Lorentzian manifolds with special holonomy and parallel spinors

Thomas Leistner

December 19, 2000

Abstract

We investigate the holonomy group of a simply connected, indecomposable and reducible Lorentzian spin manifold and the property that it should admit parallel spinors. We give a condition for such a holonomy to be abelean, show that such manifolds with abelean holonomy have to be pp-manifolds and get as a consequence that pp-manifolds are the only Lorentzian manifolds with nontrivial abelean holonomy and parallel spinors.

Contents

1 Introduction 1

2 Holonomy and parallel spinors 3 2.1 Principle fibre bundles, vector bundles and holonomy . . . . . . . . . . . 3 2.2 Holonomy of semi-Riemannian manifolds . . . . . . . . . . . . . . . . . . 4 2.3 Spinor representations and the spinor bundle . . . . . . . . . . . . . . . 6 2.4 Parallel spinors on product manifolds . . . . . . . . . . . . . . . . . . . . 8 2.5 Decomposition of a Lorentzian manifold with parallel spinors . . . . . . 12

3 Parallel spinors on indecomposable, reducible Lorentzian manifolds 15 3.1 Four types of indecomposable, reducible Lorentzian manifolds . . . . . . 15 3.2 Conclusions for the existence of parallel spinors . . . . . . . . . . . . . . 18

4 Brinkmann-waves with special holonomy and parallel spinors 20 4.1 The local form of the metric of an indecomposable, reducible Lorentzian manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2 Brinkmann-waves with holonomy n . . . . . . . . . . . . . . . . . . . . . 22 4.3 Further examples and problems . . . . . . . . . . . . . . . . . . . . . . . 27

1 Introduction

The most effective mean to decide whether a semi-Riemannian spin manifold admits parallel spinors is the holonomy group of the manifold because the space of parallel spinors is isomorphic to the trivial subrepresentations of the spinor representation of the holonomy group. Therefore it is first necessary to classify the holonomy groups and then to test if they could have trivial spinor subrepresentations.

The first step is done for simply connected, irreducible manifolds by M. Berger [Ber55], [Ber57] and J. Simons [Sim62]. In the Riemannian case this classification becomes complete because of the splitting theorem of G. de Rham [dR52] which asserts that a simply connected, complete Riemannian manifold can be decomposed in a product of irreducible ones. Here M. Y. Wang [Wan89] did the second step and showed that the following holonomy groups from the Berger-list are those of simply connected, irreducible, non-locally symmetric m dimensional Riemannian spin manifolds admitting parallel spinors: SU(k) for m = 2k, Sp(k) for m = 4k, G_2 for m = 7 and Spin(7) for m = 8.

Although there is a generalization of Wangs theorem for semi-Riemannian simply connected, irreducible, not locally symmetric spin manifolds by H. Baum and I. Kath in [BK99] theres a gap in the pseudo- Riemannian case. This is because the generalisation of de Rhams splitting theorem by H. Wu in [Wu64] only asserts the decomposition of a simply connected, complete semi-Riemannian manifold into a product of indecomposable ones. The holonomy representation of these manifolds has no invariant subspace on which the metric is nondegenerate. In the Riemannian case irreducibility and indecomposability are the same.

So one has to find first the possible holonomy representations of indecomposable, reducible pseudo-Riemannian manifolds. This is an rather open question. The only investigations are from A. Ikemakhen and L. Berard Bergery in the Lorentzian case ([Ike90], [BI93] and [Ike96]), in the case of index 2 in [Ike99] and for index (r, r) in [BI97].

In this paper we will deal with the Lorentzian case and — after some introductory sections — draw some conclusions from the results of [BI93] and [Ike96] for the existence of parallel spinors on simply connected, indecomposable Lorentzian spin manifolds. In [BI93] the possible holonomy algebras of a simply connected, indecomposable but reducible Lorentzian manifold of dimension m are divided in four types of subalgebras of (R ⊕ so(m − 2)) n R^{m−2} . We will add the condition to the manifold to admit parallel spinors so that its holonomy algebra has to be a subalgebra of so(m − 2) n R^{m−2} which leaves us with only two of those four types. We will then show, that the question whether these admit trivial subrepresentations of their spin representation can be reduced to the question if this is the case for their projections on the so(m−2)-component. Also we will show that this projection can not be abelean.

Further we investigate the simply connected, indecomposable but reducible Lorentzian spin manifolds whose holonomy is abelean, that is isomorphic to R^{m−2} . These have parallel spinors. We will prove that these class of manifold is equal to the so called pp-manifolds, which are an generalisation of the plane-waves. As an result we obtain that pp-manifolds are the only Lorentzian manifolds which admit parallel spinors and have non- trivial abelean holonomy.

2 Holonomy and parallel spinors

2.1 Principle fibre bundles, vector bundles and holonomy

We first will recall the notion of a holonomy group of a connection in a principle fibre bundle in general.

Let π : P → M a principle fibre bundle with structure group G, ω : T P → g := LA(G) a connection in P .

Then one has the horiziontal space T h_pP := Ker ω and the parallel displacement p^ω_γ along a piecewise smooth curve γ in M from P_{γ(0)} to P_{γ(1)}.

Since G acts freely and transitivly on the fibres one can define the holonomy group to ω in a point p ∈ P with π(p) = x ∈ M Hol_p(ω) := { g ∈ G | | | there is a curve γ in M, γ(0) = γ(1) = x, R_g ( γ^∗_p (0) ) = γ^∗_p(1) } ⊂ G. The restricted holonomy group Hol^0_p(ω) is defined by restricting to homotopically trivial curves in M. This group is connected and lies in the connected component of the unity in G. Its Lie-Algebra is denoted by hol_p(ω) := LA ( Hol^0_p(ω) ) . The holonomy groups depend in the following way from the point p ∈ P : for two points p and q in the same fibre over x ∈ M such that q = R_g(p) for a g ∈ G the holonomy groups are conjugated in G, i.e. Hol_q(ω) = g^{−1}Hol_p(ω)g; if there is a horizontal curve in P from p to q then the holonomy groups are the same. For the curvature Ω(X, Y ) of ω and the group action holds the following R^∗_gΩ = Ad ( g^{−1} ) ∘ Ω. (1)

We now formulate the Ambrose-Singer-holonomy-theorem.

Theorem 2.1 [AS53] Let M be connected. P a priciple fibre bundle over M with structure group G and ω a connection in P . Then

hol_p(ω) = { Ω_q(X, Y ) | | | there is a horizontal curve from p to q X, Y ∈ Ker ω_q ⊂ T_qP } ⊂ g. (2)

In order to localize the connection form and the curvature one considers a local section s : U → P . Then the local connection and curvature form are given by ω^s := s^∗ω = ω ∘ ds and Ω^s := s^∗Ω.

Since in the terms of the right hand side of (2 ) only horizontal vectors are needed this enables us to calculate these terms via formula (1) with the help of the local curvature form:

Ω_q (X, Y ) = Ad ( g^{−1} ) Ω_{s(x)} ( dR_g�1 (X) , dR_g�1 (Y ) ) = Ad ( g^{−1} ) Ω^s_x(X̂, Ŷ ), (3)

where q = R_g(s(x)) on a horizontal curve from p and dR_g ( ds(X̂) ) = X, dR_g ( ds(Ŷ ) ) = Y both horizontal.

Let (V, ρ) a representation of G. We now consider the vector bundle associated to P and G defined by E := (P × V ) /G. G acting on V is isomorphic to a subgroup of Gl(E_x) acting on the fibre E_x for every fibre over x.

ω defines a covariant derivative by the formula ∇^ω_X e = [s(x), ρ_∗(ω^s(X))(v) + dv(X)] where s : U → P is a local section in P and e(x) := [s(x), v(x)] a section in the vector bundle. The corresponding parallel displacement of ∇^ω along a curve γ from x to y in M, denoted by P^{∇ω}_γ : E_x → E_y, then satisfies for a loop γ around x

P^{∇ω}_γ (e) = P^{∇ω}_γ ([p, v]) = [ p^ω_γ (p), v ] = [R_g(p), v] = [ p, ρ(g^{−1})(v) ] (4) for all e ∈ E_x. Now one can define the holonomy group in a point x ∈ M with respect to this connection which acts on the fibre E_x: Hol_x(E, ∇^ω) := {P^{∇ω}_γ |γ : [0, 1] → M, γ(0) = γ(1) = x} ⊂ Gl(E_x). Again one defines the restricted holonomy group Hol^0_x(E, ∇^ω) as a subgroup of Hol_x(M, h) by restricting the possible curves to these which are homotopic to the constant curve. Because of formula (4) the identification of G with a subgroup of Gl(E_x) gives an identification between the holonomy groups (Hol_p(ω), V ) ≃ (Hol_x(E, ∇^ω), E_x) for p ∈ P_x. So the holonomy groups of two different points in M can be understood as conjugated subgroups of G under this identification.

We now can identify the parallel sections in E with invariant vectors under the holonomy representation: V_{Holq(ω)} := {v ∈ V |ρ(Hol_q(ω))(v) = v } ≃ {e ∈ Γ(E)|∇^ωe = 0} (5) v → [ p^ω_γ (p), v ] Or in case that M is simply connected on the Lie-algebra level

V_{holq(ω)} := { v ∈ V | |ρ_∗(hol_q(ω))(v) = 0} ≃ {e ∈ Γ(E)|∇^ωe = 0} . (6)

2.2 Holonomy of semi-Riemannian manifolds

Let (M, h) be a semi-Riemannian manifold of dimension m = r + s, index r and ∇ the Levi-Civita-connection.

Let P the bundle of orthonormal frames over M with structure group O(r, s). Then one has as in the previous section P ×_{O(r,s)} R^m ≃ T M.

The Levi-Civita connection ∇ defines a connection ω in P whose local connection form is given by ω^s = ∑ 1≤i<j≤n h (∇s_i, s_j) E_{ij} where s = (s_1, . . . s_m) is a section in P , that is a local orthormal frame-field and E_{ij} the standard basis in o(r, s). Then is ∇ = ∇^ω. One defines the holonomy groups (Hol_x(M, h), T_xM) := (Hol_x(T M, ∇), T_xM) ≃ (Hol_p(ω), R^m ) ( Hol^0_x(M, h), T_xM ) := ( Hol^0_x(T M, ∇), T_xM ) ≃ ( Hol^0_p(ω), R^m ) . The relation between parallel vector fileds and invariant subspaces of the holonomy representation is given by (see for example [Bes87])

Theorem 2.2 Let (M, h) be a semi-Riemannian manifold. Then holds the following 1. For 1 ≤ k < m these propositions are equivalent:

(i) There is a k-dimensional distribution, which is invariant under parallel displacement.

(ii) The holonomy representation leaves invariant a k-dimensional subspace. This distribution has to be involutive.

2. There is a parallel vectorfield on M if and only if the holonomy representation has a trivial subrepresentation, that means it leaves fixed a vector.

The properties of the representation are used to characterize the manifold.

Definition 2.1 A semi-Riemannian manifold (M^{r,s}, h) is called

1. (strictly) irreducibel if the (reduced) holonomy representation has no invariant subspace, 2. (strictly) indecomposable if the (reduced) holonomy representation has no invariant subspace on which h is non-degenerate, 3. reducibel/decomposable if it is not irreducibel/indecomposable.

Irreducibility entails indecomposeability and decomposeability reducibility. For Riemannian manifolds both notions are the same. The tangential space of a semi-Riemannian manifold can be decomposed in a orthogonal sum of invariant subspaces which can be (in case of nontrivial signature of h) reducible with a degenerate, invariant subspace. For given semi-Riemannian manifolds (M^{r,s}_1 , h_1) and (M^{p,q}_2 , h_2) the product manifold (M^{r,s}_1 × M^{p,q}_2 , h_1 ⊕ h_2) has the tangential space T_{(x1,x2)} (M_1 × M_2) = T_{x1} M_1 ⊕ T_{x2} M_2. Now the holonomy representation of the product is the product of the holonomy representations (see again [Bes87])

Hol_{(x1,x2)}(M_1 × M_2, h_1 ⊕ h_2) = Hol_{x1} (M_1, h_1) × Hol_{x2} (M_2, h_2) = (Hol_{x1} (M_1, h_1) × 1) ⊕ (1 × Hol_{x2} (M_2, h_2)) .

The de-Rham decomposition theorem asserts that locally the converse is true.

Theorem 2.3 [dR52] [Wu64] Every simply-connected, complete semi-Riemannian manifold is isometric to a product of simply-connected, complete manifolds, of which one can be flat and all other are indecomposable.

That means locally it is sufficient to know the indecomposable manifolds. For the subclass of irreducible ones there is the classification of Berger and Simons.

Theorem 2.4 [Ber55], [Sim62], [Ale68], [BG72] and [Bry87] Let (M^{r,s}, h) be a simplyconnected, irreducible, non local-symmetric semi-Riemannian manifold of dimension m = r+s and index r. Then the holonomy representation on R^m is one of the following (modulo conjugation in O(r, s)): m = r + s ≥ 2 : SO(r, s) m = 2p + 2q ≥ 4 : U(p, q) ⊂ SO(2p, 2q) oder SU(p, q) ⊂ SO(2p, 2q) m = 4p + 4q ≥ 8 : Sp(p, q) ⊂ SO(4p, 4q) oder Sp(p, q) · Sp(1) ⊂ SO(4p, 4q) m = r + r ≥ 4 : SO(r, C ) ⊂ SO(r, r) m = 2p + 2p ≥ 8 Sp(p, R) · Sl(2, R) ⊂ SO(2p, 2p) m = 4p + 4p ≥ 16 Sp(p, C ) · Sl(2, C ) ⊂ SO(4p, 4p) m = 7 = 0 + 7 : G_2 ⊂ SO(7) m = 7 = 4 + 3 : G^∗_{2(2)} ⊂ SO(4, 3) m = 14 = 7 + 7 : GC_2 ⊂ SO(7, 7) m = 8 = 0 + 8 : Spin(7) ⊂ SO(8) m = 8 = 4 + 4 : Spin(4, 3) ⊂ SO(4, 4) m = 16 = 8 + 8 : Spin(7)C ⊂ SO(8, 8)

In case of symmetric spaces there is a classification of Berger [Ber57], which gives the following corollary for Lorentzian manifolds.

Corollary 2.1 A simply-connected, complete and irreducible Lorentzian manifold has the trivial holonomy group or the full SO_0(1, m − 1).

2.3 Spinor representations and the spinor bundle

We now want to define the spinor bundle of a m=(r+s)-dimensional semi- Riemannian manifold. (See [LM89], [Bau81] also [Bau94] for details.) Let Cl_{r,s} be the Cliffordalgebra of (R^m , ⟨., .⟩_{r,s}) where ⟨., .⟩_{r,s} is the standard scalarproduct of index r on R^m We define the following groups in Cl_{r,s} (⟨X, X⟩_{r,s} =: ‖X‖_{r,s}): Spin(r, s) := {X_1 · . . . · X_{2k} | ‖X_i‖_{r,s} = ±1, k ≥ 0} Spin_0(r, s) = {X_1 · . . . · X_{2k} · Y_1 · . . . · Y_{2l} | ‖X_i‖_{r,s} = 1, ‖Y_i‖_{r,s} = −1, k, l ≥ 0} K = { X_1 · . . . · X_{2k} · Y_1 · . . . · Y_{2l} | | | ‖X^i‖^{r,s} = 1, ‖Y^i‖^{r,s} = −1, k, l ≥ 0 X_i ∈ span(e_1, . . . , e_r), Y_j ∈ span(e_{r+1}, . . . , e_m) }

where (e_1, . . . e_m) is a basis with ⟨e_i, e_j⟩ = δ_{ij}κ_i, κ_1 = . . . κ_r = −1 and κ_{r+1} = . . . κ_m = 1. Spin_0(r, s) is the connected component of the unit and K its maximal compact subgroup.

Now let λ : Spin(r, s) → SO(r, s) be the twofold covering of SO(r, s)[SO_0(r, s)] by Spin(r, s)[Spin_0(r, s)]. Now λ_∗ is an algebra isomorphism between spin(r, s) := LA(Spin(r, s)) ⊂ Cl_{r,s} and so(r, s). Then spin(r, s) = span{e_i · e_j|1 ≤ i < j ≤ m} and λ_∗(e_i · e_j) = E_{ij} for matrices

(E_{ij})_{kl} = −κ_j for (k, l) = (i, j) κ_i for (k, l) = (j, i) 0 otherwise (7)

the standard basis in so(r, s).

We will now give an isomorphism between the complexification of the Clifford algebra

C l_{(r,s)} := Cl_{r,s} ⊗ C and endomorphism algebras of complex vector spaces which yields

to complex representations of the spin group. First we consider the C^2 with a basis { u(ε) :=^{1√}_2

(_1 −ε i ) |ε = ±1 } and the isomorphisms of C^2 :

E := Id , T := ( o −i i 0 ) , U := ( i 0 0 −i ) , V := ( 0 i i 0 ) . Then we have T^2 = −V^2 = −U^2 = E , UT = −iV , V T = iU , UV = −iT and T u(ε) = −εu(ε) , Uu (ε) = iu(−ε) , V u (ε) = εu (−ε). We define the isomorphisms as follows

1. In case m is even Φ_{(r,s)} : C l_{(r,s)} → C ( 2^m2 ) is defined by Φ_{(r,s)}(e_{2k−1}) := τ_{2k−1}E ⊗ . . . ⊗ E ⊗ U ⊗ T ⊗ . . . T (k−1)-times Φ_{(r,s)}(e_{2k}) := τ_{2k}E ⊗ . . . ⊗ E ⊗ V ⊗ T ⊗ . . . T (k−1)-times

with τ_1 = . . . = τ_r = i and τ_{r+1} = . . . = τ_m = 1 and k = 1 . . .^n_2 .

2. In case m is odd Φ_{(r,s)} : C l_{(r,s)} → C ( 2^m

�1_2 )

⊕ C^(2^m�^12^) is defined by

Φ_{(r,s)}(e_k) = ( Φ_{(m−2,1)}(e_k), Φ_{(m−2,1)}(e_k) ) , k = 1 . . . m − 1 Φ_{(r,s)}(e_m) = (iT ⊗ . . . ⊗ T, −iT ⊗ . . . ⊗ T ) . This yields to representations of the spin group and algebra in case m even by restriction and in case m odd by restriction and projection onto the first component. The representation space Δ_{r,s} = C^{2[ m2 ]} is called spinor module. We write A · v := Φ_{(r,s)}(A)(v) for A ∈ C l_{r,s} and v ∈ Δ_{r,s}. A useful basis in Δ_{r,s} is the following: (u (ε_k, . . . , ε_1) := u(ε_k) ⊗ . . . ⊗ u(ε_1)|ε_i = ±1).

In case m is even the representation space Δ_{r,s} splits into two irreducible subspaces Δ^±_{r,s} := span(u (ε_k, . . . , ε_1) |ε_k · . . . · ε_1 = ±1). On C^{2[ m2 ]} are given two scalar products, the standard scalar product (., .), which is

positiv definit and invariant under the action of the maximal compact subgroup K of Spin_0(r, s). The second is defined as follows ⟨u, v⟩ := i^{r(r} �1)_2 (e_1 · . . . · e_r · u, v) and it is indefinit and invariant under Spin_0(r, s). The basis given by u (ε_k, . . . , ε_1) with k := [^m_2 ] is an ortonormal basis for (., .).

We now consider a semi-Riemannian manifold which is assumed to be spin. Let (Q, f) be the λ-reduction for the orthonormal frame bundle P . Then we have T M = P ×_{SO0(r,s)} R^m = Q ×_{Spin0(r,s)} R^m . The vector bundle S := Q ×_{Spin0(r,s)} Δ_{r,s} is called spinor bundle. The Clifford multiplication is defined as follows T M ⊗ S = ( Q ×_{Spin0(r,s)} R^m ) ⊗ ( Q ×_{Spin0(r,s)} Δ_{r,s} ) → S X ⊗ φ = [q, x] ⊗ [q, v] → [q, X · v] =: X · φ Since the indefinit scalar product ⟨., .⟩ is invariant under Spin_0(r, s) it defines a scalar product on S. But one can also define the positiv definit scalar product invariantly by fixing a timelike (negativ definit) subbundle ξ ⊂ T M. Then there is a K ⊂ Spin_0(r, s)- reduction of Q to a K-principle bundle Q_ξ for which S = Q ×_{Spin0(r,s)} Δ_{r,s} = Q_ξ ×_K Δ_{r,s} so that the K invariance of (., .) suffices to define positiv definite scalarproduct (., .)_ξ on S.

The covariant derivative defined by the Levi-Civita connection is given by

∇^S_X φ = X(φ) + 1 2 ∑ i<j κ_i κ_j g(∇^{LC}_{si} X, s_j)s_i · s_j · φ (8) ∇^S is metrical with respect to ⟨., .⟩ and distributive in the following way ∇^S(X · φ) = (∇X) · φ + X · ∇^Sφ For its holonomy group we have the important relation to those of ∇ λ ( Hol_x(S, ∇^S ) = Hol_x(M, h) so that λ_∗ identifies the Lie algebras

hol_x(S, ∇^S)^λ�≃ hol_x(M, h).

2.4 Parallel spinors on product manifolds

First let (M, h) be a semi-Riemannian spin manifold of dimension m. We define

Definition 2.2 A non-trivial spinor field φ ∈ Γ(S) is called parallel spinor if ∇^Sφ = 0.

If we set H̃ := λ^{−1}(Hol_x(M, h)) and h̃ := λ^{−1}_∗ (h) then we have from the previous section {parallel spinors} ≃ V_{H̃} := { v ∈ Δ_{r,s} | |(Φ_{(r,s)})(H̃)(v) = v } or in the simply connectaed case

{parallel spinors} ≃ V_{h̃} := { v ∈ Δ_{r,s} | |(Φ_{(r,s)})∗(h̃)(v) = 0 } . We now want to find properties of manifolds admitting parallel spinors. On has the following

Lemma 2.1 ([Hit74] for the Riemannian case, [Bau81] for the general) The existence of a parallel spinor, entails an totally isotropic Ricci endomorphism, i.e. h (Ric(X), Ric(Y )) = 0 for all X, Y ∈ T M.

For product manifolds holds the following

Theorem 2.5 On a semi-Riemannian manifold which is given as a product

(M, h) ≃ (M_1, h_1) × (M_2, h_2)

of two semi-Riemannian manifolds exist parallel spinors if and only if on both (M_i, h_i) exist parallel spinors.

Proof:

Let (M_i, h_i) be two semi-Riemannian manifolds of dimension m_i and signature (r_i, s_i) and (M, h) the product of both of signature (r = r_1 + r_2, s = s_1 + s_2). Its holonomy is given by the product

H := Hol_{(x1,x2)}(M, h) = Hol_{x1} (M_1, h_1) × Hol_{x2} (M_2, h_2) =: H_1 × H_2

We denote the corresponding lifts in the spin group via the twofold covering λ by H̃, H̃_1 and H̃_2. Then we have the following commuting diagramm

H = H_1 × H_2 ⊂ O(r_1, s_1) × O(r_2, s_2) → O(r, s) ↑ λ × λ ↑ λ H̃ = ( H̃_1 × H̃_2 ) /Z2 ⊂ (Spin(r_1, s_1) × Spin(r_2, s_2))_/Z_2 → Spin(r, s) where the imbeddings of the product groups into the O(r, s) resp. Spin(r, s) come from the canonical identification of R^{m1} × R^{m2} and R^m sending e_i ∈ R^{m1} onto e_i ∈ R^m and e_i ∈ R^{m2} onto e_{m1+i} ∈ R^m .

So we have two representations of (Spin(r_1, s_1) × Spin(r_2, s_2))_/Z_2: The first is given as the representation tensor product:

ρ : (Spin(r_1, s_1) × Spin(r_2, s_2))_/Z_2 → End(Δ_{r1,s1} ⊗ Δ_{r2,s2} ) [(A, B)] → Φ_{(r1,s1)}(A) ⊗ Φ_{(r2,s2)}(B)

This definition is correct since ρ([(A, B)]) = ρ([(−A, −B)]).

The second results from the restriction of Φ_{(r,s)} on Spin(r_1, s_1) × Spin(r_2, s_2) → Spin(r, s): Φ := (Φ_{(r,s)})_{|Spin(r1,s1)×Spin(r2,s2)} : Spin(r_1, s_1) × Spin(r_2, s_2) → End(Δ_{r,s}). If m is even one has the two irreducible subrepresentations Φ^±_{(r,s)} : Spin(r, s) → End(Δ^±_{r,s}) and consequently Φ^± by restriction again. With this notations we prove the following

Lemma 2.2 For the defined representations of Spin(r_1, s_1) × Spin(r_2, s_2) holds the following

1. If m_1 or m_2 is even then we have Φ ∼ ρ.

2. For both m_1 and m_2 odd we have Φ^± ∼ ρ.

Proof: 1.) Let m_1 = 2 k_1 be even and m = 2k in case m_2 beeing even too and m = 2k + 1 in case m_2 beeing odd. The isomorphism between the representation spaces Δ_{r,s} and Δ_{r1,s1} ⊗ Δ_{r2,s2} is given by the identity in both cases, denoted by:

Ψ : Δ_{r,s} → Δ_{r1,s1} ⊗ Δ_{r2,s2} u(ε_k, . . . , ε_1) → u(ε_k, . . . , ε_{k1+1}) ⊗ u(ε_{k1} , . . . , ε_1) For the Clifford-multiplication, that is for Φ_{(r,s)} as the representation of the Clifford algebra we have for X ∈ R^{m1} and the corresponding X̂ ∈ R^m : Ψ ( X̂ · u(ε_k, . . . , ε_1) ) = Ψ ( Φ_{(r,s)} ( X̂ ) (u(ε_k, . . . , ε_1)) ) = u(ε_k, . . . , ε_{k1+1}) ⊗ Φ_{(r1,s1)}(X) (u(ε_{k1} , . . . , ε_1)) = u(ε_k, . . . , ε_{k1+1}) ⊗ X · u(ε_{k1} , . . . , ε_1) and for Y ∈ R^{m2} and the corresponding Ŷ ∈ R^m : Ψ ( Ŷ · u(ε_k, . . . , ε_1) )

= Ψ ( Φ_{(r,s)} ( Ŷ ) (u(ε_k, . . . , ε_1)) ) = (−1)^{k1} ε_1 · . . . · ε_{k1} Φ_{(r2,s2)}(Y ) (u(ε_k, . . . , ε_{k1+1})) ⊗ u(ε_{k1} , . . . , ε_1) = (−1)^{k1} ε_1 · . . . · ε_{k1} Y · u(ε_k, . . . , ε_{k1+1}) ⊗ u(ε_{k1} , . . . , ε_1).

Therefore we have for g = X_1 · . . . · X_{2i} ∈ Spin(r_1, s_1) with X_l ∈ R^{m1} and h = Y_1 · . . . · Y_{2j} ∈ Spin(r_1, s_1) with Y_l ∈ R^{m2}

(ρ(g, h) ∘ Ψ)(u(ε_k, . . . , ε_1)) = Φ_{(r2,s2)}(g)u(ε_k, . . . , ε_{k1+1}) ⊗ Φ_{(r1,s1)}(h)u(ε_{k1} , . . . , ε_1) = Ψ ( Φ_{(r,s)}(g · h) (u(ε_k, . . . , ε_1)) ) = Ψ ∘ Φ(g, h) (u(ε_k, . . . , ε_1))

which shows that both representations are equivalent.

2.) It is now m_i = 2 k_i + 1 such that m = m_1 + m_2 = 2 (k + 1) with k = k_1 + k_2. For technical reasons we consider a ι ∈ O(r, s) which is the identity on span(e_1, . . . , e_{m1} ) and further defined by

ι(e_{m1+i}) = e_{m1+1+i} for 1 ≤ i < m_1 and ι(e_m) = e_{m1+1}

The resulting representation of the Clifford algebra Φ_ι := Φ_{(r,s)} ∘ ι is equivalent to Φ_{(r,s)}. This holds because the definition of the covering λ allows to write ι = λ(g) for g ∈ Spin(r, s) and therefore

Φ_ι(X) = Φ_{(r,s)}(λ(g)(X)) = Φ_{(r,s)}(g · X · g^{−1}) = g · Φ_{(r,s)}(X) · g^{−1}

which verifies equivalence.

We will now show that the corresponding irreducible representation Φ^±_ι are equivalent to ρ.

The representation space of Φ^±_ι is C^{2k} ≃ Δ^±_{r,s} ⊂ Δ_{r,s} ≃ C^{2k+1} and of ρ is Δ_{r1,s1} ⊗ Δ_{r2,s2} ≃ C^{2k} . The isomorphism is the following

Ψ^± : Δ^±_{r,s} → Δ_{r1,s1} ⊗ Δ_{r2,s2} u(ε_{k+1}, . . . , ε_1) → a_{εk+1,...,εk1+2} u(ε_{k+1}, . . . , ε_{k1+2}) ⊗ u(ε_{k1} , . . . , ε_1) with a_{εk+1,...,εk1+2} = { 1 : ∏_{k2} l=1 ε_{k1+1+l} = 1 i (−1)^{k2+1} : ∏_{k2} l=1 ε_{k1+1+l} = −1

One has to verify that Ψ^± ∘ Φ^±_ι (g, h) = ρ(g, h) ∘ Ψ^±. We first show this relation for g and h of the form e_i · e_j with e_i, e_j ∈ R^{m2} resp. R^{m1} .

For i = j this relation holds clearly since e^2_i is a multiplication with a scalar. We distinguish the following cases: 1. e_i, e_j ∈ R^{m1} and

- both different from e_{m1} . Then it is clear that Ψ^± (ι(e_i) · ι(e_j) · u(ε_{k+1}, . . . , ε_1)) = Ψ^± (u(ε_{k+1}, . . . , ε_{k1+1}) ⊗ e_i · e_j · u(ε_{k1} , . . . , ε_1)) = ρ(id, e_i · e_j) ∘ Ψ^± (u(ε_k, . . . , ε_1)) . - one of them equals to e_{m1} . W.l.o.g. should be j = m_1. Then one has Ψ^± (ι(e_i) · ι(e_{m1} ) · u(ε_{k+1}, . . . , ε_1)) = Ψ^± ( ι(e_i) · (−1)^{k1} ε_1 · . . . · ε_{k1} i u(ε_{k+1}, . . . , ε_{k1+2}, −ε_{k1+1}, ε_{k1} , . . . , ε_1) )

= Ψ^± ( (−1)^{k1} ε_1 · . . . · ε_{k1} i u(ε_{k+1}, . . . , ε_{k1+2}, −ε_{k1+1}) ⊗ e_i · u(ε_{k1} , . . . , ε_1) ) = Ψ^± (u(ε_{k+1}, . . . , −ε_{k1+1}) ⊗ e_i · e_{m1} · u(ε_{k1} , . . . , ε_1)) = ρ(id, e_i · e_{m1} ) ∘ Ψ^±(u(ε_k, . . . , ε_1)). So one has for e_i, e_j ∈ R^{m1} Ψ^± ∘ Φ^±_ι (id, e_i · e_j) = ρ(id, e_i · e_j) ∘ Ψ^± and therefore for all h ∈ Spin(r_1, s_1) Ψ^± ∘ Φ^±_ι (id, h) = ρ(id, h) ∘ Ψ^±. 2. e_i, e_j ∈ R^{m2} and

- both not equal to e_{m2} . Here we have again

Ψ^± (ι(e_i) · ι(e_j ) · u(ε_{k+1}, . . . , ε_1))

= Ψ^± (e_{m1+1+i} · e_{m1+1+j} · u(ε_{k+1}, . . . , ε_1)) = (−1)^{2(k1+1)}Ψ^± ((e_i · e_j · u(ε_{k+1}, . . . , ε_{k1+2})) ⊗ ·u(ε_{k1+1}, . . . , ε_1)) = ρ(e_i · e_j, id) ∘ Ψ^±u(ε_k, . . . , ε_1).

- e_j = e_{m2} . Then

Ψ^± (ι(e_i) · ι(e_{m2} ) · u(ε_{k+1}, . . . , ε_1)) = Ψ^± (e_{m1+1+i} · e_{m1+1} · u(ε_{k+1}, . . . , ε_1)) = Ψ^± ((e_i · u(ε_{k+1}, . . . , ε_{k1+2})) ⊗ u(−ε_{k1+1}, ε_{k1} , . . . , ε_1)) = a_{εk+1,...,εk1+2} (e_{m2} · e_i · u(ε_{k+1}, . . . , ε_{k1+2})) ⊗ u(ε_{k1} , . . . , ε_1) = ρ(e_{m2} · e_i, id) ∘ Ψ^± (u(ε_{k+1}, . . . , ε_1))

So one has for all g ∈ Spin(r_2, s_2) that Ψ^± ∘ Φ^±_ι (g, id) = ρ(g, id) ∘ Ψ^± and therefore the conclusion of the lemma. 2

Finally we have two equivalent representations of Spin(r_1, s_1) × Spin(r_2, s_2)

Φ ∼ Φ_{(r1,s1)} ⊗ Φ_{(r2,s2)} or Φ^± ∼ Φ_{(r1,s1)} ⊗ Φ_{(r2,s2)}.

which are by restriction two equivalent representations of H = H_1 × H_2. For this situation we prove the following Lemma 2.3 Let ρ be an representation of a group G := G_1 ×G_2 and ρ_i representations of G_i such that ρ ∼ ρ_1 ⊗ ρ_2. The ρ has a trivial subrepresentation iff both ρ_i have an trivial subrepresentation.

Proof: One direction is clear. If Ψ : V → V_1 ⊗ V_2 is the isomorphism between the representation spaces and v_i fixed vectors under ρ_i (i = 1, 2) then v := Ψ^{−1}(v_1 ⊗ v_2) is fixed under ρ.

If otherwise v is a fixed vector under ρ. Then Ψ(v) is a fixed vector under ρ_1 ⊗ ρ_2, i. e. it defines a trivial representation of G_1 × G_2. Then a general theorem in representation theory (see for example [Tit67]) says that every irreducible representation of a group product G_1 × G_2 splits into a tensor product of two irreducible representations of G_1 and G_2. Thats why Ψ(v) has the form v_1 ⊗ v_2 and one gets

v_1 ⊗ v_2 = Ψ (ρ(g_1, g_2)v) = ρ_1(g_1) ⊗ ρ_2(g_2) (v_1 ⊗ v_2) = ρ_1(g_1)v_1 ⊗ ρ_2(g_2)v_2.

But this gives ρ_i(g_i)v_i = v_i for all g_i ∈ G_i, i = 1, 2. 2

Now a parallel spinor on (M, h) corresponds to a trivial subrepresentation of H = H_1 × H_2 ⊂ Spin(r_1, s_1) × Spin(r_2, s_2). Due to the lemmata it corresponds to a pair of trivial subrepresentations of H_1 resp. H_2 which correspond to a pair of parallel spinors on (M_1, h_1) resp. (M_2, h_2). This was the assertion of the theorem. 2

2.5 Decomposition of a Lorentzian manifold with parallel spinors From now on let (M, h) be a Lorentzian spin manifold of dimension m. We asign to every spinor field a vector field.

Definition 2.3 Let φ ∈ Γ(S) The vector field V_φ ∈ Γ(T M) defined by h(V_φ, X) = −⟨X · φ, φ⟩ for all X ∈ T M is called φ-associated vector field or Dirac-current. For the Dirac-current the following properties hold. Lemma 2.4 Let (M, h) a Lorentzian spin manifold and φ ∈ Γ(S).

1. It is h (V_φ, V_φ) ≤ 0 and V_φ(x) = 0 if and only if φ(x) = 0. 2. φ parallel entails V_φ parallel.

Proof: 1.) Since (M, h) is spin we have ξ the timelike global defined unit vectorfield. Then we have h (V_φ, ξ) = −⟨ξ · φ, φ⟩ := − (ξ · ξ · φ, φ)_ξ = − (φ, φ)_ξ ≠ 0 if φ ≠ 0. Therefore one can write V_φ = (φ, φ)_ξ ξ + η with a spacelike vector field η. We now consider an aritrary x ∈ M. If η(x) = 0 then V_φ(x) would have negative length.

Let therefore η(x) ≠ 0. Then on sets s_1 := ξ and s_2 := 1 √ h(η, η) η and completes this locally with vector fields s_3, . . . , s_m of lenght 1 to a local orthonormal basis. Since h(V_φ, X) = −⟨X · φ, φ⟩ we have in this basis

V_φ = − n∑ i=1 κ_i⟨s_i · φ, φ⟩s_i = (φ, φ)_ξ s_1 − (s_1 · s_2 · φ, φ)_ξ s_2

and for the lenght h (V_φ, V_φ) = − (φ, φ)^2_ξ + (s_1 · s_2 · φ, φ)^2_ξ. The action of e_1 · e_2 on the basis of the spinor module (k := [^m_2 ]) is e_1 · e_2 · u (ε_k, . . . , ε_1) = −ε_1u (ε_k, . . . , ε_1) .

So for a φ ∈ S with φ(x) = [ŝ(x), v(x)] where v(x) ∈ C^k we have (φ(x), φ(x))_ξ = (v(x), v(x)) and (s_1 · s_2 · φ(x), φ(x))_ξ = (e_1 · e_2 · v(x), v(x)) and we decompose v(x) as follows v(x) = k∑ ε1,...ε_k±1 v_{(εk,...,ε1)}u (ε_k, . . . , ε_1)

= k∑ ε2,...ε_k±1 v_{(εk,...,ε2,1)}u (ε_k, . . . , ε_2, 1) + k∑ ε2,...ε_k±1 v_{(εk,...,ε2,−1)}u (ε_k, . . . , ε_2, −1) =: v_+ + v_−.

So we have e_1 · e_2 · v(x) = −v_+ + v_− and for the lenght

(e_1 · e_2 · v(x), v(x)) = (−v_+ + v_−, v_+ + v_−) = − (v_+, v_+) + (v_−, v_−) − (v_+, v_−) =0 + (v_−, v_+) =0 = − (v_+, v_+) + (v_−, v_−) .

Finally: h (V_φ, V_φ) = − (φ, φ)^2 + (s_1 · s_2 · φ, φ)^2 x= − ( (v_+, v_+)^2 + 2 (v_+, v_+) (v_−, v_−) + (v_−, v_−)^2 )

+ ( (v_+, v_+)^2 − 2 (v_+, v_+) (v_−, v_−) + (v_−, v_−)^2 ) = −4 (v_+, v_+) (v_−, v_−) ≤ 0.

From the proof also follows that V_φ(x) = 0 if and only if φ(x) = 0. 2.) From the relations between the covariant derivatives, the Clifford multiplication and the scalar product it is for all X, Y ∈ T M h (∇_Y V_φ, X) = Y (h (V_φ, X)) − h (V_φ, ∇_Y X) = −Y (⟨X · φ, φ⟩) + ⟨∇_Y X · φ, φ⟩ = −⟨∇_Y X · φ, φ⟩ − ⟨X · ∇^S_Y φ, φ⟩ − ⟨X · φ, ∇^S_Y φ⟩ + ⟨∇_Y X · φ, φ⟩ = 0 if φ parallel.

This gives the conclusion. 2

From the second assertion of the lemma follows that a non-flat Lorentzian manifold with parallel spinors can not be irreducible as we have seen in corollary 2.1. That means that we have for a 1-connected Lorentzian manifold with parallel spinor φ two cases:

1.) h (V_φ, V_φ) < 0, i.e. V_φ timelike. Since V_φ is parallel the holonomy group acts trivial on R V_φ(x) ⊂ T_xM, and so the manifold decomposes due to theorem 2.3 as follows (M, h) ≃ (R, −dt) × (N, g) with (N, g) a Riemannian manifold of dimension m − 1 which again can be decomposed in flat or irreduzible Riemannian manifolds. Since irreducible local symmetric Riemannian manifolds with parallel spinors has to be flat (as a conclusion of the Ricci-flatness, see [Bes87]) one obtains from the result in the Riemannian case (see introduction) the following

Theorem 2.6 (M, h) is a simply connected, complete Lorentzian manifold with parallel spinor whose associated vector field is timelike if and only if (M, h) is isometric to a product of (R, −dt^2 ) and 1-connected, irreducible Riemannian manifolds with one of the following holonomy groups SU(k), Sp(k), G_2, Spin(7) and eventually a flat factor.

2.) Let V_φ lightlike. In this case (M, h) decomposes in a product of irreducible Riemannian manifolds with parallel spinors and an indecomposable Lorentzian manifold which is reducible (both are 1- connected, because of the parallel vector field coming from the parallel spinor. That means one has to investigate under which conditions such a manifold admits a parallel spinor field. This will be the aim of the following section.

3 Parallel spinors on indecomposable, reducible Lorentzian manifolds

3.1 Four types of indecomposable, reducible Lorentzian manifolds

We will now cite some results of [BI93] and [Ike96] about holonomy groups of indecomposable but reducible Lorentzian manifolds.

Let (M, h) be a simply connected and complete Lorentzian manifold of dimension ≥ 3, which should be indecomposable and reducible, not necessary with a fixed lightlike vector under holonomy representation but only with an invariant degenerate subspace E ⊂ T_xM. Then E^⊥ is invariant and one defines F := E ∩ E^⊥ ≠ {0} an invariant, isotropic, one-dimensional subspace.

One now chooses a basis (t_−, t_+, e_1, . . . , e_n) (n = m − 2) of T_xM for which F = Rt_− and the metric corresponds to

η :=

0 1 0^t 1 0 0^t 0 0 Id . (9)

(I.e. t_−, t_+ null vectors, e_i orthonormal.)

Now one characterizes the subgroup of SO_0(η) ∼ SO(1, m−1) which leaves F invariant.

Proposition 3.1 Let F := Rt_− and G := {A ∈ SO_0(η)|AF ⊂ F } the connected subgroup of SO_0(η) which leaves F invariant. For the Lie algebra g of G holds

g = a 0 X^t 0 −a 0 0 −X A

| | | | a ∈ R, X ∈ R^n , A ∈ so(n) . (10)

In order to find those subgroups which doesn’t leave any non degenerate subspace invariant we fix some notations:

1. g is isomorphic to R ⊕ R^n ⊕ so(n) as vector space and with the commutator: [(a, X, A) , (b, Y, B)] = ( 0, (A + a Id) Y − (B + b Id) X, [A, B]_{so(n)} ) . (11)

2. a := {(a, 0, 0) |a ∈ R} ⊂ g an abelean subalgebra of g.

3. n := {(0, X, 0) |X ∈ R^n } ⊂ g an abelean ideal in g isomorphic to R^n .

4. k := {(0, 0, A) |a ∈ so(n)} ⊂ g a subalgebra of g isomorphic to so(n).

5. Further it is [g, a] ⊂ n and [g, k] ⊂ k n n as well as [k, a] = {0} and [a ⊕ k, n]. The latter means that g = (a ⊕ k) n n.

Let now h := hol_x(M, h) ⊂ g the holonomy algebra of an indecomposable but reducible Lorentzian manifold and set

b := pr_kh ⊂ k ≃ so(n) t := z(b) the center of b, an abelean subalgebra of k d = [b, b] a subalgebra of k

From a general theorem (see for example [KN63, Appendix 5]) which asserts that subalgebras of so(n) are reductive the following decomposition follows

b = t ⊕ d and d is semisimple. (12)

In [BI93] now is proved another important fact about b which is an analogon to the complete reducibility in the Riemannian case.

Theorem 3.1 Let b := pr_k (hol_x(M, h)) the projection of the holonomy algebra of an indecomposable, reducible Lorentzian manifold onto the so(n)-component. Then b is completely reducible. I.e there existist decompositions of R^n in orthogonal subspaces and of b in commuting ideals

R^n = E_0 ⊕ E_1 ⊕ . . . ⊕ E_r and b = b_1 ⊕ . . . ⊕ b_r

where b acts trivial on E_0, b_i acts irreducible on E_i and b_i(E_j) = {0} for i ≠ j.

For the following we have to cite another general fact about subgroups of SO(n)

Theorem 3.2 [KN63, Appendix 5] Let G ⊂ SO(n) connected.

1. If G is semisimple so it is closed in SO(n) and therefore compact. 2. If G acts irreducible on R^n then the dimension of the center of G is smaller than two, i.e. Z(G) is discrete or isomorphic to S^1.

Together with (12) one concludes that an irreducible acting subgroup of SO(n) is closed in SO(n) and therefore compact.

In [BI93] is now proved the following distinction for holonomy groups of indecomposable reducible Lorentzian manifolds. One distincts four exclusive cases (The corresponding Lie groups to the algebras are denoted by the corresponding latin capitals):

1. n ⊂ h

Type 1: a ⊂ h. Therefore h = (a ⊕ b) n n and so H = (A × B) n N. A ≃ R^+ and N ≃ R^n are closed and by theorem 3.2 also B is closed so that H is closed.

Type 2: h = b n n, i.e. H = B n N closed.

Type 3: Neither a ⊂ h nor h ⊂ k n n.

In that case exists a surjective homomorphism φ : t → a, such that

h = (l ⊕ d) n n

where l := graph φ = {(φ(T ), T )|T ∈ t} ⊂ a⊕t. That means H = (L × D)n N. D and N are closed. Now one shows that L and therefore H are closed if and only if Ker φ generates a compact subgroup of T .

2. Type 4: h does not contain n. Then exists

(a) a non-trivial decomposition n = p ⊕ q ≃ R^p ⊕ R^q , 0 < p, q < n, (b) a surjective homomorphism φ : t → q

such that b ⊂ so(p) and h = (d ⊕ l) n p ⊂ g where l := {(φ(A), A) |A ∈ t} = graph φ ⊂ q ⊕ t. Or written as matrices

h = 0 0 X^t φ(A)^t 0 0 0 0 0 −X A + B 0 0 −φ(A) 0 0

| | | | | A ∈ t, B ∈ d, X ∈ R^p

So H = (L × D) n P with P isomorphic to R^p and again H and L are closed if and only if Ker φ generates a compact subgroup of the torus T . Further one observes that the non-triviality of the decomposition of n forces the center of b to non-trivial.

Remark:

1. In [BI93] are given examples of metrics for all types and especially with non-closed holonomy groups of type 3 and 4.

2. From the commutator relation (11) it is clear that the only abelean indecomposable, reducible holonomy algebra has to be of type 1 or 2, both with pr_kh = 0.

One separates the four types as follows in two classes. One defines

Definition 3.1 A Lorentzian manifold with a lightlike parallel vector field is called Brinkmann- wave (See [Bri25], also [Eis38]).

Corollary 3.1 An indecomposable, reducible Lorentzian manifold is of type 2 or 4 if and only if it is a Brinkmann-wave.

The proof is clear since the condition for a Brinkmann-wave is equivalent to the existence of a one dimensional trivial subrepresentation of h but this occurs only for the types 2 and 4.

3.2 Conclusions for the existence of parallel spinors

We will now prove some first, purely algebraic properties for the components of h := hol_x(M, h) in relation to the existence of parallel spinors.

With respect to the four types from the previous section the existence of parallel spinors gives an obvious restriction.

Proposition 3.2 Let (M, h) be an indecomposable Lorentzian manifold with lightlike parallel spinor. Then (M, h) is reducible of type 2 or 4.

If further its holonomy algebra is abelean then it is of type 2, namely it equals to n.

The proof is clear because indecomposable manifolds with parallel spinors are Brinkmannwaves.

We consider the Lie-algebras of both types

h_1 = b_1 n n and h_2 = (d ⊕ l) n p

with b_1 ⊂ k ≃ so(n) for n + 2 = m and d a semisimple and t an abelean subalgebra of so(p) which commute whith each other, n = p ⊕ q ≃ R^n = R^p ⊕ R^q for 0 < p < n and l := graph(ϕ) ⊂ t ⊕ q for ϕ : t → q surjektiv. We ask under which condition is

V_{h̃i} := { v ∈ Δ_{1,m−1} | λ^{−1}_∗ (h_i)v = 0 } non trivial.

First we can reduce the problem in the following way.

Proposition 3.3 Let (M, h), x ∈ M, t_−, t_+, e_1, . . . , e_n a basis in T_xM as in the previous section and ( u(ε_k, . . . , ε_0)|ε = ±1, k = [^n_2 ] ) a basis of Δ_{1,m−1} = Δ_{1,n+1}. Then holds the following 1. V_ñ = span ({u(ε_k, . . . , ε_1, −1)|ε = ±1}). 2. Let b_i = pr_kh_i, i = 1, 2. Then dimV_{h̃i} =^1_2 dimV_{b̃i} .

Proof: 1.) We consider the following orthonormal frame in T_xM:

e_− := 1 √ 2 (−t_− + t_+) timelike unit vector

e_+ := 1 √ 2 (t_− + t_+)

and the e_1, . . . , e_n. In this basis the isotropy subalgebra g of t_− in so(1, m − 1) ⊃ g ⊃ h_i has the following shape 0 0 −X^t 0 0 X^t −X −X A . For the standard basis in so(1, m − 1) (see (7)) it is n = span (E_{− i} − E_{+ i}|i = 1, . . . , n) and ñ := λ^{−1}_∗ (n) = span (e_− · e_i − e_+ · e_i = e_i · t_−|i = 1, . . . , n). Since the e_i’s are isomorphisms it is V_ñ = VR_{ei·t}� = VR_t� and from

t_− · u (ε_k, . . . , ε_0) = − (ε_0 + 1) u (ε_k, . . . , ε_1, −ε_0) follows the conclusion.

2.) Since b̃_i ⊂ spin(n) = span (e_i · e_j|1 ≤ i < j ≤ n) does not act on u(ε_0) in u(ε_k, . . . , ε_0) it is clear that V_{b̃i} has a basis of the form ( v^+_1 , v^−_1 , . . . v^+_l , v^−_l ) with v^±_i ∈ span ({u (ε_k, . . . , ε_1, ±1) |ε_i = ±1}). Then the v^−_k lie in V_{h̃i} for both i. We have to show that they are a basis of both. For i = 1 this is clear because of V_{h̃1} = V_ñ ∩ V_{b̃}.

For i = 2 one takes a v ∈ V_{h̃2} . Since it has to be in V_{p̃} it must lie in span ({u (ε_k, . . . , ε_1, −1) |ε_i = ±1}) and therefore atomatically in V_{q̃}. This entails v ∈ V_{t̃}. The assumption to v gives also v ∈ V_{d̃} and therefore finally v ∈ V_{b̃}. Thats why it is V_{h̃2} = V_{b̃} ∩ V_ñ which is spanned by the v^−_i . 2

As a corollary we obtain a sufficient condition for the existence of parallel spinors

Corollary 3.2 Let (M, h) a simply connected, indecomposable, reducible Lorentzian manifold with hol_x(M, h) = n. Then (M, h) admits parallel spinors with light like Dirac current.

Remark:

1. Since the indecomposable Lorentzian symmetric spaces have holonomy n (see [CW70], also [BI93] for the result) by this corollary is given a first group of examples of indecomposable Lorentzian manifold with parallel spinors. In section 4.2 we give more examples and describe these spaces further.

2. The parallel spinors resulting from the basis of V_ñ namely φ_{(εk,...,ε1)} := [q, u (ε_k, . . . , ε_1, −1)] are pure. That means the complex dimension of the space {Z ∈ T MC |Z · φ_{(εk,...,ε1)} = 0} is maximal, that is equal to [^{n+2}_2 ] (see [Kat98]). A basis of this space is given by ( t_−, e_1 − iε_1e_2, . . . , e_{n−1} − iε_[ n_{2 ]}e_n ) . 3. The second point of the proposition reduces the problem to find subalgebras h_i ⊂ so(1, m − 1) with V_{h̃i} ≠ 0 to the problem to find subalgebras b ⊂ so(n) with V_{b̃} ≠ 0 where here λ^{−1}_∗ can be understood as the differential of the twofold covering λ : Spin(n) → SO(n) since the representations are equivalent Δ_{1,m−1} ≃ Δ_{1,1} ⊗ Δ_n.

From theorem 3.1 one obtains the following for b.

Proposition 3.4 Let b ⊂ k ≃ so(n).

1. Let V_{b̃} ≠ 0, R^n = E_0 ⊕ E_1 ⊕ . . . ⊕ E_r and b = b_1 ⊕ . . . ⊕ b_r the decomposition in irreducible subrepresentations due to theorem 3.1. Then for i = 1 . . . k it has to be dim E_i = 4k_i or z(b_i) = 0.

2. For b = pr_kh and h the holonomy algebra of an indecomposable Lorentzian manifold with a parallel spinor. If b is abelean, then it is trivial.

Proof:

1.) From theorem 3.2 we have for irreducible acting b_i that the center of b_i is trivial or one-dimensional, i.e. dim E_i = 2k_i and t_i = z(b_i) = RJ with J^2 = −Id. J is of the form J = j 0 0 0 0 j 0 0 0 0 . .. 0 0 0 0 j with j = ( 0 1 −1 0 ) .

Now it is J̃ := λ^{−1}_∗ (J) = ∑_{ki} l=1 e_{2l−1} · e_{2l} and therefore J̃u (ε_k, . . . , ε_1) = − (ε_{ki} + . . . + ε_1) u (ε_{ki} , . . . , ε_1) .

In case that V_{t̃i} ≠ 0 the k_i’s must be even.

2.) Let b given as in the assumptions. From theorem 3.1 we have b = b_1 ⊕ . . . ⊕ b_r

and R^n = E_1 ⊕ . . . ⊕ E_r ⊕ E_0 such that b acts trivial on E_0 and (b_i, E_i), i = 1 . . . r are

irreducible representations. Since b abelean, so are the b_i’s, but this entails b_i ≃ so(2) and E_i = R^2 , i = 1, . . . r or b_i trivial. Now the second proposition follows from the first. 2

4 Brinkmann-waves with special holonomy and parallel spinors

4.1 The local form of the metric of an indecomposable, reducible Lorentzian manifold

In [Ike96] is proved the following theorem about the local form of the metric. See also [Bri25] and [Eis38] for the second part.

Proposition 4.1 [Ike96] Let (M, h) be an indecomposable, reducible Lorentzian manifold. Then exist coordinates (U, ξ := (x_−, x_+, x_1, ..., x_n)) such that the metric h has the following form

h = 2 dx_−dx_+ + n∑ i=1 u_idx_idx_+ + fdx^2_+ + n∑ i,j=1 g_{ij}dx_i dx_j where f, u_i, g_{ij} ∈ C^∞(U) with^∂_{∂x}� g_{ij} =^∂_{∂x}� u_i = 0.

Is (M, h) of type 2 or 4 that is a Brinkmann-wave then one has in addition^∂_{∂x}� f = 0.

It is clear that in case of a Brinkmann-wave the vector field ∂_− :=^∂_{∂x}� corresponds to the parallel lightlike vector field.

If one considers small n-dimensional submanifolds in U through x = (x_−, x_+, x_1, . . . , x_n) defined by W_{(x}�_{,x+)} := {(x_−, x_+, y_1, . . . y_n)|(y_1, . . . y_n) ∈ R^n ∩ ξ(U)} then one can understand the g_{ij} as coefficients of a family of Riemannian metrics g_{x+} on W_{(x}�_{,x+)} which depends from a parameter x_+. In this sense [Ike96] proves the following (in a weaker version)

Proposition 4.2 Let x = (x_−, x_+, x_1, . . . , x_n) ∈ W_{(x}�_{,x+)} ⊂ U and let

G_x := { P^{∇h}_δ |δ a closed curve around x with fixed x_−, x_+ coordinates } ⊂ Hol_x(M, h). Then follows Hol_x(W_{(x}�_{,x+)}, g_{x+} ) = G_x.

In particular it is Hol_x(W_{(x}�_{,x+)}, g_{x+} ) ⊂ pr_K (Hol_x(M, h)).

Remark:

1. In general there is no equality. In [Ike96] is given an example of a 7- dimensional Lorentzian manifold for which g_{x+} is flat for all x_+, b is 3-dimensional and acts irreducible on R^5 . But due to the Berger classification b cannot be the holonomy algebra of a Riemannian manifold which has to be so(5) in case of irreducible action. That means that there is no coordinate transformation such that the holonomy of the transformed g corresponds to b.

2. If the holonomy groups of the g_{x+} are trivial then it is ( g_{x+} ) ij = c^2(x_+) δ_{ij} with a conformal factor. With a coordinate transformation x̃_i := c(x_+)x_i, i = 1, . . . , n one reaches c̃ ≡ 1 so that in case of trivial holonomy one can assume that c is independent of x_+.

3. It is known (see [Eis38], [Sch74]) that every Brinkmann-wave can be transformed into the following shape

h = 2 dx_−dx_+ + n∑ i,j=1 g_{ij}dx_i dx_j (13)

where g_{ij} ∈ C^∞(U) with^∂_{∂x}� g_{ij} = 0. One can say that this makes the dependence of g_{ij} from x_+ more complicated. We will use this fact later on.

From proposition 3.3 one obtains the following corollary for the existence of parallel spinors.

Proposition 4.3 Let (M, h) be a simply connected, complete Brinkmann-wave with parallel spinor. Then all metrics g_{x+} from the family of metrics given by the local form of h admit parallel spinors.

For the Ricci-tensor one can prove the following. The proof is due to [FO99].

Lemma 4.1 Let (M, h) be a Brinkmann-wave given in the local form h = h (f, u_i, g_{ij}). Its Ricci-endomorphism is totally isotropic if and only if Ric(∂_i, .) = 0, i.e. Ric = f dx_+ ∘ dx_+ for a function f.

Proof: Let h^{αβ} the inverse matrix of h_{αβ} = h (∂_α, ∂_β) α, β = −, +, 1, . . . , n, i. e.

h_{αβ} = −f 1 ( −g^{−1}u )_t 1 0 0 −g^{−1}u 0 g^{−1}

Since ∂_− is parallel we get Ric(∂_−, .) = 0 and therefore Ric(X) = ∑ α,β h^{αβ}Ric(X, ∂_α)∂_β

= (Ric (X, ∂_+) − n∑ k=1 ( g^{−1}u ) k Ric (x, ∂_k) )∂_− + n∑ k,l=1 g^{kl}Ric(X, ∂_k)∂_l So it is h(Ric(X), Ric(X)) = ∑_n k,l=1 g klRic(X, ∂_k)Ric(X, ∂_l). So a isotropic Riccitensor forces Ric(X, ∂_k) = 0 for all vector fields X. The converse is obviously true from the formula. 2

4.2 Brinkmann-waves with holonomy n

Since Brinkmann-waves with holonomy n admit parallel spinors we will now desribe these class of manifolds in order to see if there are more then locally symmetric spaces. Therefore we consider a Brinkmann-metric h = h(f, u_i, g_{ij}) where the metrics g_{x+} have trivial holonomy. From the above remark we can assume that the g_{x+} are the flat metric, that means g_{ij} ≡ δ_{ij}. For the curvature of such a Brinkmann- wave one proves the following

Lemma 4.2 Let h(f, u_i, δ_{ij} ) be a Brinkmann-metric with flat Riemannian part. Then we have for its covariant derivatives ∇^{LC}_X Y ∈ span(∂_−, ∂_1, . . . ∂_n) and ∇_{∂i} ∂_j = 1 2 (∂_iu_j − ∂_ju_i) ∂_−

and for the curvature:

R(∂_i, ∂_j)∂_k = 1 2 (∂_k∂_iu_j − ∂_k∂_ju_i) ∂_− (14)

R(∂_i, ∂_+)∂_k = 1 2 ( 1 2 n∑ l=1 (∂_iu_l∂_lu_k + ∂_ku_l∂_lu_i − ∂_iu_l∂_ku_l − ∂_lu_i∂_lu_k)

+ n∑ l=1 u_l (∂_i∂_lu_k − ∂_i∂_ku_l) + ∂_i∂_kf − ∂_+ (∂_iu_k + ∂_ku_i) ) ∂_−

+ 1 2 n∑ l=1 ( ∂_i∂_ku_l − ∂_i∂_lu_k ) ∂_l. (15)

Remark: Now for a Brinkmann-wave with flat Riemannian part admitting parallel spinors we can express the necessary condition of Ricci isotropy in terms of the functions u_i. The Ricci isotropy is equivalent to the followindg conditions to the u_i’s: n∑ k=1 ∂^2_ku_i = ∂_i n∑ k=1 ∂_ku_k. For û = (u_1, . . . u_n) and Δû = (Δ_0u_1, . . . , Δ_0u_n) for Δ_0 the flat Laplace operator this means Δû = grad div û

Now for finding the conditions for the holonomy of a Brinkmann-wave beeing equal to n we prove another

Lemma 4.3 Let Ω the curvature form of the Levi-Civita-connection ω on an indecomposable, reducible, simply-connected Lorentzian manifold. Let {U_α}_{α∈I} be a cover of open sets with corresponding local sections in the bundle of orthonormal frames s^α ∈ Γ(U_α, P ). For all local curvature forms holds pr_k ( Ω^{sα} (X, Y ) ) = 0(that is ( Ω^{sα} (X, Y ) ) ∈ n) for all X, Y ∈ T M if and only if pr_k (hol_x(M, h)) = 0 (that is hol_x(M, h) ∈ n).

Proof: Let x ∈ M and p ∈ P_x. The fact that the holonomy in x of (M, h) is contained in n is by the Ambrose-Singer-holonomy theorem equivalent to

pr_k (Ω_q (U, V )) = 0 for all q on horizontal curves starting in p and all U, V ∈ T h_qP . (16) By formula (3) and T_{π(q)}M ≃ T h_qP this is equivalent to pr_k ( Ad ( g^{−1} ) Ω^s_{π(q)}(X, Y ) ) = 0 for all q as above and all X, Y ∈ T_{π(q)}M (17)

where g ∈ SO_0(1, m − 1) is determined by q = R_g (s (π(q))). This would give the proposed equivalence from the lemma if we could prove the following relation for all A ∈ Hol_x(M, h) ⊂ k n n: pr_k ( Ad ( g^{−1} ) (A) ) = 0 iff pr_k (A) = 0. (18)

We will prove this. Since n is an ideal and therefore N an normal subgroup it is pr_k ( Ad ( g^{−1} ) (A) ) = pr_k ( Ad ( g^{−1} ) (pr_k(A) + pr_n(A)) ) = pr_k ( d dt [ g (exp (t pr_k(A))) g^{−1} ] t=0 ) + pr_k ( d dt [ g (exp t pr_n(A)) g^{−1} ∈N ]_{t=0} )

= pr_k ( Ad(g^{−1}) (pr_k(A)) ) . If pr_k(A) = 0 this term vanishes which gives one direction of (18). On the other hand the vanishing of this projection gives that N ∋ exp [ tAd(g^{−1})(pr_k(A)) ] = g^{−1} (exp [t pr_k(A)]) g for all t

With the following notations

exp [t pr_k(A)] := 1 0 0^t 0 1 0^t 0 0 (a_{ij}(t)) ,

g := (g_{αβ})_{α,β=+,−,1,...,n} , and g^{−1} := ( g^{αβ} ) α,β=+,−,1,...,n , this entails 1 ≡ pr_K ( g^{−1} (exp [t pr_k(A)]) g )

= g_{i−}g^{−j} + g_{i+}g^{+j} + n∑ k,l=1 g_{ik}a_{kl}(t)g^{lj} n

i,j=1 . But that means a_{ij} = const, therefore exp [t pr_k(A)] ≡ 1 and finally pr_k(A) = 0. 2

With both lemmata one proves the following

Proposition 4.4 Let (M, h) be a simply-connected Brinkmann-wave with h = h(f, u_i, g_{ij}) locally. Then it is Hol_x(M, h) ⊂ n if and only if g_{ij} ≡ δ_{ij} and for the functions u_1, . . . , u_n holds ∂_k (∂_iu_j − ∂_ju_i) = 0. (19)

Proof: Because of Hol_x(M, h) ⊂ n it is g_{ij} = δ_{ij}. For an arbitrary y ∈ M then h is given in its local form h(f, u_i, δ_{ij}) in a neighborhood. We define the following orthonormal frame for h:

s_− = 1 √ 2 (( 1 + f 2 ) ∂_− − ∂_+ ) timelike unit vector field

s_+ = 1 √ 2 (( 1 − f 2 ) ∂_− + ∂_+ ) (20)

s_i = ∂_i − u_i∂_−

We will now calculate the conditions for Ω^s(X, Y ) ∈ n for s = (s_−, s_+, s_1, . . . s_n) the section in P . The local connection form is given by

ω^s = n∑ α<β=−,+,1 h (∇s_α, s_β) E_{αβ} for E_{αβ} a basis of so(n + 2, 1).

The local curvature form is then given by

Ω^s(∂_α, ∂_β) = ∂_α (ω^s (∂_β)) − ∂_β (ω^s (∂_α)) = ∑ γ<δ=−,+,1..n [ ∂_α ( h ( ∇_{∂β} s_γ, s_δ )) − ∂_β (h (∇_{∂α} s_γ, s_δ)) ] E_{γδ} Now it is

pr_k (Ω^s(∂_α, ∂_β)) = ∑ 1≤k<l≤n [ h (R (∂_α, ∂_β) s_k, s_l) + h ( ∇_{∂β} s_k, ∇_{∂α} s_l ) + h ( ∇_{∂α} s_k, ∇_{∂β} s_l ) ] E_{kl} = ∑ 1≤k<l≤n [ h (R (∂_α, ∂_β) ∂_k, ∂_l) + h ( ∇_{∂β} ∂_k, ∇_{∂α} ∂_l ) + h ( ∇_{∂α} ∂_k, ∇_{∂β} ∂_l )

− h ( ∂_αu_l∇_{∂β} ∂_k + ∂_αu_k∇_{∂β} ∂_l + ∂_βu_l∇_{∂α} ∂_k + ∂_βu_k∇_{∂α} ∂_l, ∂_− ) =0 ] E_{kl}

= { 0 for α, β = i, j oder α = − ∑ 1≤k<l≤n ∂i (∂kul − ∂luk) Ekl for α = i, β = +

This gives the proposition. 2

Remark:

Brinkmann-waves with holonomy n are Ricci-isotropic (this follows by the existence of parallel spinors as well as by direct calculations) and for the only non vanishing Ricci-component holds

Ric(∂_+, ∂_+) = 1 4 n∑ i,l=1 (∂_iu_l)^2 + (∂_lu_i)^2 − 2 ∂_iu_l∂_lu_i

+ 1 2 Δ_0f − ∂_+ (_n ∑ i=1 ∂_iu_i ) . (21)

We will now describe Brinkmann-waves with holonomy n as so called pp-manifolds which are generalisations of plane waves. The latter are generalisations of locally symmetric Brinkmann-waves. (See [Sch74], [Tak62].)

Definition 4.1 A Brinkmann-wave is called pp-manifold if for its curvature tensor holds the following trace condition

tr_{(3,5)(4,6)}(R ⊗ R) = 0. (22)

Schimming [Sch74] proved that this condition is equivalent to the existence of local coordinates such that the metric h has the following form

h = 2 dx_−dx_+ + fdx^2_+ + n∑ i=1 dx_i dx_i with ∂_−f = 0.

We now can prove

Theorem 4.1 An simply connected indecomposable, reducible Lorentzian manifold has holonomy n if and only if it is a pp-manifold.

Proof: Because of the local form of the metric of a pp-manifold it is clear from proposition 4.4 that it has holonomy n.

For the other direction we will show that the trace condition for the curvature is fullfilled. From Proposition 4.4 and lemma 4.2 it follows R(X, Y )∂_k = r_k(X, Y ) ∂_− for skew (2, 0)-tensors r_k. We will make the calculation with orthonormal fields (20) from the proof of proposition 4.4. tr_{(3,5)(4,6)}(R ⊗ R)(X, Y, U, V ) = ∑ α,β=−,+,1...n κ_α κ_β R(X, Y, s_α, s_β)R(s_α, s_β, U, V ) = ∑ α=−,+,1...n κ_α h (R(X, Y )s_α, R(U, V )s_α)

(∂_− parallel) = n∑ k=1 h (R(X, Y )∂_k, R(U, V )∂_k) = 0 since R(X, Y )∂_k = r_k(X, Y ) ∂_−.

2 So we get that the class of Brinkmann-waves with holonomy n is equal to the one of pp-manifolds, which is obviously larger then the class of symmetric Brinkmann-waves. The metric of the latter is given by

h = 2 dx_−dx_+ + fdx^2_+ + n∑ i=1 dx_i dx_i with f = n∑ k=1 c_kx^2_k.

Further we get the most general form of the metric of a pp-manifold that is the local form of a Brinkmann-metric with condition (19) from propsition 4.4 for the u_i’s. About such u_i’s and the resulting metric we remark the following facts (see also [FO99] for these results in low dimensions).

1. The most general functions u_i which are fullfilling the condition ∂_k (∂_iu_j − ∂_ju_i) = 0 are of the following form

u_i = n∑ k=1 x_k f_{ik} + ∂_iϕ where ∂_j(f_{ik}) = ∂_−(f_{ik}) = 0, f_{ii} = 0, ∂_−(ϕ) = 0.

This is clear by the following computations: One considers the Taylor formula for u_i around the point (x_+, 0, . . . , 0) and writes is as follows

u_i(x_+, x_1, . . . , x_n) = n∑ k=1 k6=i (∂_k(u_i)(x_+, 0, . . . , 0)) x_k + f_i(x_+, x_1, . . . , x_n)

for certain funktions f_i. Then it is f_i = ∂_iϕ if and only if the integrability condition ∂_jf_i − ∂_if_j = 0 is fullfilled. One gets

(∂_jf_i − ∂_if_j) (x_+, x_1, . . . x_n) = ∂_ju_i(x_+, x_1, . . . , x_n) − ∂_iu_j(x_+, x_1, . . . , x_n) − (∂_ju_i(x_+, 0, . . . , 0) − ∂_iu_j(x_+, 0, . . . , 0)) = 0 since ∂_iu_j − ∂_ju_i independent of all x_k.

So one gets the proposed form with f_{ik} := ∂_k(u_i)(x_+, 0, . . . , 0).

2. By the coordinate transformation x̃_− := x_− −^1_2 ϕ one can remove the term ∂_iϕ.

Since ∂ ∂x̃_− = ∂_− , ∂ ∂x̃_+ = ∂_+ − 1 2 ∂_+ϕ ∂_− , ∂ ∂x̃_i = ∂_i − 1 2 ∂_iϕ ∂_− it is ũ_i = h ( ∂ ∂x̃_+ , ∂ ∂x̃_i ) = n∑ k=1 x_k f_{ik}. So one gets the following

Corollary 4.1 The most general local form of the metric of a pp-manifold is given by

h = 2 dx_−dx_+ + n∑ i,k=1 x_kf_{ik}dx_idx_+ + fdx^2_+ + n∑ i=1 dx_i dx_i with f and f_{ij} independent of x_−, ∂_k(f_{ij}) = 0 and f_{ii} = 0.

With respect to the existence of parallel spinors we conclude the following from this and the previous section (in particular from the fact that Riemannian manifolds with parallel spinors have non abelean holonomy and that symmetric Riemannian manifolds with parallel spinors have to be flat).

Corollary 4.2 The pp-manifolds are the only Lorentzian manifolds with parallel spinors and nontrivial abelean holonomy.

Finally one can show that in very small dimensions the existence of an parallel spinor with lightlike Dirac current forces the manifold to be a pp-manifold. This result is also given in [FO99].

Corollary 4.3 Let (M, h) a simply connected, indecomposable Lorentzian manifold of dimension m = n + 2 with n = 1, 2, 3 and a parallel spinor with lightlike Dirac current. Then (M, h) has to be a pp-manifold.

Proof: An indecomposable Lorentzian manifold admitting a parallel spinor with light Dirac current has to be a Brinkmann-wave whose metric can locally be given in the simplified form of (13) (in an above remark). Then the Riemannian parts g_{x+} must admit parallel spinors and because of n < 4 their holonomy must be trivial and therefore g_{x+} = c^2(x_+) δ_{ij} with a conformal factor. Then the coordinate transformation x̃_i := c(x_+)x_i, i = 1, . . . , n gives c̃ ≡ 1 and ũ_i = −(∂_+c)x_i. But these functions are fullfilling the condition (19) for having holonomy n and therefore for being a pp-manifold. 2

4.3 Further examples and problems We will now construct a class of examples of Brinkmann-waves with parallel spinors based upon a Riemannian metric with parallel spinors. First we prove the following

Proposition 4.5 Let (M, h) be a Brinkmann-wave locally given by h = h(f, u_i, g_{ij}) with the additional condition ∂_+g_{ij} = 0 (i. e. g_{x+} ≡ g) and u_i = 0. For f sufficient general (for example ∂^2_kf ≠ 0) and x = (x_−, x_+, x_1, . . . x_n) it is Hol_x(M, h) = Hol_x(W_{(x}�_{,x+)}, g) n N (N ≃ R^n ). Proof: Direct calculations give

∇_{∂+} ∂_i = 1 2 (∂_if)∂_− and ∇_{∂i} ∂_j = ∇^g_{∂i} ∂_j (23)

R (∂_i, ∂_+) ∂_k = 1 2 (∂_i∂_kf)∂_− and R (∂_i, ∂_j) ∂_k = R^g (∂_i, ∂_j) ∂_k (24)

where ∇^g and R^g are connection and curvature of g. We define again an orthonormal basis:

s_− = 1 √ 2 (( 1 + f 2 ) ∂_− − ∂_+ ) timelike

s_+ = 1 √ 2 (( 1 − f 2 ) ∂_− + ∂_+ )

s_i = n∑ k=1 ξ^i_k ∂_k orthonormal for g with ξ^i_k independent of x_+.

Let s := (s_−, s_+, s_1, . . . s_n) ∈ Γ(U, P ) and ŝ := (s_1, . . . s_n) ∈ Γ(U, P^g) a section in the bundle of g-orthonormal frames. From (23) and (24) one gets for the local curvature forms that pr_k (Ω^s(∂_i, ∂_j )) = Ω^ŝ_g(∂_i, ∂_j). Because of (23) it is

pr_k (Ω^s(∂_i, ∂_+)) = ∑ 1≤k<l≤n h (R (∂_i, ∂_+) s_k, s_l) E_{kl}

and further

h (R (∂_i, ∂_+) s_k, s_l) = n∑ p,q=1 ξ^k_p ξ^l_q h (R (∂_i, ∂_+) s_k, s_l)

+ n∑ p,q=1 ∂_+(ξ^k_p ) =0 ( ∂_i(ξ^l_q) h(∂_p, ∂_q) + ξ^l_q h(∂_p, ∇_{∂i} ∂_q) )

+ n∑ p,q=1 ξ^k_p (∂_i(ξ^l_q) h(∇_{∂+} ∂_p, ∂_q) =0 +ξ^l_q h(∇_{∂+} ∂_p, ∇_{∂i} ∂_q) =0 )

= n∑ p,q=1 ξ^k_p ξ^l_q h (∂_i∂_p(f) ∂_−, ∂_q) = 0

So it is pr_k (Ω^s(X, Y )) = Ω^ŝ_g(X, Y ) for all X, Y ∈ T U.

Now from the Ambrose-Singer-theorem, the formula (3) and considerations analogous to the proof of lemma 4.3 which yields to pr_k (Ad(g)A) = Ad (pr_K(g)) pr_k(A) one gets the conclusion. 2

This yields to another class of Brinkmann-waves with parallel spinors.

Corollary 4.4 Let h = h(f, 0, g_{ij} ) be a Brinkmann-wave with ∂_+g_{ij} = 0 and the metric g admits a parallel spinor. Then (M, h) admits a parallel spinor.

The question remains if there are types of holonomy groups with trivial subrepesentations of its spin representation, groups which are not of the form Hol_x(g) n N and whether theres a metric with this holonomy.

Bryant ([Bry99a], see also [FO99]) has recently proved that for dimensions m ≤ 11 the maximal groups admiting parallel spinors can be obtained by the method of proposition 4.5, but it is not known whether all subgroups can be obtained in this way. The example of Ikemakhen in [Ike96] which can not be constructed in this way does not admit parallel spinors.

Bryant also shows in [Bry99b] that the general form of the metric in dimension 11 having the maximal holonomy (Spin(7)nR^8 )×R has to be conformal anti-selfdual. This means that the family of the Spin(7)-defining 4-form Θ_{x+} satisfies ∂_+Θ_{x+} = f Θ + Υ with a function f and an anti-selfdual 4-form Υ. This condition is locally trivial, i.e. for every given family of Spin(7) metrics one can find diffeomorphisms such that the family of the transfomed metrics with Spin(7) holonomy is conformal anti-selfdual. Another class of metrics was obtained by Figueroa O’Farril who proved in [FO99] the following. Let (M, h = h(f, u_i, g_{ij} ) be a Brinkmann- wave and (M̂, ĝ) a Riemannian manifold and σ ∈ C^∞(M) but only dependent from x_+. Then for the holonomy group of the product manifold and the warped product metric ĥ = h + σĝ holds the following Hol_{(x,y)}(M × N, ĥ) = ( Hol_x(M, h) × Hol_y(M̂, ĝ) ) n R^n .

So by choosing both factors with parallel spinors — in [FO99] this is done in dimension 11 — one gets a new class of metrics with parallel spinors, but no new examples of holonomy groups admitting trivial subrepresentations which cannot be constructed by the method of proposition 4.5.

References

[Ale68] D. Alekseevskii. Riemannian spaces with unusual holonomy groups. Funct.

Anal. Appl., 2:97 – 105, 1968.

[AS53] W. Ambrose and I. M. Singer. A theorem on holonomy. Amer. Math. Soc., 79:428–443, 1953.

[Bau81] Helga Baum. Spin-Strukturen und Dirac-Operatoren über pseudoriemannschen Mannigfaltigkeiten, volume 41 of Teubner-Texte zur Mathematik. Teubner-Verlagsgesellschaft, 1981.

[Bau94] Helga Baum. A remark on the spectrum of the Dirac operator on pseudo- Riemannian spin maniofolds. SFB 288-Preprint, nr.136, 1994.

[Ber55] Marcel M. Berger. Sur les groupes d’holonomie homogène des variétés a connexion affine et des variétés riemanniennes. Bull. Soc. Math. France, 83:279– 330, 1955.

[Ber57] Marcel M. Berger. Les espace symétriques non compacts. Ann. Sci. École Norm. Sup., 74:85–177, 1957.

[Bes87] Arthur L. Besse. Einstein Manifolds. Springer Verlag, 1987.

[BG72] R Brown and Alfred Gray. Riemannian manifolds with holonomy group Spin(9). In Differential geometry (in honor of Kentaro Yano), pages 41 – 59. Kinokuniya, 1972.

[BI93] L. Berard Bergery and A. Ikemakhen. On the holonomy of lorentzian manifolds. Proceedings of Symposia in Pure Mathematics, 54(2):27–40, 1993.

[BI97] L. Berard Bergery and A. Ikemakhen. Sur l’holonomie des variétés pseudo- Riemanniennes de signature (n,n). Bull. Soc. math. France, 125:93–114, 1997.

[BK99] Helga Baum and Ines Kath. Parallel spinors and holonomy groups on pseudo- Riemannian spin manifolds. Annals of Global Analysis and Geometry, 17:1– 17, 1999.

[Bri25] H. W. Brinkmann. Einstein spaces which are mapped conformally on each other. Math. Ann., 94:119–145, 1925.

[Bry87] Robert L. Bryant. Metrics with exceptional holonomy. Annals of Mathematics, 126(2):525–576, 1987.

[Bry99a] Robert L. Bryant. Remarks on spinors in low dimensions. Unpublished note, 1999.

[Bry99b] Robert L. Bryant. Spin(10,1)-metrics with a parallel null spinor and maximal holonomy. Unpublished note, 1999.

[CW70] M. Cahen and N. Wallach. Lorentzian symmetric spaces. Bull. Amer. Math.

Soc., 79:585–591, 1970.

[dR52] G. de Rham. Sur la réducibilité d’un espace de Riemann. Math. Helv., 26:328–344, 1952.

[Eis38] Luther Pfahler Eisenhardt. Fields of parallel vectors in Riemannian space.

Annals of Mathematics, 39:316–321, 1938.

[FO99] Jose Miguel Figueroa-O’Farrill. Breaking the M-waves. hep-th/9904124, 1999. [Hit74] N. Hitchin. Harmonic spinors. Advances in Mathematics, 14:1–55, 1974. [Ike90] A. Ikemakhen. Sur l’holonomie des variétés lorentziennes. PhD thesis, Université de Nancy 1, 1990.

[Ike96] A. Ikemakhen. Examples of indecomposable non-irreducible lorentzian manifolds. Ann. Sci. Math. Québec, 20(1):53–66, 1996.

[Ike99] A. Ikemakhen. Sur l’holonomie des variétés pseudo-Riemanniennes de signature (2,n+2). Publicacions Mathemàtiques, 43:3–29, 1999.

[Kat98] Ines Kath. Parallel pure spinors on pseudo-Riemannian manifolds. Sfb 288 preprint Nr. 356, 1998.

[KN63] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry, volume 1. Interscience Wiley, 1963.

[LM89] H. B. Lawson and M.-L. Michelsohn. Spin Geometry. Princeton University Press, 1989.

[Sch74] Rainer Schimming. Riemannsche Räume mit ebenfrontiger und mit ebener Symmetrie. Mathematische Nachrichten, 59:128–162, 1974.

[Sim62] James Simons. On the transitivity of holonomy systems. Annals of Mathematics, 76(2):213–234, September 1962.

[Tak62] Hyôitrô Takeno. Gravitational null field admitting a parallel null vector field.

The space- times h and p. Tensor, 12:197–218, 1962.

[Tit67] Jaques Tits. Tabellen zu den einfachen Lie-Gruppen, volume 40 of Lecture Notes in Math. Springer-Verlag, 1967.

[Wan89] McKenzie Y. Wang. Parallel spinors and parallel forms. Ann. Global Anal.

Geom., 7(1):59–68, 1989.

[Wu64] H. Wu. On the de Rham decomposition theorem. Illinois J. Math., 8:291–311, 1964.