♥❡r ❇❛♥❦✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❛s ❛❝q✉✐r❡❞ ❜② ❆❧❧✐❛♥③ ✐♥ t❤❡ ✜♥❛♥❝✐❛❧ s❡❝t♦r✱ ✇❤✐❧❡
❱❊❇❆ ❛♥❞ ❱■❆● ♠❡r❣❡❞ t♦ ❊❖◆ ✐♥ t❤❡ ✉t✐❧✐t✐❡s ✐♥❞✉str②✳

✺



tr✐① ♦❢ ❝♦♠♣❛♥② ✐♥t❡r❧♦❝❦s✱ ✐ts ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜♦❛r❞ s✐③❡
♦❢ ❝♦♠♣❛♥② j✱ ❛♥❞ ♦✛✲❞✐❛❣♦♥❛❧ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥ts ✐♥❞✐❝❛t❡ t❤❡ ♥✉♠❜❡r ♦❢
❞✐r❡❝t♦rs t❤❛t t✇♦ ❝♦♠♣❛♥✐❡s ❤❛✈❡ ✐♥ ❝♦♠♠♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ ♥❡t✇♦r❦s ❛r❡
❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ r❡❛❞✐❧② r❡✈❡❛❧ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱
❜✉t t❤❡ ✜❣✉r❡ ❛❧s♦ s✉❣❣❡sts t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡ ❝♦♠♣❛♥✐❡s ❛♥❞ ❞✐r❡❝t♦rs
❞❡❝r❡❛s❡s ♦✈❡r t✐♠❡✳ ❚❤❡ q✉❡st✐♦♥ ✐s t❤❡♥✱ ❛s ♦♥❡ ♠✐❣❤t ♣❡r❤❛♣s ✐♥t✉✐t✐✈❡❧②
❡①♣❡❝t✱ ✇❤❡t❤❡r ❝♦r❡ ❞✐r❡❝t♦rs ❛❧s♦ ❜❡❝♦♠❡ ❧❡ss ✐♥✢✉❡♥t✐❛❧✱ ❧❡ss ❝❡♥tr❛❧ ♦r ❧❡ss
❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣ t❤❡♠s❡❧✈❡s✳

❆♥❛❧②s✐s ♦❢ ❈♦r❡s ♦❢ ❉✐r❡❝t♦rs

❘❛♥❞♦♠ ❇❡♥❝❤♠❛r❦ ❛♥❞ ●❡♥❡r❛❧ ❉❡✈❡❧♦♣♠❡♥ts

❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥s ♦❢ t❤❡ s♠❛❧❧ ✇♦r❧❞ ❡✛❡❝t ✐♥ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s✱ ✇❡
✜♥❞ ✐t ✐♥str✉❝t✐✈❡ t♦ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬✷✹❪✳

❲❡ ✜rst ♥❡❡❞ t♦ ✐❞❡♥t✐❢② ❛ ❝♦r❡ ♦❢ ❞✐r❡❝t♦rs✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✐t ✐s ✐♥✲
str✉❝t✐✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❢r❡q✉❡♥❝② ♦❢ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✱ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✷✳

❲❡ st❛rt ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ ❞✐r❡❝t♦rs s❡r✈❡s
♦♥ ❥✉st ♦♥❡ ❜♦❛r❞✱ ❛♥❞ ❝♦♥❞✉❝t ❛ s✐♠♣❧❡ t❤♦✉❣❤t ❡①♣❡r✐♠❡♥t✳ ❙✉♣♣♦s❡ t❤❛t
t❤❡ ❞✐r❡❝t♦rs ✐♥ ❡❛❝❤ s❛♠♣❧❡ ❛r❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡❀ t❤❡♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ k
✐♥❞❡♣❡♥❞❡♥t ❇❡r♥♦✉❧❧✐ tr✐❛❧s✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r ♦❜s❡r✈✐♥❣
B = b ❛❞❞✐t✐♦♥❛❧ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✱

Pr[B = b] =

(
k

b

)

pb (1− p)k−b,

✇❤❡r❡ p ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss✱ ✐✳❡✳ ♦❢ ♦❜t❛✐♥✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜♦❛r❞
♠❡♠❜❡rs❤✐♣✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣r♦❝❡❞✉r❡✱ ❝♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ②❡❛r ✶✾✾✸✿
t❤❡r❡ ❛r❡ ✶✼✹✹ ❞✐r❡❝t♦rs ✐♥ t♦t❛❧✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛♥❞❛t❡s ✐s ✷✶✹✸✱ ②✐❡❧❞✐♥❣
k = 2143−1744 = 399✱ ❛♥❞ p = 1/1744✳ ❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s t❤❡ r❡s✉❧t✐♥❣ ❜✐✲
♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❝♦♠♣❛r❡s t❤❡♠ t♦ t❤❡ ❡♠♣✐r✐❝❛❧ r❡❧❛t✐✈❡ ❢r❡q✉❡♥❝✐❡s
♦❢ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣✳

❋♦r b > 3✱ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣ ✐s s❡✈❡r❛❧ ♦r❞❡rs
♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t
❇❡r♥♦✉❧❧✐ tr✐❛❧s✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t ❞✐r❡❝t♦rs ✇✐t❤ t❤r❡❡ ♦r ♠♦r❡ ♠❛♥❞❛t❡s
❛r❡ ♣r♦❜❛❜✐❧✐st✐❝❛❧❧② ❞✐st✐♥❝t ❛♥❞ t❤✉s ✐♥ s♦♠❡ s❡♥s❡ s♣❡❝✐❛❧✳ ❖♥❡ ✇♦✉❧❞
❡①♣❡❝t t♦ ♦❜s❡r✈❡ ❛ ♥❡t✇♦r❦ ❝♦r❡ ✐❢ t❤❡s❡ ❞✐r❡❝t♦rs ✇❡r❡ ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣
t❤❡♠s❡❧✈❡s✱ t❤✉s ✇❡ ♣❧♦t t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡ ❛♠♦♥❣ ❞✐r❡❝t♦rs ✇✐t❤ B ≥ b
❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s ✐♥ ❋✐❣✉r❡ ✸✱ ✇❤✐❝❤ r❡✈❡❛❧s t❤❛t t❤❡ r❡s✉❧t✐♥❣ s✉❜✲❣r❛♣❤s✱

✻
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❋✐❣✉r❡ ✷✿ ❇♦❛r❞ ♠❡♠❜❡rs❤✐♣ ❜❡♥❝❤♠❛r❦
❚❤❡ t♦♣ ❝✉r✈❡s s❤♦✇ t❤❡ ❡♠♣✐r✐❝❛❧ r❡❧❛t✐✈❡ ❢r❡q✉❡♥❝② ♦❢ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠✲
❜❡rs❤✐♣ ✐♥ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ②❡❛rs✱ ✇❤✐❧❡ t❤❡ ❜♦tt♦♠ ❝✉r✈❡s ✐❧❧✉str❛t❡ t❤❡ ❜✐✲
♥♦♠✐❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡
s❡q✉❡♥❝❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡r♥♦✉❧❧✐ tr✐❛❧s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳ ❚❤❡ s❡♠✐✲❧♦❣
s❝❛❧❡ r❡✈❡❛❧s ❞❡✈✐❛t✐♦♥s ♦♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r b > 3✳

✼



♦r b✲❝♦r❡s✱✸ ❛r❡ ✐♥❞❡❡❞ t♦ ❛ ✈❡r② ❧❛r❣❡ ❡①t❡♥t ❝♦♥♥❡❝t❡❞✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡
t❤❛t ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t♦rs ❛♥❞ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦♠♣❛♥✐❡s t❤❛t ❛r❡
❝♦♥♥❡❝t❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝♦r❡ ❞✐r❡❝t♦rs ❞❡❝r❡❛s❡ ♦✈❡r t✐♠❡ ✐♥ ♦✉r s❛♠♣❧❡✱
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹

❆ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♥❣ ❢❛❝t♦r t♦ t❤✐s ❞❡✈❡❧♦♣♠❡♥t ✐s ❝❡rt❛✐♥❧② t❤❡ r❡❝❡♥t
r❡❢♦r♠ ♦❢ ●❡r♠❛♥②✬s ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ❝♦❞❡ ✭❉❈●❑✮✳✺ ❚❤❡ r❡❢♦r♠ ❞❡❛❧s
✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ♥❛t✐♦♥❛❧ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❝r✐t✐❝✐s♠s t❤❛t ❤❛✈❡ ❜❡❡♥ ❧❡✈✲
❡❧❡❞ ❛❣❛✐♥st ●❡r♠❛♥②✬s tr❛❞✐t✐♦♥❛❧ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡✱ ♠♦st❧② ❝♦♥❝❡r♥✐♥❣
t❤❡ ✐♥❛❞❡q✉❛t❡ ❢♦❝✉s ♦♥ s❤❛r❡❤♦❧❞❡r ✐♥t❡r❡sts✱ ❛♥❞ t❤❡ ✐♥❛❞❡q✉❛t❡ ✐♥❞❡♣❡♥✲
❞❡♥❝❡ ♦❢ s✉♣❡r✈✐s♦r② ❜♦❛r❞s✱ ❛❞❞r❡ss❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❉❈●❑ ♣❛r❛❣r❛♣❤s
✺✳✶✳✷ ✭❛❣❡ ❧✐♠✐t ❢♦r ♠❛♥❛❣❡♠❡♥t ❜♦❛r❞ s❡r✈✐❝❡✮✱ ✺✳✹✳✷ ✭✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ s✉✲
♣❡r✈✐s♦r② ❜♦❛r❞ ♠❡♠❜❡rs✮✱ ❛♥❞ ✺✳✹✳✹ ✭❞❡t❡rr❡♥❝❡ ♦❢ t❤❡ ❤✐t❤❡rt♦ ❝✉st♦♠ t❤❛t
❢♦r♠❡r ❝❤✐❡❢ ❡①❡❝✉t✐✈❡s s❡r✈❡ ❛s s✉♣❡r✈✐s♦r② ❜♦❛r❞ ❝❤❛✐r♠❡♥✮✳ ❲❤✐❧❡ t❤❡ ♥❡✇
❝♦❞❡ ❛✐♠s ❛t st❛♥❞❛r❞✐③✐♥❣ ❜❡st ♣r❛❝t✐❝❡s ✐♥ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡✱ ✐t ❞♦❡s
♥♦t ❤❛✈❡ t❤❡ st❛t✉s ♦❢ ❛ ❢♦r♠❛❧❧② ❜✐♥❞✐♥❣ ❧❛✇✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞❡✈✐❛t✐♦♥s ❢r♦♠
❉❈●❑ r✉❧❡s ❤❛✈❡ t♦ ❜❡ ❡①♣❧✐❝✐t❧② ❥✉st✐✜❡❞ ❛♥❞ ♣✉❜❧✐❝✐③❡❞ ♦♥ ❛♥ ❛♥♥✉❛❧ ❜❛s✐s
✭§ ✶✻✶ ❆❦t●✮✱ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❜♦❛r❞
♠❡♠❜❡rs❤✐♣s ✐s ♥♦t ❛♥ ✉♥❡①♣❡❝t❡❞ ❢❡❛t✉r❡ ❢r♦♠ t❤✐s ♣❡rs♣❡❝t✐✈❡✳ ■t ✐s ♥♦t❡✲
✇♦rt❤② t❤❛t t❤❡ ❝♦❞❡ t♦♦❦ ❡✛❡❝t ✐♥ ❡❛r❧② ✷✵✵✷✱ ✇❤✐❧❡ t❤❡ ♣r♦♥♦✉♥❝❡❞ ❞❡❝r❡❛s❡
✐♥ ❛✈❡r❛❣❡ ♠❛♥❞❛t❡s ✐♥❞❡❡❞ ♦❝❝✉rs ❜❡t✇❡❡♥ t❤❡ ✶✾✾✾ ❛♥❞ ✷✵✵✺ s❛♠♣❧❡s✳

❆t t❤✐s ♣♦✐♥t✱ ♦♥❡ ❝❛♥ s♣❡❝✉❧❛t❡ ✇❤❡t❤❡r t❤❡ ❉❈●❑ ✐s t❤❡ ✉❧t✐♠❛t❡ ❝❛✉s❡
♦❢ t❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ♦r ♥♦t✱ ②❡t ♦✈❡r t❤❡ ②❡❛rs ✇❡ ❞♦ ✐♥ ❢❛❝t ♦❜s❡r✈❡ ❛
♣r♦♥♦✉♥❝❡❞ ❞❡❝❧✐♥❡ ✐♥ ❡①❡❝✉t✐✈❡ ♠❛♥❛❣❡rs✬ s✉♣❡r✈✐s♦r② ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✿✻

❚❛❜❧❡ ✹ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❤♦✇s t❤❛t ✐♥ ✶✾✾✸ ✭✶✾✾✾✱ ✷✵✵✺✮✱ t❤❡ ✺✻✾ ✭✹✹✶✱
✹✺✼✮ ❞✐r❡❝t♦rs ✇✐t❤ ❡①❡❝✉t✐✈❡ ♣♦s✐t✐♦♥s ❛❞❞✐t✐♦♥❛❧❧② s❡r✈❡❞ ♦♥ ✷✷✽ ✭✶✻✹✱ ✽✸✮
s✉♣❡r✈✐s♦r② ❜♦❛r❞s ♦❢ ♦t❤❡r ❝♦r♣♦r❛t✐♦♥s✳ ❚❤❡ ❞r♦♣ ✐♥ t❤❡ r❛t✐♦ ♦❢ s✉♣❡r✈✐✲
s♦r② ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s ♣❡r ❡①❡❝✉t✐✈❡ ✭228/569 = 0.4 ✐♥ ✶✾✾✸✱ 0.3 ✐♥ ✶✾✾✾
❛♥❞ 0.17 ✐♥ ✷✵✵✺✮ ✐❧❧✉str❛t❡s t❤❛t ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ♣r❛❝t✐❝❡s ❤❛✈❡ ✐♥❞❡❡❞
❝❤❛♥❣❡❞ ♦✈❡r t❤❡ ✐♥✈❡st✐❣❛t❡❞ t✐♠❡ ♣❡r✐♦❞✳ ❚❤✐s ❜r✐♥❣s ✉s ❜❛❝❦ t♦ t❤❡ q✉❡s✲
t✐♦♥ ✇❤❡t❤❡r s❤r✐♥❦✐♥❣ ❝♦r❡ s✐③❡s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t ❝♦r❡ ❞✐r❡❝t♦rs ❜❡❝♦♠❡ ❧❡ss
✐♥✢✉❡♥t✐❛❧ ♦✈❡r t✐♠❡✳

✸◆♦t✐❝❡ t❤❛t ♦✉r b✲❝♦r❡s ❞✐✛❡r ❢r♦♠ s♦✲❝❛❧❧❡❞ k✲❝♦r❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛
♥♦❞❡✬s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ❬✸✻❪✳

✹❆♥♦t❤❡r ♠❡t❤♦❞ ❢♦r t❤✐s ❛♥❛❧②s✐s ✇♦✉❧❞ ❜❡ t♦ ✉s❡ ❛ ❝♦r❡✲♣❡r✐♣❤❡r② ♠♦❞❡❧ ❬✶✶❪✳ ❙✐♥❝❡
✇❡ ♦♥❧② ✇❛♥t t♦ s❤♦✇ t❤❛t ❛ s❡t ♦❢ ♥♦❞❡s t❤❛t ✇❡ ❛❧r❡❛❞② ✐❞❡♥t✐✜❡❞ ✐s ❛ ❝♦r❡ ✇❡ ✉s❡ ❛
❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❤❡r❡✳

✺❙❡❡ ❤tt♣✿✴✴✇✇✇✳❝♦r♣♦r❛t❡✲❣♦✈❡r♥❛♥❝❡✲❝♦❞❡✳❞❡✴✐♥❞❡①✲❡✳❤t♠❧✳
✻❈✉rr❡♥t ♠❡♠❜❡rs ♦❢ t❤❡ ♠❛♥❛❣❡♠❡♥t ❜♦❛r❞ ♠✉st ♥♦t s✐♠✉❧t❛♥❡♦✉s❧② s❡r✈❡ ♦♥ t❤❡

❝♦♠♣❛♥②✬s s✉♣❡r✈✐s♦r② ❜♦❛r❞ ✭§ ✶✵✺ ❆❦t●✮✱ ❜✉t ❤❛✈❡ r♦✉t✐♥❡❧② ❜❡❡♥ ❛❧❧♦✇❡❞ t♦ s❡r✈❡ ❛s
s✉♣❡r✈✐s♦r② ❜♦❛r❞ ♠❡♠❜❡rs ❛t ♦t❤❡r ❝♦♠♣❛♥✐❡s✳

✽



b = 2 b = 3 b = 4 b = 5 b = 6 b = 7 b = 8 b = 9 b = 10

1993

1999

2005

❋✐❣✉r❡ ✸✿ ◆❡t✇♦r❦ str✉❝t✉r❡ ♦❢ s✉❝❝❡ss✐✈❡ b✲❝♦r❡s
◆❡t✇♦r❦ str✉❝t✉r❡s ❢♦r♠❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❞✐r❡❝t♦rs ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ t❤r❡s❤♦❧❞ ♦❢ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s B ≥ b✳
◆♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✐♥st❛♥❝❡ ♦❢ ❛♥ ✐s♦❧❛t❡❞ ❞✐r❡❝t♦r ✇✐t❤ b ≥ 3 ♠❛♥❞❛t❡s ✐♥ ❛♥② ♦❢ t❤❡ ②❡❛rs ✭❆❧❢r❡❞ P❢❡✐✛❡r
✐♥ t❤❡ ✶✾✾✸ b− 7 ❝♦r❡✮✳ ❚❤❡ s✐③❡ ♦❢ ❝♦r❡s ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❢r❛❝t✐♦♥ ♦❢ ❝♦♠♣❛♥✐❡s ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦r❡s ❜♦t❤ ❞❡❝r❡❛s❡
♦✈❡r t✐♠❡✱ s❤♦✇♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❋✐❣✉r❡ ✹✳

✾
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❋✐❣✉r❡ ✹✿ ❉✐r❡❝t♦rs ❛♥❞ ❝♦♠♣❛♥✐❡s ♦❢ b✲❝♦r❡s
❚❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t♦rs ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ b✲❝♦r❡s ✭t♦♣ ♣❛♥❡❧✮ ❞❡❝r❡❛s❡s ♦✈❡r
t✐♠❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦♠♣❛♥✐❡s t❤❛t ❛r❡ ❧✐♥❦❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡
b✲❝♦r❡ ❞✐r❡❝t♦rs ✭❜♦tt♦♠ ♣❛♥❡❧✮✳

✶✵



❉❡♥s✐t② ❛♥❞ ❈♦r♣♦r❛t❡ ❘❡❛❝❤

■♥t✉✐t✐✈❡❧② ❛ ♥❡t✇♦r❦ ❝♦r❡ ❝♦♥s✐sts ♦❢ ❞✐r❡❝t♦rs t❤❛t ❛r❡ ❤✐❣❤❧② ❝❡♥tr❛❧ ✐♥
t❤❡ ♥❡t✇♦r❦ ❛♥❞ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣ t❤❡♠s❡❧✈❡s✳ ❚❤❡ ❞❡♥s✐t② ♦❢ t❤❡
✭✉♥✇❡✐❣❤t❡❞✮ ❣r❛♣❤ D ✐s ❣✐✈❡♥ ❜② t❤❡ r❛t✐♦ ♦❢ t❤❡ ❡①✐st✐♥❣ ♥✉♠❜❡r ♦❢ ❧✐♥❦s✱
❞❡♥♦t❡❞ |L|, t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ✐♥ ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦❢ t❤❡ s❛♠❡ s✐③❡✱
❞❡♥♦t❡❞ |N |✱

densityD =
2|L|

|N |(|N | − 1)
, ✭✶✮

✇❤✐❝❤ ✐s ❜② ❝♦♥str✉❝t✐♦♥ ❝♦♥✜♥❡❞ t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢
❋✐❣✉r❡ ✺ ✐❧❧✉str❛t❡s t❤❛t ✭✐✮ t❤❡ ❞❡♥s✐t② ♦❢ b✲❝♦r❡ s✉❜✲❣r❛♣❤s ✐♥❝r❡❛s❡s ✇✐t❤
b✱ ❛♥❞ t❤❛t ✭✐✐✮ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦r❡s r❡♠❛✐♥s ❢❛✐r❧② ❝♦♥st❛♥t
♦✈❡r t✐♠❡ ✐♥ s♣✐t❡ ♦❢ ❞❡❝r❡❛s✐♥❣ ❝♦r❡ s✐③❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ ❛ss❡ss t❤❡
❝♦r♣♦r❛t❡ r❡❛❝❤ ♣❡r ❝♦r❡ ❞✐r❡❝t♦r ❜② t❤❡ r❛t✐♦ ♦❢ ❞✐st✐♥❝t ❝♦r❡ ❝♦♠♣❛♥✐❡s t♦ t❤❡
♥✉♠❜❡r ♦❢ ❝♦r❡ ❞✐r❡❝t♦rs✱ t❤❡ r❛t✐♦♥❛❧❡ ❜❡✐♥❣ t❤❛t ❛ ❝♦r❡ ♦❢ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞
❞✐r❡❝t♦rs ♣r♦❜❛❜❧② ②✐❡❧❞s t❤❡ ♠♦r❡ ✐♥st✐t✉t✐♦♥❛❧ ♣♦✇❡r t❤❡ ❢❡✇❡r ✐♥❞✐✈✐❞✉❛❧s
❝♦♥st✐t✉t❡ t❤❡ ❝♦r❡✱ ❛♥❞ t❤❡ ♠♦r❡ ❝♦♠♣❛♥✐❡s t❤❡② s♣❛♥✳ ■t ✐s ♥♦t❡✇♦rt❤② t❤❛t
t❤✐s ♠❡❛s✉r❡ ♦❢ ❝♦r❡ ♣♦✇❡r✱ s❤♦✇♥ ✐♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✱ ❛❝t✉❛❧❧②
✐♥❝r❡❛s❡s ♦✈❡r t✐♠❡✱ s♦ t❤❡ r❡❝❡♥t ❞❡❝❧✐♥❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s
❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♠❡❛♥ t❤❛t ❝♦r❡ ❞✐r❡❝t♦rs ✐♥ ●❡r♠❛♥②✬s ❝♦r♣♦r❛t❡ ❜♦❛r❞
♥❡t✇♦r❦ ❛❧s♦ ❜❡❝♦♠❡ ❧❡ss ✐♥✢✉❡♥t✐❛❧✳ ■❢ ❛♥②t❤✐♥❣✱ t❤❡ st❛t✐st✐❝s s❤♦✇♥ ✐♥ t❤❡
❜♦tt♦♠ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺ s✉❣❣❡st t❤❡ ♦♣♣♦s✐t❡✳

❈❡♥tr❛❧✐t②

❆ ❝♦♠♣❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤ t♦ ♠❡❛s✉r✐♥❣ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦r ✐♥✢✉❡♥❝❡ ♦❢ ❞✐✲
r❡❝t♦rs ✐s t♦ ❝♦♥s✐❞❡r t❤❡✐r ❝❡♥tr❛❧✐t② ✐♥ t❤❡ ♦✈❡r❛❧❧ ♥❡t✇♦r❦ ♦❢ ❞✐r❡❝t♦r ✐♥t❡r✲
❧♦❝❦s✳ ▲❡t C ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ♦❢ t❤❡ ❧❛r❣❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ D ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ②❡❛rs✱ ❛♥❞ ❧❡t V ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❞✐r❡❝t♦rs
❝♦♥t❛✐♥❡❞ ✐♥ C✳ ❆ s❤♦rt❡st ♣❛t❤ ❜❡t✇❡❡♥ t✇♦ ❞✐r❡❝t♦rs u, v ∈ V ✐s ❦♥♦✇♥
❛s ❛ ❣r❛♣❤ ❣❡♦❞❡s✐❝✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✱ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❣❡♦❞❡s✐❝ dC(u, v) ✐s ❦♥♦✇♥ ❛s t❤❡ ❣r❛♣❤ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❛✐r (u, v)✳

❚❤❡ ✜rst ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡ ✇❡ ❝♦♥s✐❞❡r ✐s ❝❧♦s❡♥❡ss ❝❡♥tr❛❧✐t②✱ ✇❤✐❝❤
♠❡❛s✉r❡s t❤❡ ❞✐st❛♥❝❡ ♦❢ ❛ ♥♦❞❡ t♦ ❛❧❧ ♦t❤❡r ♥♦❞❡s ✐♥ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞ ✐s
t②♣✐❝❛❧❧② ❞❡✜♥❡❞ ❛s t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ s✉♠ ♦❢ ❣❡♦❞❡s✐❝s t♦ ❛❧❧ ♦t❤❡r ♥♦❞❡s
✐♥ t❤❡ ♥❡t✇♦r❦✱

closenessu = 1/
∑

v∈V

dC(u, v) . ✭✷✮

❙✐♥❝❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❝❡♥tr❛❧✐t② ♦❢ ❞✐r❡❝t♦rs ❛❝r♦ss ②❡❛rs✱ ✇❡
❞✐✈✐❞❡ ❜② t❤❡ ❝❧♦s❡♥❡ss s❝♦r❡ ♦❢ t❤❡ ❞✐r❡❝t♦r ✇✐t❤ ♠❛①✐♠❛❧ ❝❧♦s❡♥❡ss ❝❡♥tr❛❧✐t②

✶✶
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❋✐❣✉r❡ ✺✿ ❈♦r❡ ❝♦♠♣❛♥✐❡s ❛♥❞ ❝♦r❡ ❞✐r❡❝t♦rs
❚❤❡ ❞❡♥s✐t② ♦❢ b✲❝♦r❡s ✭t♦♣ ♣❛♥❡❧✮ r❡♠❛✐♥s ❢❛✐r❧② st❛❜❧❡ ♦✈❡r t✐♠❡✱ ❛s ✇❡❧❧
❛s t❤❡ r❛t✐♦ ♦❢ ❞✐st✐♥❝t ❝♦r❡ ❝♦♠♣❛♥✐❡s t♦ ❝♦r❡ ❞✐r❡❝t♦rs ✭❜♦tt♦♠ ♣❛♥❡❧✮✳ ■❢
❛♥②t❤✐♥❣✱ ❝♦r❡ ❞❡♥s✐t② ❛♥❞ ❝♦r❡ ♣♦✇❡r ✐♥❝r❡❛s❡ ❞❡s♣✐t❡ t❤❡ ❞❡❝r❡❛s❡ ✐♥ t❤❡
❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♠❛♥❞❛t❡s ♦✈❡r t✐♠❡✳

✶✷



✐♥ ❡❛❝❤ ②❡❛r ✐♥ ♦r❞❡r t♦ ♥♦r♠❛❧✐③❡ t❤❡ s❝♦r❡s✳ ❉✐r❡❝t♦rs ✇❤♦ ❛r❡ ♠♦r❡ ❝❡♥tr❛❧
✐♥ t❤✐s s❡♥s❡ s❤♦✉❧❞ ✐♥ ♣r✐♥❝✐♣❧❡ ❜❡ ❜❡tt❡r ❛❜❧❡ t♦ r❡❛❝❤ ♦✉t ✐♥t♦ t❤❡ ❡♥t✐r❡
♥❡t✇♦r❦ ♦r ❜❡ ❢❛st❡r ✐♥ ❞♦✐♥❣ s♦✳✼

❆♥♦t❤❡r ♠❡❛s✉r❡ ♦❢ t❤❡ ❝❡♥tr❛❧✐t② ♦❢ ♥♦❞❡ u ✐s ❞❡❣r❡❡ ❝❡♥tr❛❧✐t②✱ ❝♦♥✲
str✉❝t❡❞ ❜② s✉♠♠✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s t❤❛t ❡❛❝❤ ♥♦❞❡ ❤❛s✱ degreeu =
∑

v∈V Cuv✳ ■♥t✉✐t✐✈❡❧②✱ ❞✐r❡❝t♦rs ✇❤♦ ❤❛✈❡ ♠❛♥② ❧✐♥❦s ❝♦♠♣❛r❡❞ t♦ t❤❡✐r
♣❡❡rs ❛r❡ ✐♥ ❛♥ ❛❞✈❛♥t❛❣❡♦✉s ♣♦s✐t✐♦♥ ✐❢ t❤❡② ❛r❡ ❛❜❧❡ t♦ ✐♥✢✉❡♥❝❡ ♠❛♥② ♦❢
t❤❡✐r ♣❡❡rs✱ ♦r ✐❢ t❤❡② ❤❛✈❡ ❜❡tt❡r ❛❝❝❡ss t♦ r❡s♦✉r❝❡s t❤r♦✉❣❤ t❤❡✐r ♠❛♥②
❧✐♥❦s✳ ❇✉t ❞❡❣r❡❡ ❝❡♥tr❛❧✐t② ♦♥❧② t❛❦❡s ✐♠♠❡❞✐❛t❡ t✐❡s ♦❢ ❞✐r❡❝t♦rs ✐♥t♦ ❛❝✲
❝♦✉♥t✱ ❛♥❞ ❧❛❝❦s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐st❛♥❝❡ t♦ ❞✐r❡❝t♦rs t❤❛t ❛r❡ ♥♦t
✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦rs✳ ▼♦r❡♦✈❡r✱ ❞✐r❡❝t♦rs ✇✐t❤ ♠❛♥② ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s
❤❛✈❡ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❞❡❣r❡❡ ❜② ❝♦♥str✉❝t✐♦♥ s✐♥❝❡ t❤❡ ❜♦❛r❞ s✐③❡ ❞✐str✐❜✉✲
t✐♦♥ ❤❛s ❛ ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡ t❤❛t ✐s ✇❡❧❧ ❝❛♣t✉r❡❞ ❜② ✐ts ♠❡❛♥✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t② ❬✽❪ ❢♦r ❛❧❧ ♥♦❞❡s ✐♥
V ✳ ❊✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t② ❛ss✐❣♥s s❝♦r❡s ♦❢ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ t♦ ❞✐r❡❝t♦rs ✐♥
t❤❡ ♥❡t✇♦r❦✱ ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ t❤❛t ❝♦♥♥❡❝t✐♦♥s t♦ ❤✐❣❤✲s❝♦r✐♥❣ ❞✐r❡❝t♦rs
❝♦♥tr✐❜✉t❡ ♠♦r❡ t♦ ❛ ❞✐r❡❝t♦r✬s s❝♦r❡ t❤❛♥ ❡q✉❛❧ ❝♦♥♥❡❝t✐♦♥s t♦ ❧♦✇✲s❝♦r✐♥❣
♣❡❡rs✳ ❍❡♥❝❡ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t② ✐s t❤❛t t❤❡ q✉❛❧✐t② ♦❢
❧✐♥❦s ✐s ✐♠♣♦rt❛♥t✱ ❜❡❝❛✉s❡ ❞✐r❡❝t♦rs ✇❤♦ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ♠❛♥② ✐♥✢✉❡♥t✐❛❧
♣❡❡rs ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ✐♠♣♦rt❛♥t t❤❡♠s❡❧✈❡s✳ ❙✉♣♣♦s❡ t❤❡ ❡✐❣❡♥✈❡❝t♦r
❝❡♥tr❛❧✐t② s❝♦r❡ ♦❢ ♥♦❞❡ u✱ ❞❡♥♦t❡❞ eu✱ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❡♥tr❛❧✐t② s❝♦r❡
♦❢ ✐ts ♥❡✐❣❤❜♦rs✱

eu =
1

λ

∑

v∈V

Cuv ev , ✭✸✮

✇❤❡r❡ λ ✐s ❛ ❝♦♥st❛♥t✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ✈❡❝t♦r ♦❢ ❝❡♥tr❛❧✐t② s❝♦r❡s ✐♥
♠❛tr✐① ♥♦t❛t✐♦♥ ❛s λe = C · e✱ ✇❤✐❝❤ s❤♦✇s t❤❛t e ✐s ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ C
✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ λ✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r t❤❡ ❡✐❣❡♥✈❡❝t♦r
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ C s✐♥❝❡ ✐ts ❡❧❡♠❡♥ts ❛r❡ ❛❧❧ ♥♦♥✲
♥❡❣❛t✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s t❤❡♦r❡♠✳ ❆❣❛✐♥✱ ✇❡ ❞✐✈✐❞❡❞ ❛❧❧
s❝♦r❡s ❜② t❤❡ ♠❛①✐♠✉♠ s❝♦r❡ ✐♥ ❡❛❝❤ ②❡❛r t♦ ♥♦r♠❛❧✐③❡ t❤❡ ❞❛t❛✳ ❋✐❣✉r❡ ✻
s❤♦✇s t❤❛t ❝♦r❡ ❞✐r❡❝t♦rs ❛r❡ ♥♦t ♦♥❧② ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❛♠♦♥❣ t❤❡♠s❡❧✈❡s✱
❜✉t t❤❛t t❤❡② ❛r❡ ❛❧s♦ ✐♥❝r❡❛s✐♥❣❧② ❝❡♥tr❛❧ ✐♥ t❤❡ ❡♥t✐r❡ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ✐s ❛♥✲
♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝ t❤❛t ♦♥❡ ✐♥t✉✐t✐✈❡❧② ❡①♣❡❝ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥❡t✇♦r❦
❝♦r❡✳

✼❋♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✜♥❞✐♥❣ t❤❛t ♣♦✇❡r ❛♥❞ ❝❡♥tr❛❧✐t② ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t s❡❡ ❬✼❪✳

✶✸
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❋✐❣✉r❡ ✻✿ ❈❡♥tr❛❧✐t② ♦❢ ❞✐r❡❝t♦rs
◆♦r♠❛❧✐③❡❞ ❛✈❡r❛❣❡ ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡s ♦❢ b✲❝♦r❡ ❞✐r❡❝t♦rs ✐♥ t❤❡ r❡s♣❡❝t✐✈❡
②❡❛rs✿ ❝❧♦s❡♥❡ss ✭t♦♣✮✱ ❞❡❣r❡❡ ✭❝❡♥t❡r✮ ❛♥❞ ❡✐❣❡♥✈❡❝t♦r ✭❜♦tt♦♠✮ ❝❡♥tr❛❧✐t②
r❡♠❛✐♥ ❢❛✐r❧② st❛❜❧❡ ♦✈❡r t✐♠❡✳

✶✹



❈♦r❡ P❡rs✐st❡♥❝❡ ❛♥❞ ■♥❞✐✈✐❞✉❛❧ ❚✉r♥♦✈❡r

❲❡ ❤❛✈❡ ❛r❣✉❡❞ t❤❛t t❤❡ str✉❝t✉r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❞✐r❡❝t♦r ✐♥t❡r❧♦❝❦s ❛r❡
st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥ s♣✐t❡ ♦❢ ❝❤❛♥❣❡s ✐♥ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ❛♥❞ ❛ ❞❡❝r❡❛s❡
✐♥ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♠❛♥❞❛t❡s✳ ▼♦t✐✈❛t❡❞ ❜② t❤❡ ♣❡rs✐st❡♥❝❡ ✐♥ ♥❡t✇♦r❦
str✉❝t✉r❡✱ ✇❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ♦r ❤♦✇ t❤❡ ❝♦r❡ str✉❝t✉r❡ ❞❡♣❡♥❞s
♦♥ t❤❡ ❞❡st✐♥✐❡s ♦❢ ♣❛rt✐❝✉❧❛r ❛❣❡♥ts✳

❊✈♦❧✉t✐♦♥ ♦❢ ❈♦♠♣❛♥② ▲✐♥❦s

❆♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ❤❡r❡ ❝♦♥❝❡r♥s t❤❡ ❧✐♥❦s ✐♥ t❤❡ ❝♦♠♣❛♥② ♥❡t✇♦r❦✳ ❚❤❡✐r
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦✈❡r ❝♦♥s❡❝✉t✐✈❡ ♣❡r✐♦❞s r❡✈❡❛❧s s♦♠❡ ♥♦t❡✇♦rt❤② ♣❛tt❡r♥s✿ ✐♥
✶✾✾✸ ✭✶✾✾✾✮ t❤❡ ❝♦♠♣❛♥② ♥❡t✇♦r❦ ❤❛❞ ✺✾✼ ✭✹✾✵✮ ✉♥✇❡✐❣❤t❡❞ ❧✐♥❦s✱ ✷✾✵ ✭✶✾✺✮
♦❢ ✇❤✐❝❤ ✇❡r❡ ✇✐t❤ ❝♦♠♣❛♥✐❡s t❤❛t r❡♠❛✐♥❡❞ ✐♥ t❤❡ s❛♠♣❧❡ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞
✭❛♥❞ ❤❛❞ ♥♦t ♠❡r❣❡❞ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✮✱ ✇❤✐❧❡ ✶✹✶ ✭✾✺✮ ♦❢ t❤❡s❡ ❧✐♥❦s ✇❡r❡
st✐❧❧ ✐♥ ♣❧❛❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞✳ ■♥ ✼✽ ✭✻✷✮ ❝❛s❡s✱ ❛t ❧❡❛st ♦♥❡ ❞✐r❡❝t♦r
✇❛s ❝♦♥st❛♥t❧② ♣❛rt ♦❢ ❜♦t❤ ❜♦❛r❞s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✷✹ ✭✶✵✮ ❞✐r❡❝t♦rs ❤❛❞ ❜❡❡♥
r❡❝r✉✐t❡❞ t♦ r❡✐♥❢♦r❝❡ ❡①✐st✐♥❣ ❧✐♥❦s✱ t❤❡♥ s❡r✈✐♥❣ ♦♥ ❛✈❡r❛❣❡ ♦♥ ✹✳✸✽ ✭✹✳✵✹✮
❜♦❛r❞s✳ ❖✉t ♦❢ t❤❡s❡ ✷✹ ✭✶✵✮ ❞✐r❡❝t♦rs✱ ✶✽ ✭✼✮ ✇❡r❡ ❛❧r❡❛❞② s❡r✈✐♥❣ ♦♥ ❛t ❧❡❛st
♦♥❡ ❜♦❛r❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞✱ ✇❤❡♥ t❤❡② ❤❡❧❞ ✷✳✷✷ ✭✷✳✻✽✮ ❛♣♣♦✐♥t♠❡♥ts
♦♥ ❛✈❡r❛❣❡✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ✻✸ ✭✸✸✮ ❝❛s❡s✱ ✇❤❡r❡ ❛♥ ❡①✐st✐♥❣ ❧✐♥❦ ✇❛s ♠❛✐♥t❛✐♥❡❞
t❤r♦✉❣❤ t❤❡ r❡❝r✉✐t♠❡♥t ♦❢ ♥❡✇ ❞✐r❡❝t♦rs✱ ❛ t♦t❛❧ ♦❢ ✺✵ ✭✷✻✮ ❞✐r❡❝t♦rs ✇❛s ❛♣✲
♣♦✐♥t❡❞ t♦ t❤❡ ✻✸ ✭✸✸✮ ♣♦s✐t✐♦♥s✱ ❛♥❞ t❤❡s❡ ❞✐r❡❝t♦rs t❤❡♥ s❡r✈❡❞ ♦♥ ❛✈❡r❛❣❡
♦♥ ✹✳✵✹ ✭✸✳✼✼✮ ❜♦❛r❞s✳ ❖✉t ♦❢ t❤❡s❡ ✺✵ ✭✷✻✮ ❞✐r❡❝t♦rs✱ ✸✹ ✭✷✵✮ ❤❛❞ ❛t ❧❡❛st
♦♥❡ ♠❛♥❞❛t❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞✱ ✇❤❡♥ t❤❡② s❡r✈❡❞ ♦♥ ❛✈❡r❛❣❡ ♦♥ ✷✳✻✽
✭✷✳✼✺✮ ❜♦❛r❞s✳ ❙♦ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛❜♦✉t ❤❛❧❢ ♦❢ t❤❡ ❝♦♠♣❛♥② ❧✐♥❦s ❛r❡ ❜❡✲
✐♥❣ ♠❛✐♥t❛✐♥❡❞ ❜❡t✇❡❡♥ ♣❡r✐♦❞s✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❡❛r❧✐❡r ✜♥❞✐♥❣s ❜②
❬✸✺❪ ♦♥ t❤❡ r❡❝♦♥st✐t✉t✐♦♥ ♦❢ ●❡r♠❛♥ ❝♦r♣♦r❛t❡ ✐♥t❡r❧♦❝❦s✳✽ ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞
t❤❛t ❛ s✉❜st❛♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ✐♥ t❤❡ ✭✐♥✐t✐❛❧✮ ❝♦♠♣❛♥② ♥❡t✇♦r❦ ♠✐❣❤t
❜❡ ✉♥✐♥t❡♥❞❡❞✱✾ ❛♥❞ ❣✐✈❡♥ t❤❛t t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ s✉✣✲
❝✐❡♥t❧② ❢❛r ❛♣❛rt t♦ ✇❛rr❛♥t ❜♦❛r❞ ✭r❡✮❛♣♣♦✐♥t♠❡♥t ❞❡❝✐s✐♦♥s✱ t❤❡ ♦❜s❡r✈❡❞

✽❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❡❝♦♥str✉❝t❡❞ t✐❡s ❛♠♦♥❣ ●❡r♠❛♥ ❝♦♠♣❛♥✐❡s ✐s ❢♦✉r t♦ ✜✈❡ t✐♠❡s
❤✐❣❤❡r t❤❛♥ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❯❙ ❬✸✽❪✳ ❋r♦♠ ❛ ♥❡t✇♦r❦ ❝♦r❡ ♣❡rs♣❡❝t✐✈❡✱ ✐t
✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❧❛r✐❢② ✇❤❡t❤❡r t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❡❝♦♥st✐t✉t❡❞ t✐❡s ❛♠♦♥❣ t❤❡
✈❡r② ❧❛r❣❡st ✭❝♦r❡✮ ❝♦r♣♦r❛t✐♦♥s ✐♥ t❤❡ ❯❙ ✐s s✉❜st❛♥t✐❛❧❧② ❤✐❣❤❡r t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧
❙t❡❛r♥s ❛♥❞ ▼✐③r✉❝❤✐ s❛♠♣❧❡✳

✾■♠❛❣✐♥❡ ❛ ❞✐r❡❝t♦r ✇✐t❤ t❤r❡❡ ♠❛♥❞❛t❡s ❛♥❞ s✉♣♣♦s❡ t❤❛t s❤❡ ✐s ♦♥ t❤❡ ❜♦❛r❞ ♦❢
❝♦♠♣❛♥② ❆✱ ✇❤✐❝❤ ♠❛♥❛❣❡s t♦ ♣❧❛❝❡ ❤❡r ♦♥ t❤❡ ❜♦❛r❞ ♦❢ ❝♦♠♣❛♥② ❇ ❢♦r str❛t❡❣✐❝ r❡❛s♦♥s✱
❡✳❣✳ t♦ ♦✈❡rs❡❡ ❆✬s ✐♥t❡r❡sts✳ ■❢ s❤❡ ❛❧s♦ s❡r✈❡s ♦♥ t❤❡ ❜♦❛r❞ ♦❢ ❛ t❤✐r❞ ❝♦♠♣❛♥② ❈✱ ✇❡
❝♦♥s✐❞❡r t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❆ ❛♥❞ ❇ ✐♥t❡♥t✐♦♥❛❧✱ ✇❤✐❧❡ t❤❡ ❧✐♥❦s ❆❈ ❛♥❞ ❇❈ ❛r❡ ✉♥✐♥t❡♥t✐♦♥❛❧
❜②♣r♦❞✉❝ts✳

✶✺



r❡❝♦♥st✐t✉t✐♦♥ ♦❢ ❧✐♥❦s ✇♦✉❧❞ ❝❡rt❛✐♥❧② s❡❡♠ t♦ ✐♥❞✐❝❛t❡ ♣❧❛♥♥❡❞ ♦r str❛t❡❣✐❝
❝♦♥♥❡❝t✐✈✐t② ❛♠♦♥❣ ●❡r♠❛♥ ❝♦r♣♦r❛t✐♦♥s✳

❙❡❝♦♥❞❧②✱ t❤❡s❡ ✜❣✉r❡s s✉❣❣❡st t❤❛t ❝♦♠♣❛♥✐❡s s❡❡♠ t♦ ♣r❡❢❡r t❤❡ ❛♣✲
♣♦✐♥t♠❡♥t ♦❢ ❞✐r❡❝t♦rs ✇❤♦ ❛❧r❡❛❞② s❡r✈❡ ♦♥ s❡✈❡r❛❧ ♦t❤❡r ❜♦❛r❞s✱ ✇❤✐❝❤ ✐s
♣❛rt✐❝✉❧❛r❧② tr✉❡ ❢♦r t❤❡ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ ✐♥st✐t✉t✐♦♥❛❧ ❧✐♥❦s ♦✈❡r t✐♠❡✳ ■t
✐s r❛t❤❡r ❞♦✉❜t❢✉❧ t❤❛t t❤❡s❡ ❞✐r❡❝t♦rs ✇❡r❡ ❛♣♣♦✐♥t❡❞ ❢♦r ♣✉r❡❧② s✉♣❡r✈✐s♦r②
♣✉r♣♦s❡s s✐♥❝❡ t❤❡ ❡✛♦rt ✐♥✈♦❧✈❡❞ ✐♥ ♠♦♥✐t♦r✐♥❣ ❛ ❤❛♥❞❢✉❧ ♦❢ ❉❆❳ ❝♦♠♣❛♥✐❡s
✐s s✉r❡❧② ❝♦♥s✐❞❡r❛❜❧❡✱ ❛♥❞ ✐♥ ❛❧❧ ❧✐❦❡❧✐❤♦♦❞ ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ♣r♦❤✐❜✐t✐✈❡ ✐❢
♦♥❡ ♦❢ t❤❡ ❛♣♣♦✐♥t♠❡♥ts ✐s ❛♥ ❡①❡❝✉t✐✈❡ ♣♦s✐t✐♦♥✳ ❚❤❡ ❢r❡q✉❡♥❝② ❞✐str✐❜✉t✐♦♥
♦❢ ❡①❡❝✉t✐✈❡s✬ s✉♣❡r✈✐s♦r② ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s ✐♥ ❚❛❜❧❡ ✹ ♥❡✈❡rt❤❡❧❡ss s❤♦✇s
t❤❛t s♦♠❡ ❡①❡❝✉t✐✈❡s ❛❞❞✐t✐♦♥❛❧❧② s❡r✈❡❞ ♦♥ ✉♣ t♦ t❡♥ ♦t❤❡r ❜♦❛r❞s✳

❉✐r❡❝t♦r ❙✉r✈✐✈❛❧

❙✐♥❝❡ ♠✉❧t✐♣❧❡ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s s❡❡♠ t♦ ❜❡ ❡ss❡♥t✐❛❧ ❢♦r ❜♦t❤ t❤❡ ❡①✐s✲
t❡♥❝❡ ❛♥❞ t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ♥❡t✇♦r❦✱ ✇❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ t❤❡ s✉r✈✐✈❛❧
♦❢ ❞✐r❡❝t♦rs ♦✈❡r t✐♠❡✳ ❖✉t ♦❢ ❛ t♦t❛❧ ♦❢ ✶✺✶✼ ❞✐r❡❝t♦rs ✐♥ t❤❡ ✶✾✾✸ s❛♠✲
♣❧❡✱ ✺✶✽ ❛r❡ st✐❧❧ ♣r❡s❡♥t ✐♥ ✶✾✾✾✱ ✇❤✐❝❤ ✐s ❛ s✉r✈✐✈❛❧ r❛t❡ ♦❢ ✸✹✪✳ ❋♦r t❤❡
✶✾✾✾✲✷✵✵✺ tr❛♥s✐t✐♦♥✱ t❤✐s ✜❣✉r❡ ✐s ✸✷✪✳ ❉✉r✐♥❣ t❤❡ ✜rst ✭s❡❝♦♥❞✮ tr❛♥s✐✲
t✐♦♥ ♣❡r✐♦❞✱ ✶✷✳✻✪ ✭✶✸✳✶✪✮ ♦❢ t❤❡ s✉r✈✐✈✐♥❣ ❞✐r❡❝t♦rs ❣❛✐♥❡❞ ♠❛♥❞❛t❡s✱ ✇❤✐❧❡
✶✷✳✹✪ ✭✶✶✳✸✪✮ ❧♦st ❛t ❧❡❛st ♦♥❡ ♠❛♥❞❛t❡✳ ❇✉t t❤❡s❡ ♣❡r❝❡♥t❛❣❡s ❝♦♥❝❡❛❧
t❤❛t ❞✐r❡❝t♦rs ✇✐t❤ ♠✉❧t✐♣❧❡ ♠❡♠❜❡rs❤✐♣s ❤❛✈❡ ❛ ♠❛r❦❡❞❧② ❤✐❣❤❡r s✉r✈✐✈❛❧
♣r♦❜❛❜✐❧✐t② t❤❛♥ t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ ❞✐r❡❝t♦rs ✇✐t❤ ❛ s✐♥❣❧❡ ♠❛♥❞❛t❡✿ t❤❡
s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡①✐st✐♥❣ ♠❛♥❞❛t❡s ✐s ✸✶✪
✭✷✽✪✮ ❢♦r ❜♦❛r❞ ♠❡♠❜❡rs ✇✐t❤ ❛ s✐♥❣❧❡ ♠❛♥❞❛t❡✱ ✐t ✐♥❝r❡❛s❡s t♦ ✺✶✪ ✭✹✼✪✮
❢♦r ❞✐r❡❝t♦rs ✇✐t❤ t✇♦ ♠❛♥❞❛t❡s✱ ✻✾✪ ✭✼✻✪✮ ❢♦r t❤♦s❡ ✇✐t❤ t❤r❡❡ ♠❛♥❞❛t❡s✱
❛♥❞ ✼✵✪ ✭✼✽✪✮ ❢♦r t❤♦s❡ ✇✐t❤ ❢♦✉r ♦r ♠♦r❡ ♠❛♥❞❛t❡s✳✶✵ ■t s❡❡♠s ❢❛✐r t♦
s❛② t❤❛t t❤❡ ♣❡rs✐st❡♥t str✉❝t✉r❡ ♦❢ ●❡r♠❛♥②✬s ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐s ❞r✐✈❡♥
❜② t❤❡ r❡❝r✉✐t♠❡♥t ❞❡❝✐s✐♦♥s ♦❢ ❧❛r❣❡ ❝♦♠♣❛♥✐❡s✱ ✇❤✐❝❤ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❛ ♣r♦❝❡ss ♦❢ ✏s❡❧❡❝t✐✈❡ r❡♣❧❛❝❡♠❡♥t✑ t❤❛t ❡①♣r❡ss❡s ✐ts❡❧❢ ✐♥ t❤❡ ✜❣✉r❡s ♦♥
t❤❡ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ ❧✐♥❦s ❛♠♦♥❣ ❝♦♠♣❛♥✐❡s ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ s✉r✈✐✈❛❧ ♦❢
❞✐r❡❝t♦rs✳ ❲❤✐❧❡ t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ ❞✐r❡❝t♦rs ❡♥t❡rs ❛♥❞ ❡①✐ts t❤❡ ❝♦r♣♦✲
r❛t❡ ♥❡t✇♦r❦ ✇✐t❤♦✉t ❡✈❡r ❜❡✐♥❣ ♣❛rt✐❝✉❧❛r❧② ❝❡♥tr❛❧ ✐♥ ✐t✱ ❛ s♠❛❧❧ ♥✉♠❜❡r
♦❢ ❤✐❣❤❧② ❝♦♥♥❡❝t❡❞ ❦❡② ❞✐r❡❝t♦rs ✇❛rr❛♥ts ❛ ♣❡rs✐st❡♥t ♥❡t✇♦r❦ ❝♦r❡ ♦✈❡r
t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❞❡st✐♥❡s ♦❢ ❦❡② ♣❧❛②❡rs ❛r❡ ♠✐t✐❣❛t❡❞ ❜②
t❤❡ r❡❝♦♥st✐t✉t✐♦♥ ♦❢ t✐❡s ❛♠♦♥❣ ❧❛r❣❡ ❝♦r♣♦r❛t✐♦♥s✱ ✇❤♦ ❢❛✈♦r ❞✐r❡❝t♦rs ✇✐t❤
♠✉❧t✐♣❧❡ ♠❡♠❜❡rs❤✐♣s✳ ❚♦ ❝♦rr♦❜♦r❛t❡ t❤✐s ❝❧❛✐♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✉r♥♦✈❡r
✐♥ t❤❡ ❝❡♥tr❛❧✐t② ♦❢ ❝♦♠♣❛♥✐❡s ❛♥❞ ❞✐r❡❝t♦rs ❜❡t✇❡❡♥ ♣❡r✐♦❞s✳

✶✵❚❤❡s❡ ✜❣✉r❡s ❛r❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s ✐♥ ❆♣♣❡♥❞✐① ✳
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❝♦♠♣❛♥✐❡s ❞✐r❡❝t♦rs
1993− 1999 1999− 2005 1993− 1999 1999− 2005

s✉r✈✐✈♦rs ✾✶ ✽✾ ✶✻✹✺ ✶✺✻✷
❞r♦♣♦✉ts ✸✹ ✸✽ ✶✵✽✼ ✶✵✽✶

❛✈
❡r
❛❣

❡
❝❡
♥
tr
❛❧
✐t
②

♦✉t ✵✳✺✵✸✹ ✵✳✹✹✸✽ ✵✳✹✾✺✵ ✵✳✹✹✺✵
❝❧♦s❡♥❡ss ✐♥ (t) ✵✳✼✼✽✾ ✵✳✼✸✶✼ ✵✳✼✵✶✹ ✵✳✻✽✺✵

✐♥ (t+ 1) ✵✳✼✺✷✶ ✵✳✼✹✾✼ ✵✳✻✽✹✺ ✵✳✼✵✽✷
♦✉t ✵✳✵✵✷✸ ❁✵✳✵✵✶ ✵✳✵✺✶✸ ❁✵✳✵✵✶

❡✐❣❡♥✈❛❧✉❡ ✐♥ (t) ✵✳✷✼✻✻ ✵✳✷✸✸✾ ✵✳✶✵✹✵ ✵✳✵✾✷✻
✐♥ (t+ 1) ✵✳✷✹✺✽ ✵✳✸✸✵✶ ✵✳✵✽✻✻ ✵✳✵✾✼✽
♦✉t ✵✳✵✷✺✵ ✵✳✵✷✼✵ ✵✳✵✸✶✸ ✵✳✵✷✵✼

♥♦r♠❛❧✐③❡❞
✐♥ (t) ✵✳✸✻✸✻ ✵✳✸✶✷✶ ✵✳✶✺✵✾ ✵✳✶✸✺✽

❞❡❣r❡❡
✐♥ (t+ 1) ✵✳✸✷✾✺ ✵✳✸✹✸✶ ✵✳✶✸✺✷ ✵✳✶✽✺✼

❝❤
❛♥

❣❡
✐♥

❝❡
♥
tr
❛❧
✐t
②

❛✈❣✳ |∆| ✵✳✵✺✹✼ ✵✳✵✼✸✵ ✵✳✵✺✷✶ ✵✳✵✻✽✹
❝❧♦s❡♥❡ss ❛✈❣✳ ∆ ✲✵✳✵✷✻✽ ✵✳✵✶✵✵ ✲✵✳✵✶✻✾ ✵✳✵✷✸✸

❜❡♥❝❤♠❛r❦ ✵✳✶✸✹✽ ✵✳✶✺✾✽ ✵✳✶✵✺✼ ✵✳✶✷✵✽
❛✈❣✳ |∆| ✵✳✵✽✽✸ ✵✳✶✶✻✶ ✵✳✵✺✶✸ ✵✳✵✺✼✶

❡✐❣❡♥✈❛❧✉❡ ❛✈❣✳ ∆ ✲✵✳✵✸✵✽ ✵✳✵✾✻✷ ✲✵✳✵✶✼✺ ✵✳✵✵✺✷
❜❡♥❝❤♠❛r❦ ✵✳✷✼✵✷ ✵✳✷✾✶✷ ✵✳✶✶✼✹ ✵✳✶✶✾✾
❛✈❣✳ |∆| ✵✳✵✾✺✸ ✵✳✶✵✸✾ ✵✳✵✺✹✸ ✵✳✵✽✺✺

♥♦r♠❛❧✐③❡❞
❛✈❣✳ ∆ ✲✵✳✵✸✹✶ ✵✳✵✸✶✵ ✲✵✳✵✶✺✼ ✵✳✵✹✾✾

❞❡❣r❡❡
❜❡♥❝❤♠❛r❦ ✵✳✷✻✺✶ ✵✳✷✽✸✽ ✵✳✵✾✺✹ ✵✳✶✶✹✸

❚❛❜❧❡ ✷✿ ❚✉r♥♦✈❡r ❛❝t✐✈✐t② ✐♥ ❝♦♠♣❛♥② ❛♥❞ ❞✐r❡❝t♦r ♥❡t✇♦r❦s
❚❤❡ ♥♦t❛t✐♦♥ ❢♦r ❛✈❡r❛❣❡ ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡s r❡❢❡rs t♦ ❛✈❡r❛❣❡s ❢♦r ❞r♦♣♦✉ts ✭✏♦✉t✑✮✱ ❛♥❞ t❤❡ ❝❡♥tr❛❧✐t② ♦❢ s✉r✈✐✈♦rs
✐♥ t❤❡ ❝✉rr❡♥t ✭✏✐♥ (t)✑✮ ❛♥❞ ♥❡①t ✭✏✐♥ (t+1)✑✮ ♣❡r✐♦❞✳ ❚❤❡ ❜❡♥❝❤♠❛r❦ ✈❛❧✉❡s ❢♦r t❤❡ ❝❤❛♥❣❡s ✐♥ ❝❡♥tr❛❧✐t② ❤❛✈❡ ❜❡❡♥
❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✶✼



❚✉r♥♦✈❡r ✐♥ ❈♦♠♣❛♥② ❛♥❞ ❉✐r❡❝t♦r ❈❡♥tr❛❧✐t②

❲❡ st❛rt ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝❤❛♥❣❡ ✐♥ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡s
❢♦r s✉r✈✐✈✐♥❣ ♥♦❞❡s ✐♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❚❛❜❧❡ ✷ ✐❧❧✉str❛t❡s t❤❛t
❛❜♦✉t t✇♦ t❤✐r❞s ♦❢ t❤❡ ❝♦♠♣❛♥✐❡s ❜✉t ♦♥❧② ♦♥❡ t❤✐r❞ ♦❢ t❤❡ ❞✐r❡❝t♦rs s✉r✈✐✈❡
❝♦♥s❡❝✉t✐✈❡ ♣❡r✐♦❞s✳ ❚❤❡ ❧✐❢❡ s♣❛♥ ♦❢ ❞✐r❡❝t♦rs ✐s ❜✐♦❧♦❣✐❝❛❧❧② ❧✐♠✐t❡❞ ✇❤✐❧❡
t❤❡ s❛♠❡ ✐s ♥♦t ✭♥❡❝❡ss❛r✐❧②✮ tr✉❡ ❢♦r ❝♦r♣♦r❛t✐♦♥s✱ t❤✉s t❤❡ ❢❛❝t t❤❛t ❛❜♦✉t
✼✵✪ ♦❢ ❞✐r❡❝t♦rs ❜✉t ❧❡ss t❤❛♥ ✹✵✪ ♦❢ ❝♦♠♣❛♥✐❡s ❞r♦♣ ♦✉t ❜❡t✇❡❡♥ ♣❡r✐♦❞s
✐s ❜② ✐ts❡❧❢ ♥♦t ✉♥❡①♣❡❝t❡❞✳ ■♥ s♣✐t❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❞✐✛❡r❡♥❝❡✱ ✇❡ ✜♥❞ t❤❛t
t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❝❤❛♥❣❡ ✐♥ ❝❡♥tr❛❧✐t②✱ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ✈❛r✐❛❜✐❧✐t② ❛♠♦♥❣
s✉r✈✐✈♦rs✱ ❤❛s t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ❜♦t❤ ❝♦♠♣❛♥✐❡s ❛♥❞ ❞✐r❡❝t♦rs✱
❛♥❞ t❤❛t ❛❜s♦❧✉t❡ ❝❤❛♥❣❡s ✐♥ ❝❡♥tr❛❧✐t② ❛r❡ r❛t❤❡r s♠❛❧❧ ✐♥ ❜♦t❤ ❝❛s❡s✳✶✶

■♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ❝♦♠♣❛r❡ t❤❡ t✉r♥♦✈❡r ❛❝t✐✈✐t② ❜❡t✇❡❡♥ ❝♦♠♣❛♥✐❡s
❛♥❞ ❞✐r❡❝t♦rs✱ ✇❡ ♥❡❡❞ t♦ s❝❛❧❡ t❤❡ ❛❜s♦❧✉t❡ ❝❤❛♥❣❡s ✐♥ ❝❡♥tr❛❧✐t② ✇✐t❤ ❛
❜❡♥❝❤♠❛r❦ ♠❡❛s✉r❡ ♦❢ ♣❡rs✐st❡♥❝❡ ✐♥ ❝❡♥tr❛❧✐t② t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞✐✛❡r✲
❡♥t s❝❛❧❡s ♦❢ t❤❡ ❝♦♠♣❛♥② ❛♥❞ ❞✐r❡❝t♦r ♥❡t✇♦r❦s✳ ■♥ ♦✉r ❜❡♥❝❤♠❛r❦ ❝❛s❡✱ ✇❡
❛ss✉♠❡ t❤❛t ❡❛❝❤ ♥♦❞❡✬s ❝❡♥tr❛❧✐t② ❝♦✉❧❞ ❝❤❛♥❣❡ t♦ ❡✈❡r② ♦❜s❡r✈❡❞ ❝❡♥tr❛❧✐t②
✐♥ ♥❡①t ♣❡r✐♦❞✬s s❛♠♣❧❡ ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t②✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✉♥✐❢♦r♠❧②
r❛♥❞♦♠ r❡✇✐r✐♥❣ ♦❢ ♥♦❞❡s✳ ❚❤✉s t❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ❝❤❛♥❣❡ ✐♥ ❝❡♥tr❛❧✐t②
✇♦✉❧❞ ❜❡ ③❡r♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡r❢❡❝t ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢
♥♦❞❡s✱ ❛♥❞ ✇♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ t❤❡ ❜❡♥❝❤♠❛r❦ ✈❛❧✉❡ ✐♥ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❧❡t❡❧②
r❛♥❞♦♠ r❡✇✐r✐♥❣ ♦❢ s✉r✈✐✈✐♥❣ ♥♦❞❡s✳ ❋♦r ❛❧❧ ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡s✱ ✇❡ ♦❜s❡r✈❡
t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ t♦ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ✐s ❧❛r❣❡r ❢♦r ❝♦♠♣❛♥✐❡s
t❤❛♥ ❢♦r ❞✐r❡❝t♦rs ✭❛❜♦✉t ✸✿✶ ✈s ✷✿✶✮✱ s❤♦✇✐♥❣ t❤❛t s✉r✈✐✈✐♥❣ ❝♦♠♣❛♥✐❡s ❡①✲
❤✐❜✐t s✐❣♥✐✜❝❛♥t❧② ❧❡ss ❝❤✉r♥✐♥❣ ✐♥ t❤❡✐r ❝❡♥tr❛❧✐t② t❤❛♥ s✉r✈✐✈✐♥❣ ❞✐r❡❝t♦rs✳
❈♦♠♣❛r✐♥❣ ❞r♦♣♦✉ts ✇✐t❤ s✉r✈✐✈♦rs✱ ❜♦t❤ ❢♦r ❝♦♠♣❛♥✐❡s ❛♥❞ ❞✐r❡❝t♦rs✱ ✇❡
✜♥❞ t❤❛t s✉r✈✐✈♦rs ❛r❡ ❛❧✇❛②s s✉❜st❛♥t✐❛❧❧② ♠♦r❡ ❝❡♥tr❛❧ t❤❛♥ ❞r♦♣♦✉ts ✭❛❧s♦
r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✷✮✱ ❛♥❞ t❤❛t t❤❡ ♥♦r♠❛❧✐③❡❞ ❞❡❣r❡❡ ✐s ❛❜♦✉t ♦♥❡ ♦r❞❡r ♦❢
♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r ❢♦r s✉r✈✐✈♦rs t❤❛♥ ❢♦r ❞r♦♣♦✉ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ✈❡r② ❧♦✇ ❛✈✲
❡r❛❣❡ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t② ♦❢ ❞r♦♣♦✉ts ❢✉rt❤❡r ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♠♣♦rt❛♥❝❡
♦❢ t❤❡ ❞r♦♣♦✉ts✬ ❢❡✇ ♥❡✐❣❤❜♦rs ✐s ❛❧s♦ ✈❡r② ❧♦✇ ♦♥ ❛✈❡r❛❣❡✳ ■♥ s✉♠♠❛r②✱
❜♦t❤ ❤✐❣❤❧② ❝❡♥tr❛❧ ❝♦♠♣❛♥✐❡s ❛s ✇❡❧❧ ❛s ❞✐r❡❝t♦rs t❡♥❞ t♦ st❛② ❝❡♥tr❛❧✱ ✇❤✐❧❡
❞r♦♣♦✉ts ❛r❡ ❧♦❝❛t❡❞ ✐♥ ♠♦r❡ ♣❡r✐♣❤❡r❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❈♦♠♣❛♥②
♥❡t✇♦r❦s ❡①❤✐❜✐t ❧❡ss t✉r♥♦✈❡r ❛❝t✐✈✐t② t❤❛♥ ❞✐r❡❝t♦r ♥❡t✇♦r❦s ❜♦t❤ ✐♥ t❤❡
s❤❛r❡ ♦❢ s✉r✈✐✈✐♥❣ ♥♦❞❡s ❜✉t ❛❧s♦ ✐♥ t❤❡ ❝❡♥tr❛❧✐t② ❝❤❛♥❣❡s ❛♠♦♥❣ s✉r✈✐✈♦rs✳

✶✶❆❧❧ t❤r❡❡ ♠❡❛s✉r❡s ♦❢ ❝❡♥tr❛❧✐t② ❡①❤✐❜✐t ❛ s❧✐❣❤t ❞❡❝r❡❛s❡ ✐♥ ❛✈❡r❛❣❡ ❝❡♥tr❛❧✐t② ❜❡t✇❡❡♥
✶✾✾✸ t♦ ✶✾✾✾✱ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ❜❡t✇❡❡♥ ✶✾✾✾ t♦ ✷✵✵✺✱ ❛s r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❚❤✐s ✐s ✐♥ ❧✐♥❡
✇✐t❤ t❤❡ ✈✐s✉❛❧ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❤✐❝❤ s❤♦✇s ❛♥ ✐♥❝r❡❛s✐♥❣
♥✉♠❜❡r ♦❢ ♣❡r✐♣❤❡r❛❧ ♥♦❞❡s ✐♥ ✶✾✾✾✱ ❛♥❞ ❞❡♥s❡r ❝♦r❡s ✐♥ ✷✵✵✺✳

✶✽



■❞❡♥t✐❢②✐♥❣ ❈♦♠♣❛♥② ●r♦✉♣s

❖✉r ✜♥❞✐♥❣s s♦ ❢❛r str♦♥❣❧② s✉❣❣❡st t❤❛t ❛s ❢❛r ❛s t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❝♦r♣♦✲
r❛t❡ ♥❡t✇♦r❦ ❝♦r❡ ✐s ❝♦♥❝❡r♥❡❞✱ ✐❞✐♦s②♥❝r❛t✐❝ ❞✐r❡❝t♦r ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❢❛r
❧❡ss ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ s❡❧❡❝t✐✈❡ r❡❝r✉✐t♠❡♥t ♣r❛❝t✐❝❡s ♦❢ ❝♦♠♣❛♥✐❡s✳ ❍❡♥❝❡
✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐❞❡♥t✐❢② ❝❧✐q✉❡s ❛♠♦♥❣ t❤❡ ❝♦♠♣❛♥✐❡s ✐♥ ♦✉r ❞❛t❛s❡t✱ ❛♥❞
s❡❡ ✐❢ ♣❡rs✐st❡♥t str✉❝t✉r❡s ❛❧s♦ ❡①✐st ✐♥ t❤❡ ♥❡t✇♦r❦ ♦❢ ❝♦♠♣❛♥② ✐♥t❡r❧♦❝❦s✳

❚♦ ✐❞❡♥t✐❢② ❛♥❞ ✈✐s✉❛❧✐③❡ ❝♦♥♥❡❝t❡❞ ❣r♦✉♣s✱ ✇❡ ❡ss❡♥t✐❛❧❧② ✉s❡ ♣r✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❛♥❞ ❝♦♠❜✐♥❡ ✐t ✇✐t❤ ❛ ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♣r♦❝❡✲
❞✉r❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥✳

❋✐❣✉r❡ ✼✿ ❘❡s♦rt❡❞ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ❢♦r ✶✾✾✸✱ ✶✾✾✾✱ ❛♥❞ ✷✵✵✺
❚❤❡ ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ✐❞❡♥t✐✜❡❞ ❝❧✐q✉❡s ✐s ❞❡❝r❡❛s✐♥❣✱ ❧❡❛❞✐♥❣ t♦ ❛ s♣❛rs❡r
❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ♦✈❡r t✐♠❡✱ ②❡t ✇✐t❤ ❛♥ ✐♥t❛❝t ❝♦r❡ ♥❡t✇♦r❦ ♦❢ ❛❜♦✉t ❛
❞♦③❡♥ ♠❡❣❛✲❝❛♣ ❝♦r♣♦r❛t✐♦♥s✳

❋✐❣✉r❡ ✼ s❤♦✇s t❤❡ r❡s♦rt❡❞ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ❢♦r ✶✾✾✸✱ ✶✾✾✾✱ ❛♥❞ ✷✵✵✺✳
❲❡ ♣❧♦t ❝♦♠♣❛♥② ❝❧✐q✉❡s ✇✐t❤ ❞❡s❝❡♥❞✐♥❣ s✐③❡ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ ❢♦❧❧♦✇❡❞ ❜②
✜r♠s t❤❛t ❞♦ ♥♦t ❡①❤✐❜✐t s♣❡❝✐✜❝ ❝♦♥♥❡❝t✐♦♥ ♣❛tt❡r♥s✳ ❍❡♥❝❡✱ ❡✈❡r② ❜❧❛❝❦
❞♦t ✐♥ r♦✇ i ❛♥❞ ❝♦❧✉♠♥ j r❡♣r❡s❡♥ts ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ❝♦♠♣❛♥② i ❛♥❞ j✱ ✇❤✐❧❡
❛ ✇❤✐t❡ s♣❛❝❡ ✐♥ ♣♦s✐t✐♦♥ i, j ✇♦✉❧❞ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ t✇♦ ❝♦♠♣❛♥✐❡s ❤❛✈❡ ♥♦
❞✐r❡❝t♦rs ✐♥ ❝♦♠♠♦♥✳

■♥ ✶✾✾✸ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ❞✐✈✐❞❡ t❤❡ ❝♦r❡ ♦❢ ♦✉r ♥❡t✇♦r❦ ✐♥t♦ ♦✈❡r❧❛♣♣✐♥❣
s✉❜❣r♦✉♣s✱ ❜✉t t❤✐s str✉❝t✉r❡ s❡❡♠s t♦ ❜❡ ❢❛❞✐♥❣ ❛✇❛② ♦✈❡r t✐♠❡✳ ❚❤❡ ♥✉♠❜❡r
♦❢ ✜r♠s t❤❛t ❜❡❧♦♥❣ t♦ ❛ ❝❧✐q✉❡ ✐s ❛❜♦✉t ✸✵ ✐♥ ✶✾✾✸✱ ②❡t t❤✐s ♥✉♠❜❡r ❛s ✇❡❧❧
❛s t❤❡ s✐③❡ ♦❢ ✐❞❡♥t✐✜❡❞ ❝❧✐q✉❡s ✐s s❤r✐♥❦✐♥❣ ♦✈❡r t✐♠❡✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱
t❡♥ tr❛❞✐t✐♦♥❛❧ ●❡r♠❛♥ ❝♦r♣♦r❛t❡ ❤❡❛✈②✇❡✐❣❤ts t❤❛t ♣❡rs✐st❡♥t❧② s❤♦✇ ✉♣ ✐♥
t❤❡ ❧❛r❣❡st ❝❧✐q✉❡s✿ ❆❧❧✐❛♥③✱ ❇❛②❡r✱ ❈♦♠♠❡r③❜❛♥❦✱ ❉❡✉ts❝❤❡ ❇❛♥❦✱ ❍♦❝❤t✐❡❢✱
▲✐♥❞❡✱ ▲✉❢t❤❛♥s❛✱ ❙✐❡♠❡♥s✱ ❚❤②ss❡♥ ❑r✉♣♣✱ ❛♥❞ ❱♦❧❦s✇❛❣❡♥ ✭s❡❡ ❆♣♣❡♥❞✐①
❢♦r ❞❡t❛✐❧s✮✳ ❚❤✐s ✈✐s✉❛❧✐③❛t✐♦♥ ❝♦♥✜r♠s ♦✉r ❡❛r❧✐❡r ✜♥❞✐♥❣s t❤❛t ❡✈❡♥ ✐❢ t❤❡
♦✈❡r❛❧❧ ❧❡✈❡❧ ♦❢ ❝♦♥♥❡❝t❡❞♥❡ss ✐♥ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐s ❞❡❝r❡❛s✐♥❣✱ ❤✐❣❤❧②

✶✾



❝❡♥tr❛❧ ✜r♠s t❡♥❞ t♦ ❝♦♥s♦❧✐❞❛t❡ t❤❡✐r t✐❡s ❛♥❞ t❤✉s r❡♠❛✐♥ ♦r ❜❡❝♦♠❡ ❡✈❡♥
♠♦r❡ ❝❡♥tr❛❧ ✐♥ t❤❡ ♥❡t✇♦r❦✳

❉✐s❝✉ss✐♦♥

❲❤❛t ❤❛✈❡ ✇❡ ❡ss❡♥t✐❛❧❧② ❛❝❝♦♠♣❧✐s❤❡❞ ❤❡r❡❄ ❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦r♣♦r❛t❡
♥❡t✇♦r❦ ❡①❤✐❜✐ts ❛ ❝♦r❡ t❤❛t ❞♦❡s ♥♦t ❜❡❝♦♠❡ ❧❡ss ✐♥✢✉❡♥t✐❛❧ ♦✈❡r t✐♠❡ ✐♥ s♣✐t❡
♦❢ s✐❣♥✐✜❝❛♥t r❡❢♦r♠s ✐♥ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡✱ ❛♥❞ s✉❜st❛♥t✐❛❧ ❝❤✉r♥✐♥❣ ❛♥❞
❡♥tr②✲❛♥❞✲❡①✐t ❞②♥❛♠✐❝s ❛♠♦♥❣ ❝♦r♣♦r❛t❡ ❞✐r❡❝t♦rs✳ ❚❤❡r❡ ❛r❡ str♦♥❣ ✐♥❞✐✲
❝❛t✐♦♥s t❤❛t s❡❧❡❝t✐✈❡ r❡❝r✉✐t♠❡♥t ❞❡❝✐s✐♦♥s ♦❢ t❤❡ ✈❡r② ❧❛r❣❡st ❝♦♠♣❛♥✐❡s ❛r❡
r❡s♣♦♥s✐❜❧❡ ❢♦r ❝♦r❡ ♣❡rs✐st❡♥❝❡✱ ❛♥❞ t❤✐s ♣r♦❝❡ss ❛♣♣❡❛rs ❧❛r❣❡❧② ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ❞✐r❡❝t♦r ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛ ✏♠✐❣❤t②
❝♦♥s♣✐r❛t♦r✑ ✇❤♦ ♣✉❧❧s t❤❡ str✐♥❣s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ♣r♦✈✐❞❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❡①♣❧❛♥❛t✐♦♥
❢♦r t❤❡ s♠❛❧❧✲✇♦r❧❞ ❡✛❡❝t ✐♥ ❝♦r♣♦r❛t❡ ✐♥t❡r❧♦❝❦s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ s❝❛❧❡✲❢r❡❡
❞❡❣r❡❡ ❞✐str✐❜✉t✐♦♥s ❛♠♦♥❣ ❞✐r❡❝t♦rs ♦r ✜r♠s✳ ❙✐♥❝❡ ✐♥ ♥✉♠❡r♦✉s s♦❝✐❛❧ ❝♦♥✲
t❡①ts t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ❛♥❞ ♥♦❞❡s ❡①❤✐❜✐ts ❛ ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡ ❛♥❞ ❞♦❡s
♥♦t s♣❛♥ ❡♥♦✉❣❤ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ t♦ ❜❡ ❛ ♣♦✇❡r ❧❛✇✱ ♦♥❡ ❝♦✉❧❞ s♣❡❝✉✲
❧❛t❡ t❤❛t ❝♦r❡ str✉❝t✉r❡s ❛r❡ ✐♠♣♦rt❛♥t ✐♥ ♦t❤❡r s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❝♦♥t❡①ts ❛s
✇❡❧❧✱ ❛♥❞ ✇❡ ✇✐❧❧ r❡t✉r♥ t♦ ❛♥ ✐♠♣♦rt❛♥t ✐❧❧✉str❛t✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ✐♥ ✜♥❛♥❝✐❛❧
♠❛r❦❡ts ❜❡❧♦✇✳

❆ r❡♠❛✐♥✐♥❣ ✐ss✉❡ ❝♦♥❝❡r♥s t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ✜♥❞✐♥❣s ❜❡②♦♥❞ ●❡r♠❛♥②✬s
♦♥❡ ❤✉♥❞r❡❞ ❧❛r❣❡st ♣✉❜❧✐❝❧② tr❛❞❡❞ ❝♦♠♣❛♥✐❡s✳ ❙♦ ❝❛♥ ✇❡ r❡❛s♦♥❛❜❧② ❡①♣❡❝t
♦✉r r❡s✉❧ts t♦ ❜❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❡♥t✐r❡ ●❡r♠❛♥ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦❄
❏✉❞❣✐♥❣ ❢r♦♠ t❤❡ ♠♦r❡ r❡❝❡♥t r❡s✉❧ts ❜② ❬✷✹❪ ❢♦r ❛ s✐♥❣❧❡ ②❡❛r✱ t❤❡r❡ ✐s r❡❛✲
s♦♥ ❢♦r ♦♣t✐♠✐s♠✿ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛r❣❡st ✷✽✹ ●❡r♠❛♥ ❝♦♠♣❛♥✐❡s ✐♥ ✷✵✵✽
✭❛❝❝♦✉♥t✐♥❣ ❢♦r ♠♦r❡ t❤❛♥ ✾✺✪ ♦❢ t❤❛t ②❡❛r✬s ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ♦❢ ●❡r✲
♠❛♥②✬s st♦❝❦ ❡①❝❤❛♥❣❡ ❉❡✉ts❝❤❡ ❇örs❡✮✱ t❤❡② ♦❜s❡r✈❡ ✈❡r② s✐♠✐❧❛r ♠❛❣♥✐✲
t✉❞❡s ✐♥ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❜♦❛r❞ ♠❡♠❜❡rs❤✐♣s✱ ❛♥❞ ✐♥ t❤❡ ❞❡♥s✐t②
❛♥❞ ❛✈❡r❛❣❡ ❝❡♥tr❛❧✐t② ♦❢ s✉❝❝❡ss✐✈❡ b✲❝♦r❡s✳ ❙❡❝♦♥❞✱ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t❧②
❢r♦♠ t❤❡ ✈✐❡✇♣♦✐♥t ♦❢ t❤❡ ♣r❡s❡♥t st✉❞②✱ t❤❡② ✜♥❞ t❤❛t t❤❡ ♣r♦♥♦✉♥❝❡❞ ❝♦r❡
str✉❝t✉r❡ ✐♥ ●❡r♠❛♥②✬s ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐s ❝❧❡❛r❧② ❢♦r♠❡❞ ❜② ♠❡❣❛✲❝❛♣
❝♦♠♣❛♥✐❡s✱ t❤❡r❡❜② ❥✉st✐❢②✐♥❣ ♦✉r ❢♦❝✉s ♦♥ t❤❡ ♦♥❡ ❤✉♥❞r❡❞ ❧❛r❣❡st ❝♦♠♣❛✲
♥✐❡s ❤❡r❡✳ ❙✐♥❝❡ t❤❡② ❡①❛♠✐♥❡ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐♥ ❛ s✐♥❣❧❡ ②❡❛r✱ ❤♦✇❡✈❡r✱
t❤❡② ❧❛❝❦ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦✳

❆s ♦✉r ❞②♥❛♠✐❝❛❧ ❛♥❛❧②s✐s r❡✈❡❛❧s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ✐♥❞❡❡❞ t❤❡
❧❛r❣❡st t❤✐rt② t♦ ❢♦rt② ❝♦r♣♦r❛t✐♦♥s t❤❛t ❛r❡ r❡s♣♦♥s✐❜❧❡ ♥♦t ♦♥❧② ❢♦r t❤❡ ❡①✲
✐st❡♥❝❡ ❜✉t ❛❧s♦ t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ♦✈❡r t✐♠❡✳ ❲❤✐❧❡ t❤❡ ♣r❡s❡♥❝❡ ❛♥❞
♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ❛♣♣♦✐♥t♠❡♥t ❞❡❝✐s✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st
❝♦r♣♦r❛t✐♦♥s✱ ♦✉r ✜♥❞✐♥❣s ❧❡❛✈❡ ❧✐tt❧❡ r♦♦♠ ❢♦r t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧

✷✵



❞✐r❡❝t♦rs ❢r♦♠ ❛ ♠❛❝r♦s❝♦♣✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✿ t❤❡ ❝❤✉r♥✐♥❣ ❛♥❞ ❡♥tr②✲❛♥❞✲
❡①✐t ❞②♥❛♠✐❝s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❞✐r❡❝t♦rs ✐♥ ♦✉r s❛♠♣❧❡ ✐♥st❡❛❞ ❡♠♣❤❛s✐③❡ t❤❡
✭s❡❡♠✐♥❣❧② ❡①❝❧✉s✐✈❡✮ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡❣❛✲❝❛♣ ♠❛♥❞❛t❡s t❤❛t
❛ ❞✐r❡❝t♦r ❤❛s ❛❝❝✉♠✉❧❛t❡❞ ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t ✐♥ t✐♠❡✳

❚❤❡ s❡❧❢✲r❡✐♥❢♦r❝✐♥❣ ♠❡❝❤❛♥✐s♠ ♦❢ s❡❧❡❝t✐✈❡ r❡♣❧❛❝❡♠❡♥t ♦❢ ❜♦❛r❞ ♠❡♠❜❡rs
❤❛s r❡♠❛✐♥❡❞ ✐♥ ♣❧❛❝❡ ✐♥ s♣✐t❡ ♦❢ t❤❡ ❛♣♣❛r❡♥t ✏❞❡❝❧✐♥❡ ♦❢ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✲
✇♦r❦✳✑ ❚♦ ♣❛r❛♣❤r❛s❡ ▼❛r❦ ❚✇❛✐♥✱ r❡♣♦rts ♦❢ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦✬s ❞❡❛t❤
❛r❡ ❣r❡❛t❧② ❡①❛❣❣❡r❛t❡❞ s✐♥❝❡ s❡❧❡❝t✐✈❡ r❡❝r✉✐t♠❡♥t ♠❛✐♥t❛✐♥s t❤❡ s♠❛❧❧ ✇♦r❧❞
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ♣♦✇❡r✲❧❛✇ ❞❡✲
❣r❡❡ ❞✐str✐❜✉t✐♦♥ ❛♠♦♥❣ ❞✐r❡❝t♦rs ♦r ❝♦♠♣❛♥✐❡s✱ ✇❤✐❝❤ ❤❛s tr❛❞✐t✐♦♥❛❧❧② ❜❡❡♥
✐♥✈♦❦❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ s♠❛❧❧✲✇♦r❧❞ ♣r♦♣❡rt② ✐♥ ♦t❤❡r ❡♠♣✐r✐❝❛❧❧② ♦❜s❡r✈❡❞
♥❡t✇♦r❦s✳

❚♦ ❜❡ ❝❧❡❛r✱ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ❝❡rt❛✐♥❧② ♦❢ ❛ ❞❡s❝r✐♣✲
t✐✈❡ ♥❛t✉r❡✳ ❲❡ ❤❛✈❡ ♥♦t ♣❡r❢♦r♠❡❞ ❛♥② ❝♦♥✜r♠❛t♦r② st❛t✐st✐❝❛❧ ❡①❡r❝✐s❡s
✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ s❡♥s❡✱ s♦ t❤❡r❡ ✐s ✈❡r② ❧✐tt❧❡ ✭✐❢ ❛♥②t❤✐♥❣✮ ✇❡ ❝❛♥ s❛② ❤❡r❡
❛❜♦✉t ❤♦✇ ♦r ✇❤❡t❤❡r ❛ ❝♦r♣♦r❛t❡ ❝♦r❡ ✐♥✢✉❡♥❝❡s t❤❡ ❞❡st✐♥✐❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧
✜r♠s ♦✈❡r t✐♠❡✱ ❜✉t t❤❡s❡ ❛r❡ q✉❡st✐♦♥s t❤❛t ❝♦✉❧❞ s✉r❡❧② ❜❡ ❛❞❞r❡ss❡❞ ✐♥
❢✉t✉r❡ r❡s❡❛r❝❤✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❝♦r❡ ✐s ✐♥t❡r❡st✐♥❣ ✐♥ ✐ts ♦✇♥ r✐❣❤t✱ ❛♥❞ ❣♦❡s ✇❡❧❧ ❜❡✲
②♦♥❞ ❝♦♥❝❡r♥s r❡❣❛r❞✐♥❣ ♣r❡ss✉r❡ ❣r♦✉♣ ✐♥✢✉❡♥❝❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✐t ❝♦♠❡s
t♦ ✐ss✉❡s ♦❢ ❛ s②st❡♠✬s r❡s✐❧✐❡♥❝❡ ♦r ❢r❛❣✐❧✐t②✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡
s②st❡♠✲✇✐❞❡ ❝♦♦r❞✐♥❛t✐♦♥ ♦❢ ♦♣✐♥✐♦♥s✱ ❡①♣❡❝t❛t✐♦♥s✱ ♦r ❡✈❡♥ ❛♥✐♠❛❧ s♣✐r✐ts
✐s ❡♥♦r♠♦✉s❧② ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦r❡✱ ❛♥❞ ❝♦✉❧❞ ✈❡r②
✇❡❧❧ ♠❛❦❡ ❛ s②st❡♠ ♠♦r❡ ❢r❛❣✐❧❡ ❡①❛❝t❧② ❜❡❝❛✉s❡ ♦❢ t❤❛t✳ ❚❤✐♥❦✱ ❢♦r ✐♥st❛♥❝❡✱
♦❢ t❤❡ ❧❛r❣❡✲s❝❛❧❡ ❝♦♦r❞✐♥❛t✐♦♥ ♦❢ tr❛❞✐♥❣ ♣♦s✐t✐♦♥s ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts t❤❛t
♣r❡❝❡❞❡ ❡✈❡r② ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❋r♦♠ ♦✉r ♣❡rs♣❡❝t✐✈❡✱ ✐t ✐s r❛t❤❡r ♥♦t❡✇♦rt❤②
t❤❛t ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❛❧s♦ ❡①❤✐❜✐t ❛ ❝♦r❡ ♥❡t✇♦r❦ str✉❝t✉r❡✱ ❛t ❧❡❛st ✐♥ t❤❡
❢❡✇ ✐♥st❛♥❝❡s ❢♦r ✇❤✐❝❤ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ ❛✈❛✐❧❛❜❧❡ s♦ ❢❛r ❬✸✼❪✱ ❤✐♥t✐♥❣ ❛t t❤❡
❜r♦❛❞❡r ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦r❡ ♥❡t✇♦r❦s ✐♥ t❤❡ s♦❝✐❛❧ s❝✐❡♥❝❡s✳

❋✐♥❛❧❧②✱ ✐❢ ♣♦❧✐❝②♠❛❦❡rs ✇❡r❡ t♦ ❛✐♠ ❢♦r ❛ r❡❞✉❝t✐♦♥ ♦❢ ♣r❡ss✉r❡ ❣r♦✉♣
✐♥✢✉❡♥❝❡✱ ❝♦r❡ ❝❤❛r❛❝t❡r✐st✐❝s s❤♦✉❧❞ ❜❡ ❛t t❤❡ ❢♦r❡❢r♦♥t ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢
♣♦❧✐❝② ❛♥❞ ❝♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ ❧✐❣❤t ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡
❧❡❣❛❧ r❡str✐❝t✐♦♥s t❤❛t ❛r❡ ❛❧r❡❛❞② ✐♥ ♣❧❛❝❡✱ ❧✐❦❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s
❜♦❛r❞ ❛♣♣♦✐♥t♠❡♥ts ♦r t❤❡ ♠❛①✐♠✉♠ t❡r♠ ♦❢ s❡r✈✐❝❡ ❜❡❢♦r❡ ♣♦t❡♥t✐❛❧ r❡❛♣✲
♣♦✐♥t♠❡♥t✱ ❛r❡ ♦❜✈✐♦✉s❧② ♥♦t s✉✣❝✐❡♥t t♦ ❞❡❝r❡❛s❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦r❡
♥❡t✇♦r❦✱ ♠✉❝❤ ❧❡ss ♣r❡✈❡♥t ✐ts ❡①✐st❡♥❝❡✳
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❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❱♦❧❦s✇❛❣❡♥ ❋♦✉♥❞❛t✐♦♥ t❤r♦✉❣❤ t❤❡✐r ❣r❛♥t
♦♥ ✏❈♦♠♣❧❡① ◆❡t✇♦r❦s ❆s ■♥t❡r❞✐s❝✐♣❧✐♥❛r② P❤❡♥♦♠❡♥❛✳✑ ❲❡ ❛r❡ ✐♥❞❡❜t❡❞
t♦ ❙✐♠♦♥❡ ❆❧❢❛r❛♥♦ ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❝♦♠♠❡♥ts✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳ ❆❧❢❛r❛♥♦✱ ▼✳ ▼✐❧❛❦♦✈✐➣✱ ❛♥❞ ▼✳ ❘❛❞❞❛♥t✳ ❆ ♥♦t❡ ♦♥ ✐♥st✐t✉t✐♦♥❛❧
❤✐❡r❛r❝❤② ❛♥❞ ✈♦❧❛t✐❧✐t② ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ ❚❤❡ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢
❋✐♥❛♥❝❡✱ ✶✾✭✻✮✿✹✹✾✕✹✻✺✱ ✷✵✶✸✳

❬✷❪ ❙✐♠♦♥❡ ❆❧❢❛r❛♥♦ ❛♥❞ ▼✐s❤❛❡❧ ▼✐❧❛❦♦✈✐➣✳ ◆❡t✇♦r❦ str✉❝t✉r❡ ❛♥❞ N ✲
❞❡♣❡♥❞❡♥❝❡ ✐♥ ❛❣❡♥t✲❜❛s❡❞ ❤❡r❞✐♥❣ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②✲
♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✸✿✼✽✕✾✷✱ ✷✵✵✾✳

❬✸❪ ❆✳✲▲✳ ❇❛r❛❜ás✐ ❛♥❞ ❘✳ ❆❧❜❡rt✳ ❊♠❡r❣❡♥❝❡ ♦❢ s❝❛❧✐♥❣ ✐♥ r❛♥❞♦♠ ♥❡t✇♦r❦s✳
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✇♦r❦s ❛t t❤❡ ♥❡t✇♦r❦ ❧❡✈❡❧✿ ❆ r❡✈✐❡✇ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ✇❤♦❧❡
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❬✸✸❪ ●❛rr② ❘♦❜✐♥s ❛♥❞ ▼❛❧❝♦❧♠ ❆❧❡①❛♥❞❡r✳ ❙♠❛❧❧ ✇♦r❧❞s ❛♠♦♥❣ ✐♥t❡r❧♦❝❦✐♥❣
❞✐r❡❝t♦rs✿ ◆❡t✇♦r❦ str✉❝t✉r❡ ❛♥❞ ❞✐st❛♥❝❡ ✐♥ ❜✐♣❛rt✐t❡ ❣r❛♣❤s✳ ❈♦♠♣✉✲
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❬✸✹❪ ❙✳ ❙❝❤♥❡tt❧❡r✳ ❆ str✉❝t✉r❡❞ ♦✈❡r✈✐❡✇ ♦❢ ✺✵ ②❡❛rs ♦❢ s♠❛❧❧✲✇♦r❧❞ r❡s❡❛r❝❤✳
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❙✉♣♣❧❡♠❡♥t❛r② ■♥❢♦r♠❛t✐♦♥

❈❧✉st❡r✐♥❣ Pr♦❝❡❞✉r❡

❚❤❡r❡ ❛r❡ ❡ss❡♥t✐❛❧❧② t✇♦ str❡❛♠s ♦❢ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤ t❤❡ ❞❡t❡❝t✐♦♥
♦❢ ❣r♦✉♣s ✐♥ ♥❡t✇♦r❦s ❬✷✽❪✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ✐s ❝❛❧❧❡❞ ❣r❛♣❤ ♣❛rt✐t✐♦♥✲
✐♥❣ ❛♥❞ s♣❧✐ts t❤❡ ♥❡t✇♦r❦ ✐♥t♦ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ s✉❜❣r❛♣❤s✱ ❡✳❣✳ ❜② s♣❡❝tr❛❧
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ●r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❬✹✵❪✳✶✷ ●r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣
❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡❝♦♠❡ ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ❜✉t t❤❡ ♠♦r❡ s❡r✐♦✉s ❝♦♥❝❡r♥ ✐s
❝♦♥❝❡♣t✉❛❧ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✉s❡❢✉❧ ♣❛rt✐t✐♦♥s ✐s ❣❡♥❡r❛❧❧② ♥♦t ❦♥♦✇♥✳
❈♦♠♠✉♥✐t② ❞❡t❡❝t✐♦♥ t❤❡r❡❢♦r❡ ❤❛s ❞❡✈❡❧♦♣❡❞ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❝❡❞✉r❡s t❤❛t
❡♥❞♦❣❡♥✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❣r❛♣❤s ✐♥ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❝❡ss✱ ❢♦r ✐♥st❛♥❝❡
❜② ✐t❡r❛t✐✈❡ ❡❞❣❡ r❡♠♦✈❛❧ ❜❛s❡❞ ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❜❡t✇❡❡♥♥❡ss s❝♦r❡s ❬✷✾❪✳
❲❡ ❡♠♣❧♦② ❛ ♠✐①t✉r❡ ♦❢ t❤❡s❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❤❡r❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ ♣r✐♥❝✐✲
♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✭P❈❆✮ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✐t ✇✐t❤ ❛ s❝♦r✐♥❣ ❛❧❣♦r✐t❤♠
t❤❛t ❝r❡❛t❡s ❣r♦✉♣s ❜❛s❡❞ ♦♥ t❤❡ ❧❛r❣❡st ❝♦♠♣♦♥❡♥ts ✇✐t❤♦✉t ♣r❡❞❡✜♥✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ s✉❜❣r❛♣❤s✳ ❆ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ P❈❆ ❛♥❞ s♦♠❡ ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠
r❡♣r❡s❡♥ts ❛ r❡❛s♦♥❛❜❧❡ ❛❧t❡r♥❛t✐✈❡ t♦ ❝♦♠♠✉♥✐t② ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡
s♦❝✐❛❧ s❝✐❡♥❝❡s✱ ❜❡❝❛✉s❡ t❤❡ s✐③❡ ♦❢ ❞❛t❛s❡ts ✐s ❣❡♥❡r❛❧❧② s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡
♥❛t✉r❛❧ s❝✐❡♥❝❡s✳✶✸

❋✐rst ✇❡ t❛❦❡ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ t❤❡ ✜r♠ ♥❡t✇♦r❦ ❛♥❞ st❛♥❞❛r❞✲
✐③❡ ✐ts ❝♦❧✉♠♥s ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ❝♦❧✉♠♥✲✇✐❞❡ ♠❡❛♥ ❛♥❞ ❞✐✈✐❞✐♥❣ ❜② t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❝♦❧✉♠♥ ❡♥tr✐❡s✳ ❚❤✐s ♥❡✇ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ✐s ❞❡♥♦t❡❞
B̂✳ ❚❤❡ ❝♦❧✉♠♥ ❡♥tr✐❡s ❝❛♥ ♥♦✇ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤ts ♦❢ t❤❡
❝♦♠♣❛♥✐❡s✬ ❧✐♥❦s✱ ✇❤✐❧❡ t❤❡ r♦✇ ❡♥tr✐❡s r❡s❡♠❜❧❡ t❤❡ r❡❧❛t✐✈❡ ❛tt❡♥t✐♦♥ ❛ ✜r♠
r❡❝❡✐✈❡s t❤r♦✉❣❤ ❧✐♥❦s ❢r♦♠ ♦t❤❡r ✜r♠s✳ ❲❡ ♠❡❛s✉r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ ❧✐♥❦
♣❛tt❡r♥s ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① R = c−1

B̂
T
B̂✱ ❛❧❧♦✇✲

✐♥❣ ✉s t♦ ✐♥❢❡r ✇❤✐❝❤ ✜r♠s ❤❛✈❡ s✐♠✐❧❛r r❡❧❛t✐✈❡ ✇❡✐❣❤ts ✐♥ t❤❡✐r ❧✐♥❦ ♣❛tt❡r♥s✳
❇❛s❡❞ ♦♥ t❤✐s ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ✇❡ ❝♦♠♣✉t❡ ♦✉r ♥❡✇ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣r✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥ts F✱ ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s s✉❝❤
t❤❛t F = YB̂✳ ❚❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ✐♥ Y ❝❛rr② t❤❡ ✇❡✐❣❤ts ❢♦r ❡❛❝❤ ♥❡✇
✈❛r✐❛❜❧❡✱ ❛♥❞ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ❛♠♦✉♥ts t♦
s♦❧✈✐♥❣ ❢♦r F = VB̂✱ ✇❤❡r❡ Y = V ❝♦♥t❛✐♥s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦rr❡✲
❧❛t✐♦♥ ♠❛tr✐① R ♦r❞❡r❡❞ ❜② ❞❡s❝❡♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❬✷✷❪✳ ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs
✇✐t❤ t❤❡ ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡s ❛❝❝♦✉♥t ❢♦r ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ✐♥
t❤❡ ❞❛t❛✱ ✇❤✐❧❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡s st❛♥❞ ❢♦r ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❝♦♠♣♦♥❡♥ts t❤❛t

✶✷❚❤❡ ▲❛♣❧❛❝✐❛♥ ✐s ❛ s♣❡❝✐❛❧ ❢♦r♠ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ t❤❡ ♥❡t✇♦r❦✱ ✇❤❡r❡ t❤❡
tr❛❝❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ❜❡t✇❡❡♥ ♥♦❞❡s✳

✶✸❚❤❡ ❜❡♥❡✜t ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t P❈❆ ✐s ♠♦r❡ ♣❛rs✐♠♦♥✐♦✉s ❛♥❞ tr❛♥s♣❛r❡♥t t❤❛♥
❝♦♠♠✉♥✐t② ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ❛♥❞ ♣❡r❤❛♣s ❛❧s♦ ❜❡tt❡r ❦♥♦✇♥ ❛♠♦♥❣ s♦❝✐❛❧ s❝✐❡♥t✐sts
t❤❛♥ t❤❡ ❧❛tt❡r✳ ❚❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♦✉r s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✷❪✳
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❝♦♥tr✐❜✉t❡ ✈❡r② ❧✐tt❧❡ t♦ t❤❡ ✈❛r✐❛♥❝❡ ❛♥❞ ❛r❡ ❝♦♥s❡q✉❡♥t❧② ♥❡❣❧❡❝t❡❞✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣r✐♥❝✐♣❧❡s t❤❛t ✇❡ ✉s❡ t♦ ❢♦r♠ ❣r♦✉♣s✱ ❛ss✉♠❡ t❤❛t ❜❛s❡❞

♦♥ s♦♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ❤❛✈❡ ❛♣♣r♦①✐♠❛t❡❞ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① B ❜②
❛ ❞✐♠❡♥s✐♦♥❛❧❧② r❡❞✉❝❡❞ ♠❛tr✐① Ê✱ ✇❤❡r❡ ❜♦t❤ ♠❛tr✐❝❡s ✇♦✉❧❞ ❝♦♥t❛✐♥ ♦♥❡s
❢♦r ❧✐♥❦s ❛♥❞ ③❡r♦s ♦t❤❡r✇✐s❡✱ ❛♥❞ Ê ❜❡✐♥❣ ♦❢ ❧♦✇❡r r❛♥❦ t❤❛♥ B ❞✉❡ t♦ t❤❡
❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥✳ ❚♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r Ê ✐s ❛ ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ♥❡t✇♦r❦✱ ✇❡ ❡ss❡♥t✐❛❧❧② ❤❛✈❡ t♦ ❝♦♠♣❛r❡ ❛♥❞ s❝♦r❡ ❜② r❡✇❛r❞✐♥❣ t❤❡
❝♦rr❡❝t ♠❛t❝❤✐♥❣ ♦❢ ❧✐♥❦s ✭❛♥❞ ♥♦♥✲❧✐♥❦s✮ ✐♥ B ❛♥❞ Ê✱ ❛♥❞ s②♠♠❡tr✐❝❛❧❧② ❜②
♣✉♥✐s❤✐♥❣ t❤❡ ♠❛t❝❤✐♥❣ ♦❢ ❧✐♥❦s t♦ ♥♦♥✲❧✐♥❦s ✐♥ ❡✐t❤❡r ❞✐r❡❝t✐♦♥✳ ❆ ✇❡✐❣❤t✐♥❣
s❝❤❡♠❡ ✇✐❧❧ ❜❡ ❤❡❧♣❢✉❧ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡❝❛✉s❡ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s ♦❢
♦✉r ❝♦r♣♦r❛t❡ ♥❡t✇♦r❦s ❛r❡ s♣❛rs❡✱ t❤❡r❡❢♦r❡ ❛❝t✉❛❧ ❧✐♥❦s ❛r❡ ♠♦r❡ ✐♥❢♦r♠❛t✐✈❡
t❤❛♥ ♥♦♥✲❧✐♥❦s✳ ❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s r❡s✉❧t ✐♥ ❛ s❝♦r✐♥❣ ✭♦r ❡rr♦r✮ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❢♦r♠

s(Ê|B,Ω1...4) =
c∑

i=1

c∑

j=1

Ω1,ijÊijBij

︸ ︷︷ ︸

❧✐♥❦s t♦ ❧✐♥❦s

−
c∑

i=1

c∑

j=1

Ω2,ij(1− Êij)Bij

︸ ︷︷ ︸

♥♦♥✲❧✐♥❦s t♦ ❧✐♥❦s

✭✹✮

−

c∑

i=1

c∑

j=1

Ω3,ijÊij(1−Bij)

︸ ︷︷ ︸

❧✐♥❦s t♦ ♥♦♥✲❧✐♥❦s

+
c∑

i=1

c∑

j=1

Ω4,ij(1− Êij)(1−Bij)

︸ ︷︷ ︸

♥♦♥✲❧✐♥❦s t♦ ♥♦♥✲❧✐♥❦s

✇❤❡r❡ Ω1...4 r❡♣r❡s❡♥t ✇❡✐❣❤t✐♥❣ ♠❛tr✐❝❡s✳ ■t ✐s ❝♦♠♠♦♥ t♦ ❢♦❝✉s ♦♥ t❤❡
♠❛t❝❤✐♥❣ ♦❢ ❧✐♥❦s ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♠❛tr✐①B ❜② ❡q✉❛❧❧② ✇❡✐❣❤t✐♥❣ t❤❡ ✭♠✐s✮♠❛t❝❤✐♥❣
♦❢ ♦r✐❣✐♥❛❧ ❧✐♥❦s✱ Ω1,ij = Ω2,ij > Ω3,ij = Ω4,ij ❬✸✷❪✳

❚❤❡ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❝❡❞✉r❡ t❤❛t ✇❡ ❡♠♣❧♦② ❤❡r❡ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❣r♦✉♣s
✐♥ t❤❡ ♥❡t✇♦r❦ ❢♦❧❧♦✇s ❡①❛❝t❧② t❤❡ ♣r✐♥❝✐♣❧❡s ✐❧❧✉str❛t❡❞ ❛❜♦✈❡✳ ❚❤❡ ♦♥❧②
❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ❝♦♠♣❛r✐♥❣ t✇♦ ✭❜✐♥❛r②✮ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s✱ ✇❡
❝♦♠♣❛r❡ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ✇✐t❤ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ✭✇❤✐❝❤ ❛r❡ ♥♦t
❜✐♥❛r②✮ ✐♥ ❝♦❧✉♠♥✲✇✐s❡ ❢❛s❤✐♦♥✳ ❚❤❡ ❣r♦✉♣s t♦ ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ ♠❛t❝❤
✜r♠s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❧❛r❣❡st ❝♦♠♣♦♥❡♥ts r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ P❈❆✳ ❙✐♥❝❡ B̂

❞❡s❝r✐❜❡s ❧✐♥❦s✱ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ F ❞❡s❝r✐❜❡ t❤♦s❡ ❧✐♥❦s ✐♥ ✇❤✐❝❤ ❝♦♠♣❛♥✐❡s
❞✐✛❡r✳ ■❢ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ✐♥ F ❛♥❞ ❛❧❧♦✇ ❢♦r ❛ s✐❣♥ ❝❤❛♥❣❡ ✐♥
❡✈❡r② ❝♦❧✉♠♥✱ ✇❡ ❣❡t ❛ ♥❡✇ ♠❛tr✐① ♦❢ ❧✐♥❦ ♣r♦✜❧❡s F̂ ✇✐t❤ ❞✐♠❡♥s✐♦♥s c× 2c✱
✇❤❡r❡ ❡❛❝❤ ❡✈❡♥ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ✭✐✳❡✳ ♦r✐❣✐♥❛❧✱
♥♦✇ ♦❞❞✮ ❝♦❧✉♠♥ ✇✐t❤ r❡✈❡rs❡❞ s✐❣♥s✳ ❚❤✐s s✐❣♥ ❝❤❛♥❣❡ ✐s ♥❡❝❡ss❛r② s✐♥❝❡
t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❞❡s❝r✐❜❡ ♦♥❧② ❛ ♥❡✇ ❛①✐s ✇✐t❤✐♥ t❤❡ ✈❛r✐❛❜❧❡ s♣❛❝❡✱
❜✉t ❞♦ ♥♦t ✐♥❢♦r♠ ✉s ♦❢ t❤❡ ❞✐r❡❝t✐♦♥✳ ❆s ❞❡t❛✐❧❡❞ ❜❡❧♦✇✱ ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡
t❤❡ ✜rst ❢❡✇ ❝♦❧✉♠♥s ♦❢ F̂ ❛♥❞ ❝❛❧❝✉❧❛t❡ ❛ s✐♠✐❧❛r✐t② s❝♦r❡ ❢♦r ❡❛❝❤ ❣r♦✉♣
✭r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝♦❧✉♠♥ ✐♥ F̂✮ ❛♥❞ ❡❛❝❤ ✜r♠ ✭r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝♦❧✉♠♥

✷✼



✐♥ B✮✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ ♠❛tr✐① S ♦❢ s❝♦r❡s ❢♦r ❛❧❧ ✜r♠s ❛♥❞ ❣r♦✉♣s ✇✐t❤
❞✐♠❡♥s✐♦♥ c × 2k✱ ✇❤❡r❡ k ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts
✭♠♦r❡ ♦♥ k ❜❡❧♦✇✮✳ ●✐✈❡♥ t❤❡ s✐❣♥ ❝❤❛♥❣❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❣r♦✉♣s ✇✐❧❧ ❜❡
G ≤ 2k✳ ❚❤❡ ✇❡✐❣❤ts ♦❢ ❧✐♥❦s ❛♥❞ ♥♦♥✲❧✐♥❦s ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡
♥✉♠❜❡r ♦❢ ❧✐♥❦s ✈❡rs✉s ♥♦♥✲❧✐♥❦s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥❡t✇♦r❦✳ ❙✐♥❝❡ t❤❡ ❣r❛♣❤
❞❡♥s✐t② ✐s ♦♥❧② ❛❜♦✉t ✵✳✵✸✱ ✇❡ s❡t Ω3 = Ω4 = 0✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞♦ ♥♦t
♥❡❡❞ t♦ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ✇❡✐❣❤t ♦❢ ❡❛❝❤ s✐♥❣❧❡ ❧✐♥❦ ❛s ✐t ✐s ❛❧r❡❛❞② ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧✐♥❦ ♣r♦✜❧❡ F̂✱ ❤❡♥❝❡ Ω1 = Ω2 = 1✳ ◆♦t✐❝❡✱
❤♦✇❡✈❡r✱ t❤❛t ✐♥ ❝♦♥tr❛st t♦ Ê t❤❡ ❧✐♥❦ ♣r♦✜❧❡ F̂ ✐s ♥♦t ❛ ❜✐♥❛r② ♠❛tr✐① ✭✐t
❝♦♥t❛✐♥s t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤ts ♦❢ ❧✐♥❦s✮✱ t❤❡r❡❢♦r❡ ✇❡ ❧❛st❧② ✐♥tr♦❞✉❝❡ ❛ ♠❛tr✐①
Θ t❤❛t tr❛♥s❧❛t❡s F̂ ✐♥t♦ ❛ ❜✐♥❛r② ❢♦r♠ s✉❝❤ t❤❛t Θjg = 1 ✐❢ F̂jg > 0 ❛♥❞ ③❡r♦
♦t❤❡r✇✐s❡✿

Sig =
c∑

j=1

Θjg(F̂jgBji)
2 −

c∑

j=1

(Θjg − 1)(F̂jgBji)
2 ✭✺✮

❢♦r ❛❧❧ i = 1, . . . , c ❛♥❞ g = 1, . . . , G✳ ❚❤✉s Θ ❡♥s✉r❡s t❤❛t ✇❡ s✉♠ ♦✈❡r ❛❧❧
♣♦s✐t✐✈❡ ❡♥tr✐❡s ✐♥ F̂ ✐♥ t❤❡ ✜rst s✉♠✱ ❛♥❞ ♦✈❡r ❛❧❧ ♥❡❣❛t✐✈❡ ❡♥tr✐❡s ✐♥ t❤❡
s❡❝♦♥❞ s✉♠✳ ❋♦r ❡✈❡r② ❝♦rr❡❝t ♠❛t❝❤✱ t❤❛t ♠❡❛♥s ✐❢ ❛ ✜r♠ i ❤❛s ❛ ❧✐♥❦ t♦
❝♦♠♣❛♥② j ✇❤❡r❡ t❤❡ ❧✐♥❦ ♣r♦✜❧❡ ✇♦✉❧❞ s✉❣❣❡st ♦♥❡✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ s❝♦r❡
t❤❛t ✜r♠ i ♦❜t❛✐♥s ❢♦r ❣r♦✉♣ g ❜② t❤❡ sq✉❛r❡❞ ❡♥tr② ✐♥ t❤❡ ❧✐♥❦ ♣r♦✜❧❡✳
❙②♠♠❡tr✐❝❛❧❧②✱ ✐❢ t❤❡ ✜r♠ ❤❛s ❛ ❧✐♥❦ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t ♦♥❡✱ ✇❡ ❞❡❞✉❝t
t❤✐s s❝♦r❡✳ ❊❛❝❤ ✜r♠ ✐s ♥♦✇ ❛ss✐❣♥❡❞ t♦ t❤❡ ❣r♦✉♣ ❢♦r ✇❤✐❝❤ ✐t ❤❛s t❤❡
❤✐❣❤❡st s❝♦r❡ ✭❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♠❛①✐♠❛ ✐♥ ❡❛❝❤ r♦✇ ♦❢ S✮✳ ❚❤❡r❡ ❛r❡✱ ♦❢
❝♦✉rs❡✱ q✉✐t❡ ❛ ❢❡✇ ✜r♠s t❤❛t s❝♦r❡ r❛t❤❡r ♣♦♦r❧② ✐♥ ❛❧❧ ♦❢ t❤❡ ❣r♦✉♣s✱ s✐♠♣❧②
❜❡❝❛✉s❡ t❤❡② ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ ❛♥②✳ ❚❤❡s❡ ✜r♠s ❡✐t❤❡r ❤❛✈❡ ✈❡r② ❢❡✇ ❧✐♥❦s
t♦ ❜❡❣✐♥ ✇✐t❤✱ ♦r ❤❛✈❡ ❛ ✉♥✐q✉❡ ❧✐♥❦ ♣❛tt❡r♥✳ ❚♦ ✜❧t❡r ♦✉t s✉❝❤ ✜r♠s✱ ✇❡ s❡t
❛ t❤r❡s❤♦❧❞ ✐♥ ♦✉r s❝♦r✐♥❣ ♣r♦❝❡❞✉r❡✱ ②❡t ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ❣r♦✉♣✐♥❣ ✐s
q✉✐t❡ r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤✐s t❤r❡s❤♦❧❞✳✶✹

❆ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ ❛♥② P❈❆ ❛♥❛❧②s✐s ❝♦♥❝❡r♥s t❤❡ q✉❡st✐♦♥ ❤♦✇ ♠❛♥②
❝♦♠♣♦♥❡♥ts k t♦ ✐♥❝❧✉❞❡ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳ ■♥ ♦✉r ❝♦♥t❡①t✱ ✇❡ ✜♥❞ ✐t ✐♥str✉❝✲
t✐✈❡ t♦ ❝❤❡❝❦ ❤♦✇ ♠❛♥② ❝♦♠♣♦♥❡♥ts ✇✐❧❧ ❝r❡❛t❡ ❣r♦✉♣s ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st
t❤r❡❡ ✜r♠s✱ r❡♣r❡s❡♥t✐♥❣ ❛ r❛t❤❡r ❝♦♥s❡r✈❛t✐✈❡ ❝r✐t❡r✐♦♥ ❢♦r ❞❡✜♥✐♥❣ ❛ ❣r♦✉♣✳

✶✹■❢ t❤❡ ❜❡st s❝♦r❡ ♦❢ ❛ ✜r♠ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡ ♠❡❛♥ ♣❧✉s ❤❛❧❢ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
♦❢ s❝♦r❡s ✇✐t❤✐♥ ❛ ❣r♦✉♣✱ ✇❡ ❞♦ ♥♦t ♠❛t❝❤ t❤❡ ✜r♠ t♦ t❤❡ ❣r♦✉♣✳ ❚❤❡ ❡①❛❝t t✉♥✐♥❣ ♦❢ t❤✐s
t❤r❡s❤♦❧❞ ✐s ♦❢ ❝♦✉rs❡ ❛r❜✐tr❛r②✿ ❝❤♦♦s✐♥❣ ❛ ♠✉❝❤ ❧❛r❣❡r t❤r❡s❤♦❧❞ ❧❡✈❡❧ ❧❡❛❞s t♦ s♠❛❧❧❡r
❜✉t ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s ❣r♦✉♣s ✭s♦♠❡ ✜r♠s ♠✐❣❤t ♥♦t ❜❡ ♠❛t❝❤❡❞ ❛t ❛❧❧ ❜❡❝❛✉s❡ ♦❢ ❛ s✐♥❣❧❡
❞✐✛❡r✐♥❣ ❧✐♥❦✮✱ ✇❤✐❧❡ ❛ ♠✉❝❤ ❧♦✇❡r t❤r❡s❤♦❧❞ ✇✐❧❧ ✐♥✢❛t❡ ❣r♦✉♣s ❜② ♠❛t❝❤✐♥❣ ♣❡r✐♣❤❡r❛❧
✜r♠s t❤❛t ♦♥❧② s❤♦✇ ♠❛r❣✐♥❛❧ s✐♠✐❧❛r✐t② ✐♥ t❤❡ ❧✐♥❦ ♣❛tt❡r♥✳ ❙✐♥❝❡ ♥❡✐t❤❡r ❣r♦✉♣ t✉r♥s ♦✉t
t♦ ❜❡ ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡♥t✐r❡ s❡t ♦❢ ✜r♠s✱ ♦✉r q✉❛♥t✐❧❡✲❛♣♣r♦❛❝❤ ✐s q✉✐t❡ r♦❜✉st✱ ❛♥❞
t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ t❤r❡s❤♦❧❞ ✐s ♥♦t ❝r✉❝✐❛❧ ❢♦r t❤❡ ♦✈❡r❛❧❧ r❡s✉❧ts✳ ■♥ ❧❛r❣❡r ❞❛t❛s❡ts✱
t❤✐s ♣❛r❛♠❡t❡r ❝♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡ ❡♥❞♦❣❡♥✐③❡❞✳
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❖✉r ❛❧❣♦r✐t❤♠ ✐t❡r❛t✐✈❡❧② ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❞
st♦♣s ✇❤❡♥ t❤❡ ❧❛st ✐♥❝❧✉❞❡❞ ❝♦♠♣♦♥❡♥t ♥♦ ❧♦♥❣❡r ♣r♦❞✉❝❡s ❛♥ ❛❞❞✐t✐♦♥❛❧
❣r♦✉♣✳ ■t t✉r♥s ♦✉t t❤❛t ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✜r♠s ❝❛♥ ❜❡ ♠❛♣♣❡❞ t♦
❣r♦✉♣s✱ ✇✐t❤ t❤❡ ❣r❡❛t❡st ❡✐❣❡♥✈❛❧✉❡s ❛❝❝♦✉♥t✐♥❣ ❢♦r r♦✉❣❤❧② ✶✵ ♣❡r❝❡♥t ♦❢
t♦t❛❧ ✈❛r✐❛♥❝❡✱ ❛♥❞ t❤❡ s♠❛❧❧❡st r❡❧❡✈❛♥t ❡✐❣❡♥✈❛❧✉❡s ❛❝❝♦✉♥t✐♥❣ ❢♦r r♦✉❣❤❧② ✸
♣❡r❝❡♥t ♦❢ t♦t❛❧ ✈❛r✐❛♥❝❡✳ ❲❡ ♥❡✈❡r ✐♥❝❧✉❞❡ ♠♦r❡ t❤❛♥ t❤❡ ✜✈❡ ❧❛r❣❡st ❡✐❣❡♥✲
✈❛❧✉❡s t♦ ❝r❡❛t❡ s✐❣♥✐✜❝❛♥t ❣r♦✉♣s✱ t❤❛t ✐s t♦ s❛② t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♠♦r❡
t❤❛♥ t❤❡ ❧❛r❣❡st ✜✈❡ ❡✐❣❡♥✈❛❧✉❡s ❧❡❛❞s t♦ ❣r♦✉♣s ♦❢ s✐③❡ s♠❛❧❧❡r t❤❛♥ t❤r❡❡✳
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❆❞❥❛❝❡♥❝② ▼❛tr✐❝❡s ❙♦rt❡❞ ❜② ❈❧✐q✉❡s
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ALLIANZ
BAYER

DEGUSSA
DRESDNER B.

LINDE
LUFTHANSA

METALLGES.
RWE

SIEMENS
VEBA

COMMERZB.
HOCHTIEF

KARSTADT
MAN

THYSSEN
BAY. VEREINSB.

DEUTZ
DIDIER

G. GLAS
KLoeCKNER

PWA
SCHM.−LUBECA

SPAR
VIAG

BASF
CONTINENTAL

DTSCHE B.
HEIDELB. C.

KSB
RHEINEL.

SueDZUCKER
VOLKSW.

BABCOCK
BHF

BREM. VULKAN
DOUGLAS

FELTEN+G.
PREUSSAG

WAYSS+FR.
RHEINMET.

STRABAG
VEW

ALTANA
AMB

BRAU+BRUNNEN
IKB

AEG
BANKGES. BERLIN

DAIML.−BENZ
KAUFHOF

AGIV
ASKO

AVA
BARMAG

BAY. HYPO+W.BANK
BEIERSD.

BEWAG
BILF.+BERGER

BMW
BUDERUS

COLONIA
COMP. 2000
DBV WINT.

DEPFA
DLW

DueRR
ESCADA

FAG KUGELF.
FRESENIUS

GEA
GEHE

GROHE
HENKEL
HERLITZ

HOECHST
HORNBACH

HORTEN
IVG

IWKA
JUNGHEINRICH

KAMPA
KOLBENSCHM.

KRONES
KRUPP

LEIFHEIT
MANNESM.

MOKSEL
P. HOLZM.
PORSCHE

SALAMANDER
SAP

SCHERING
VARTA

VILL.+BOCH
VOLKSF.

WELLA
WERU
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ALLIANZ
BAYER

DRESDNER B.
DTSCHE B.
HOCHTIEF

LINDE
MANNESM.

MG
MueNCH. RueCK

SIEMENS
THYSSEN KRUPP

VEBA
VOLKSW.

BILF.+BERGER
BMW

DAIMLER−C.
DEGUSSA

HEIDELB. C.
HENKEL

LUFTHANSA
SCHWARZ PH.

TELEKOM
G. GLAS

K+S
KLoeCKNER

PHOENIX
SCHERING

SCHM.−LUBECA
VIAG
AMB

COMMERZB.
HUGO BOSS

MAN
FAG KUGELF.

HVB
SKW

BANKGES. BERLIN
CONTINENTAL

IVG
SueDZUCKER

ADIDAS
AGIV

ALTANA
AVA

AXA COLONIA
BABCOCK B.

BASF
BEATE UHSE

BEIERSD.
BEWAG

BHW
BRAU+BRUNNEN

BUDERUS
DBV WINT.

DEPFA
DEUTZ

DOUGLAS
DYCKERHOFF

DueRR
ESCADA

FIELMANN
FRESENIUS

FRESENIUS MC
GEHE

GOLD−ZACK
HANN. RueCK

HEIDELB. DRUCK
IKB

IWKA
JENOPTIK

JUNGHEINRICH
KAMPS

KARSTADT−Q.
KIEKERT

KOLBENSCHM.
KRONES

KSB
MERCK
METRO

MLP
P. HOLZM.
PORSCHE

PREUSSAG
PRO7
PUMA

RHEINMET.
RHoeN−KL.

RWE
SAP

SGL CARBON
SIXT

SOFTWARE
SPAR

STINNES
TARKETT S.

VARTA
VICTORIA
VOSSLOH

WCM
WELLA
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ALLIANZ
BAYER

COMMERZB.
DTSCHE B.
HOCHTIEF

LINDE
LUFTHANSA

MueNCH. RueCK
RWE

SIEMENS
THYSSEN KRUPP

TUI
VOLKSW.

HANN. RueCK

HEIDELB. DRUCK
PFLEIDERER

AAREAL B.
DEPFA

DTSCHE POST
DTSCHE TEL.

IKB

KARSTADT−Q.
POSTBANK

DTSCHE BoeRSE
SAP

SCHERING
DAIMLER−C.

DOUGLAS

LOEWE
BASF
BMW

HEIDELB. C.
INFINEON

MAN
ADIDAS

ALTANA

AMB GEN.
AWD

BEIERSD.
BERU

BILF.+BERGER
CELANESE

CELESIO

COMDIRECT
CONTINENTAL

DTSCHE EUROSH.
DYCKERHOFF

EADS
EON

ESCADA

FIELMANN
FRAPORT

FRESENIUS
FRESENIUS MC

GEA
GFK

GILDEMEISTER

HENKEL
HORNBACH

HUGO BOSS
HVB

HYPO REAL E.
INDUS

IVG

IWKA
JENOPTIK

JUNGHEINRICH
K+S

KLoeCKNER
KRONES

KoeNIG+B.
LANXESS

LEONI
MEDION
MERCK
METRO

MLP
MPC
MTU

NORDDTSCHE A.
PREMIERE

PRO7
PUMA

RHEINMET.
RHoeN−KL.

SALZG.

SCHWARZ PH.
SGL CARBON

SIXT
SOFTWARE

STADA
SueDZUCKER

TECHEM

TELEPLAN
THIEL−L.

VIVACON
VOSSLOH

WCM
WINCOR−NIXD.

ZAPF
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